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Abstract

We calculate in a numerically friendly way the Fourier transform F of a non-
integrable function, such as ¢(x)=1, by replacing F with R'FR, where R

represents the resolvent for harmonic oscillator Hamiltonian. As contrasted with the

-1 A
non-analyticity of (X2 + az) @(x) at x=xia in the case of a simple replacement

of F by ( p? +a’ ).7—" (dz +a’ )71 ,where P and § represent the momentum and

position operators, respectively, the R¢ turns out to be an entire function. In cal-
culating the resolvent kernel, the sampling theorem is of great use. The resolvent
based Fourier transform can be made supersymmetric (SUSY), which not only makes
manifest the usefulness of the even-odd decomposition of ¢ in a more natural way,

but also leads to a natural definition of SUSY Fourier transform through the com-
mutativity with the SUSY resolvent.
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1. Introduction

Fourier transform (FT) F : L2 (R) -2 (R) by
1 ikx
(Fo)(x) :EjRek o(k)dk,

which is a unitary operator, is a fundamental method in function analysis and is applied
to many fields in physics. The corresponding self-adjoint operator is given by the
harmonic oscillator Hamiltonian 7 : L? (R)—> L2 (R) by

(H¢)(X)=%(ﬁz+ﬁ2—l)<o(><), (1)
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where (Po)(x)= ldigo(x) and (G¢)(x)=x¢@(x), through the relation
i dx

F=e™ g=1 2
5 (2)

The validity of (2) is verified by noticing that the Hermite polynomial H, (x)
(multipled by e/ ) is a simultaneous eigenfunction of F and M, with their eigen-
values given by i" and N, respectively.

If a function @:R — C is integrable, its FT is well defined. However, if the
function ¢ is not integrable, for example ¢(x)=1, its FT should be regarded as a
generalized function. To calculate the FT of ¢(x)=1 in a numerically friendly way,
one of the methods is to replace F by G'FG such that []—' ,Q] =0, and to choose
G as the resolvent for H, that is [1]

G=(H-a)"  (agspectH).

Considering that H includes the term proportional to G®, we find that (Ge)(x)
behaves like x? for |X| — . Thus G@ can be Fourier transformed.

To make ¢(Xx)=1 square integrable, it is sufficient to reduce the order of ¢(x)
(for |X| — o0 ) by one, not necessarily by two. This implies that it is sufficient to choose
g= HY?, not necessarily G = HY? as given above. However, the square root of the
operator H, in general, is somewhat complicated to deal with, so we adopt an alter-
native approach, supersymmetrization. The supersymmetry (SUSY) can be realized by
adding H in (1) to fTf [2], where f', f:C?—>C?, representing the fermionic
creation and annihilation operators, respectively, satisfying f>=0, (1”)2 =0, and
{f,fT} =1, with {A,B} = AB + BA. The modified Hamiltonian H'=HI+ f'f can
be decomposed into H = 0?, where Q is called a supercharge. Under the modifica-
tion H — H', itis natural to transform F to F'=e"" asis analogous to (2).

The aim of this paper is replace F' by
F'=(Q+al)F(Q+al)’,

with @ € C chosen in an appropriate way, to finally find that the introduction of
SUSY clarifies the availability of the even-odd decomposition of ¢ in a more natural
way. In Section 2, we generalize the resolvent kernel for H, where H can be
regarded as the specialization of the Hamiltonian H'“#) whose eigenfunction is given
by the Jacobi polynomial. In calculating the resolvent kernel, the sampling theorem [3]
is fully employed. In Section 3, we first reexamine the FT of ¢(x)=1, based on the
resolvent for Q. Then we compare the resolvent based method with other methods, to
find that the former has some merits of being numerical calculation friendly and free of
singularity for (H - a)_l @, even after analytic continuation. Analytic property is signi-
ficant for calculating, for example, path integral in Minkowski space (Wick roration),
and the Shannon entropy in the limit of the Rényi entropy (replica trick). We give

conclusion in Section 4.

2. Methods

In this section, we first obtain the resolvent kernel for the Hamiltonian whose
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eigenfunction is given by the Jacobi polynomial. Then we calculate the resolvent kernel

for ‘H as a specialization of the former.

2.1. Jacobi Polynomial
Let H“P) 2 (Q)— L2 (Q) (where Q=[-11]<R) be the Hamiltonian

d 1

(H<aﬁ>¢)(x>=[ mj—x(l—xz)vv(x)&ﬁ]mx), W)= (1) (1)

The (normalized) eigenfunction for HP) s given by

g P (x) = _:Iv(gxﬂ)) P (x)  (for @, B> -1),

n

where Pn(a"B ) (x) and N,(]a'ﬁ ) represent the Jacobi polynomial and its normalization

constant as

p r(n+a+1)

N () :j W(X)<Pn(a,ﬁ)(x))2dxz 20t/ F(n+a+1)1“(n+ﬁ+1)’
e 2N+a+B+1T(n+)T(n+a+ f+1)

Fl(n+a+ﬂ+1,—n;a+1;—l_zxj, 3)

with I'(z) and ,F (a,b;c;z) the Gamma function and the hypergeometric function,
respectively. The corresponding eigenvalue is given by

[H P 4n(n+a+p+1) g (x) =0, (4)
The resolvent kernel for H“”) (denoted by K!**)(x,y)) can be expanded using

the eigenfunctions ¢,§a’ﬂ) (X) s (for neN) as

KA (x, y)=<x

[v(v +a+f+1)+ H(a'ﬁql‘ Y>
<x ¢£“‘ﬁ’><¢£“’ﬂ> v) 5)

[v(v+a+/3+1)—n(n+a+,8+1)T A" ()R (y),

-1

[v(v+a+pB+1)+H“" ]

s 2D

n=0

where in the second and third equalities, use has been made of the completeness for
{¢,§“'ﬁ ) (x)}HEN and (4), respectively.

There seems to be no such formula as the series sum of (5) for general parameters
a and f. However, it will be found that the sum can be represented as the product
of two hypergeometric functions as follows. The starting point would be the following
formula, which corresponds to the particular case of (a, 8)=(0,0) as [4] [5]

sin
K (xy) = (0 (y) (for (xy)eD),  (©)

where D::{(X,y)eR2|X+y>O;X,y<1}. Notice that ¢£0’0)(X) is given by the

Legendre function P, (x) as
¢‘Eo,o) (X) _ /2V2+1 P (X),

%
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where Pv(a‘ﬂ ) (x) is defined by replacing N in (3) with v . Before proceeding further,
we discuss the validity of (6). By applying [H(O'O) +v(v +1)] to (6) from the left, it is
found that both sides of (6) satisfy the same second order differential equation for
X+ Y # 0, due to the completeness relation of Z::0¢r20’0) (—X )¢§0’0) (y) = 5(X + y) . The
reason of restricting (X,y) to Xx+y>0 is as follows. To avoid the singularity of
S(x+y) at x+y=0, (x,y) should be restricted to either Xx+y>0 or x+y<0.
Moreover, to avoid the singularity of P®" (x) (for veN)at x=-1, the region of
X+ Yy <0 isnotallowed.

Furthermore, it should be noted that the left-hand side of (6) turns out to be
1. SiNT (v -n)
22 a(vm)

x(v—n) P,(x)P,(Yy), due to the relation

n n

P..(X)=P,(x)=(-1)"P,(-x)  (forall neN).

Thus the relation of (6) can be rewritten as
Y sinc(v—n)P, (x)P,(y) =P, (x)P.(y)  (for (x,y)eD), 7)

sinmz

where sinc(z):= , so that the sampling theorem [3] can be applied to

P, (X)P,(y). The sampling theorem states that for f:R —C
(Supp]-T g[—n,n])z[f (v)= isinc(v—n)f (n)), (8)

where supp(-) represents the support. Hence the validity of (7) is guaranteed by
showing that suppFf c[-m,n| for f(v)=P,(x)P,(y) (with (x,y)eD). To show
it, it is convenient to use the integral representation for P, (cos 9) as [6]

P, (cos®) = gj:(cowﬁ— cos 0)_]/2 COSKV +%)¢}d¢ (for |0] < ),

from which it is found that IRe"V P, (cos@)P, (cosy)dv is vanishing for [t|>n under

the conditions of |6? + (//| <7m and |¢9 - l//| <m . Here, we have used the integral
representation for the Dirac deltaas &(t—t")oc J.Rei(tftr)v dv . Noticing further that

{|6’+1//| <m

0—p|<n < (cos@,cosy ) e D,

we can eventually prove the relation of (7) by employing the sampling theorem.
Before proceeding further, we try to rewrite the summation relation in the right-

hand side of (8) in terms of the Dirac notation as

[1)=2[n)n[ ), )

nez
where (v|f)=f(v) and

(v|ny=sinc(v—n)  (forall veR),
from which we obtain the orthonormality relation (m|n)=g, forall m,neZ. The
relation of (9) implies that the completeness relation Z:}J n)(n| =1 holds, provided
it is applied to |f) such that suppFf < [-m,n]. Moreover, interpreting F|f) and

136

K
0:53: Scientific Research Publishing



S. Kuwata

F | n) as |f‘f ) and |]-'n> , respectively, we can formally obtain from (9)
1

(x|}‘n):Fei"XW(X) (for xeR,neZ), (10)
T

where W :R —> R represents the window function as
1 (|x|<m=m),
0 (|X| > n).
The relation of (10) should be compared with
1 ikx
—F€
Jor

[In the usual Dirac notation, Kk is reserved for a Fourier transformed variable, so

(x| Fk) = (for x,k e R). (11)

that |.7:k> may be simply written as |k> Actually, if we formally write (f |]—'k> as
(fk) (= _[R< f[x)(x] k)dx) , it is found that (x|k)= ﬁeikx , because

(F|7k) = (F28[k) = (k| F21) = ;anf*(x)eikde
where use has been made of the unitarity of F as F'=F". In this sense, <x|]:k>

can be simply written as <X|k>.] Notice that (10) cannot be derived from (11) by

formally setting K €eR to neZ. This is because (n| in (10) can be applied only to
|f> such that suppJFf [—n,n]. Notice further that the following relation can be
derived from (10):

D (x| Fny(Fn|y)=5(x—yW(x)  (for x,yeR), (12)

nez

where we have used znezemx = ZnZnezé'(X— 2nn) . The relation of (12) indicates that
the completeness relation Znez|fn><]—"n| =1 holds, if it is applied to | f) such that

supp f = [-m,n], so that f(x)= f (X)W (X). These completeness relations, along with
the orthogonal relations, are recapitulated in Table 1, while some examples of f (v)
satisfying (9) are listed in Table 2.

Now we go back to generalize the relation of (6). Using the integral representation

for éj (x)=,R (v+2/1,—v;/1+%;1_ij (notice that P, (x) :éi/z (x))as[7]

C! (cos) = Si;(zj)le [ (cosgp—coso) "cos[(v+2)¢]dg (for 0<O <),

Table 1. Orthogonal relation and completeness relation, where xeR.

Variables (X‘ y) <X‘.7:y> (]—'y\fz) Completeness relations
y.zeR 5(x-y) %e s(y-2)  [X)(xdx=1=] |)(5x|ax
b
. 1 a b
y=nz=meZ sinc(x—n) Ee'”xw(x) S Do mn=1=3" | Fn)(Fn|

? Z"EJ n}(n\ =1 can be applied to ‘ f> such that suppFf [—n,n]. b Zm‘fnx.}'n‘ =1 can be applied to ‘ f>

such that supp f < [-mx].

%
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Table 2. Examples of f(v) satisfying (9), where P( )( 00)(X y)) and H',(X) represent

v

the Legendre and Hermite functions, respectively. Here, g,:R" >R (for i=12,-,2"") is

given by gl( ce X ) ZMXk’ Xp,eo ey X =—Xj.+Z:k$jXk (for j=2,---,N); and so on. It

should be remarked that f(v) can be chosen as a more generalized function where P, (X) is
. . 1-x (@.B) . .
replaced by ,F|v+a+f+1-via +1,? oc P“#)(X) . For the case where f(v) is given by

H, (X) , see Section 2.2 below.

f(v) Parameters References
R (cosd) =0 k-Lle[<F (for k=12:-) [4] [5] (for k=1)
H,N:R(COS@.) ‘gi(gu“‘ﬂn)‘<“ (for i=1..-,2"") [4] (for N=2)

1 .
> r(v+1)HZ (x) e=0,Lx>0 [10]
1
5 l_(v+1)HV(X)HV(y) X+y>0 [1]

where ¢(4) %#

él(x), and more generally to vkéf(x) (for keN, due to &% IV evdv).

\4

, we find that P, (x) in Table 2 can be generalized to

As a special case of f (v) in (9), we obtain

1 (xy) = Ssinc(v-n)t; () (for(x,y)eo;zemg,mq, 13

TR _ T(v+22)

where 7 (x,y)=N*C/(X)C/(y) , with Nf—m (notice that for

v 4

Ae N+%,N +1, it turns out that N/ is given by a polynomial with respect to V).

For C! (x):= N/ éf (x), representing the Gegenbauer function, we have the following

relations:
m+1 m+1
Co 2(x)=+C_, 5na(X) (for n,meN),
Cr:ml (X) = _C—mntlZm—Z (X)
and

3

m+>

C,.?(x)=0 (n=12--2m+2) (for meN).
Ch(x)=0 (n=12,-,2m+1)

Then it is found that the sum over neZ in the right-hand side of (13) can be

replaced by the sum over neN as

Sine(y-) 17 (x,y) =S 1)

T n=0

1 1

——j f(xy), (14

v—-n v+n+24
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where use has been made of sin n(v—n) = (—1)"sin nv for all neZ . Once we have
replaced the right-hand side of (13) by that of (14), it is not necessary to restrict the

parameter A to either N +% or N+1. This is because f/ (x,y) and the right-
hand side of (14) satisfy the same second order differential equation for x+Yy =0, de-
spite the value of A . By re-parameterizing A in the right-hand side of (14) as « +% ,
the relation of (6) is generalized to

sinmtv

(@a) (_y yy=___ 1 (@) () (@)
- Kv ( X, y) 2V+2(Z+1¢V (X)¢v (y) (for (X’ y) € D)’ (15)

where use has been made of C;(-x)=(-1)"C/(x) forall neN.

n

The relation of (15) can be further generalized. Recall that P, (X) in Table 2 can be
A 1-
generalized to Pv(a”/}) (x)=, F, (v+a +f+1 v« +1;7Xj , which is proportional to

the Jacobi function. Following an analogous procedure for manipulating the Gegen-

bauer function C/(X) above, we finally obtain [1]

sinmv 1
K(a,/)’) _ _ (B.a) (a,B) f D
T v ( X, y) 2V+a+ﬁ+1¢v (X)¢V (y) ( or (X’ y) € )7

where use has been made of the relation

g P (—x) = (-1)" ¢ (x)  (forall neN).

n

Notice the the superscripts «,f in the left-hand and right-hand sides are ex-
changed.

2.2. Hermite Polynomial

In this subsection, we obtain the resolvent kernel for 7, whose eigenfunction is given
by the Hermite polynomial H, (x). Considering that H_ (X) can be given by the
specialization of the Gegenbauer polynomial C; (X) as [8]

H, (x)= n!!iﬂ{m/zcj (%ﬂ (16)

then we obtain from (15), together with the asymptotic expansion as

T(v+ 2_1) —(24)" (for A — ), the following formula:

r(24)
:ZosinC(v—n)Nian(X)Hn(y)=NivHv(x)Hv(y) (for x+y>0), (17)

where N, = Jn2 I'(v+1) (N, amounts to the normalization constant as

.[]RH” (x)H, (X)e_X2 dx=N,&,,). Here, H, (x), which is formally given by N—v in

n=nm

(16), is related to the parabolic cylinder function D, (x) as

D, (x)=2"?e*/*H, (%j

where

%
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Ju V2

e

D, (x)=2"2e*/*

N w

X
12 )

with ®@(a,c;z)=,F (a;c;z), the confluent hypergeometric function. Considering that

NL=O (forn=12,---) due to |F(—n)|=00,andthat

-n

H,(x)= %exzerfc(x),
1d
H—(n+1)(x):_%&Hin(X) (for |’]::|_’2’...)7

where erfc(x Gt , we find that the sum over N in the left-hand side of (17)

)=l

can be formally extended to all neZ. Thus, f(v) =NLHV (x)H, (y) satisfies the

v

relation of (9) for X+y >0 (listed in the fourth row in Table 2).

For later convenience, we divide the left-hand side of (17) into even and odd parts as

I (xy)= Y —t

ne2N+e V — N 2n n!

H,(X)H,(y)  (for £=0,1).
Recalling that H, (-x)= (—1)n H,(x) forall neN, we obtain from (17)

(oo 52 et (oo, o

where use has been made of the following formulae:

Si:ﬂ — T (-2)F(z+1),
r(2z)- 2\7{F(z)P(z+%}.

The condition of y > |X| comes from the intersection of X+y >0 and (—x) +y>0.

To obtain hf‘g)(x,y) for (-y)>|x| (complementary to y>|x

), it may be conve-

nient to rewrite H, () using another confluent hypergeometric function

‘P(a,c;z):%cb(a,c,zﬁ%zl°cD(1+a—c,2—c;z) as
-v 1 1-v 3

27V H =¥ —,=; 2= Y —\—; 2 fi 0). 19
(Y) (Zzyjy(z 2yj (for y>0) (19)
Substituting (19) into (18), and using H, (—y) :(—1)rI H (y) again, we obtain the

relation that is valid not only for y > |X| but also for (-y)> |X| in the form

() _ 1 (e-v s (e-v 1 g-v 1 2]
h (%) 21“( 5 ](ny) (I)( 5 ,2+g,x J\P( 5 ,2+g,y (0)
(for [y >[x)),

which was derived from a somewhat more straightforward approach [1].
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In a practical application, it is convenient to choose the parameter Vv so that the
y -dependence of hé‘g) (x,y) may be written as simply as possible. Considering that
H,(y) is given by a polynomial of y of order N, we can choose v as0for ¢=1.
In the case of £=0, however, v cannot be chosen as 0, due to the divergence of

hfg) (X, y) , but can be chosen as 1. To summarize, we have

h (x,y) = _%erfi(x)sgn(y)

(0) _Z xzi -x2 ¢
h; (x,y)—ze dx(e erfl(x))|y|

(for [y] > ).

" 2 (x e 1 . .
where erfi(x) :ﬁjoet dt. No such formula as (20) but h{" (X,y) has been listed in

Ref. [9].
At the end of this subsection, we deal with the sampling-theorem based summation

formula for a single Hermite function of the form
SSiNC(v — )7, Honey (X) = 7, Hyuos (x) (for £=0,1),
n=0

where the coefficient y, € C is to be determined in such a way that the sum over n
in the left-hand side can be formally extended to all integers, namely, y , =0 (for
n=12,---). Bearing the specialization of (16) in mind, we find that the corresponding

summation formula for a single Gegenbauer function is given by

isinc(v—n)Nnm/zézmm (x)=N"2CP (x) (for 0<x<Lm=12,-). (21)
Actually, the left-hand side of (21) can be rewritten as
isinc(v—n)N,ﬂ“/zém (x)

2n+¢

= iN:‘/z [sin c(v—n)C,,., (X)+(-2)""sinc(v+n+m)Cr (x)} :

n=0
where use has been made of C", , (x)= cr (x),and
r'(-n) maT(n+m) I
——————=(-1) "———= for meN. Under the specialization of (16), we
r(-n-m+1) r(n+1)
finally obtain from (21)
isinc(v— n)f,(x)=1,(x) (for x>0), (22)
n=0
where fv(x):mszc(x) for £=0,1. The condition of x>0 in (22)

originates from the condition of 0<Xx<1 in (21), which is equivalent to x=cos8,
with || <m/2 (corresponding to the case of k=2 in the first row in Table 2). The
relation of (22) is listed in Ref. [10], in which H, , (X) is given by using the parabolic

cylinder function D,,,, (\/EX) [Do.s [LJ in [10] should beread as D, (ﬁx) ]

N

3. Results and Discussion

In this section, we first deal with the FT based on the resolvent for Q. In a matrix

%
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representation of f,f':C? - C? as

R

the supercharge Q:L*(R)xC?* - L*(R)xC? can be written as

0 b
=bf'+b'f = : 23
Q {bT Oj (23)
where b:i(d—i-if)) and b' = —(ﬁ ip). The corresponding SUSY Hamiltonian

N

H' is given by

J2
. 2_H+1 0
emar 7 0]

which amounts to HI + f' f, where |= { f,f T} (‘H1 can be simply denoted by H,
because | commutes with all the elements generated by f,f' ff', and f'f).

Under the transformation H — H’, it is natural to transform FT as

FosFl=e? (24)
In this case, F' turns out to be unitary due to the self-adjointness of H', and is
related to F through

e 0| (iF o

F'= = . (25)

x 0 F
0

EIH
€

By the commutativity [H',Q]=0, so is [F',Q]=0, it follows from (23) and (25)
that

bF =iFb, 26)

Fb'=ib'F
where the second relation can de derived from the conjugate of the first relation (recall
that F is unitary, so that F'=7F™1),

The resolvent for Q can be written using R, =(H - a)_l as

_ R, 0
(Q+a|)1=[b(f b]{ ‘6‘1 » ] (for a e C). (27)

-

The validity of (27) is verified by (Q+al)(Q+al)” =(Q+al) (Q+al)=1.
Recall that in Section 2, a convenient choice of the resolvent parameter a in R, is
given by 0 (or 1) for an odd (or even) function. This corresponds to the choice of «
in (27) as 1, with ¢ e L*(R)xC? to which (Q+al )71 is applied being given by

000

where ¢, (x :—[(p +o(-x ] It should be noted that the ¢ in (28) is the

eigenfunction of F'* (E (-P)e® P) with its eigenvalue being unity, that is

142
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Frp=9, (29)
where P (z F 2) represents the space inversion
Pio(X) o(—X).
The relation F°=7P can be formally derived from F’=¢e
HH, (x)e ™/ =nH, (x)e*/?, together with H, (-x)=(~1)"H,(x) forall neN.

inH and

0
As a simple application, let us reconsider the FT of ¢(x)=1, in which ¢(X) = [1]

Although the ¢(x) in this case does not belong to L*(IR)xC?, we can formally apply
(Q +1 )_1 to ¢, with the result that (Q +1 )_1 ¢ can be Fourier transformed. A series
of calculations yields

1)t ' +
e
where the ¢, 's (for k =1,2,3) are given by

B J2D(x) B —x/;e’xz/zsgn(x) ~ 0
%(X)_[Z[l—XD(X)]J’ ¢2(X)—{ Zne’x2/2|x| Jl ¢3(X)_[\/Z5(X)j. (30)

For D(x), see Table 3.

Notice that |¢1 (X)| =x" for x—> o0, as is expected from the property that Q
behaves like the multiplication by X in the limit of X — to0. Bearing in mind that we
have the relation

Fr=(@+1)F(Q+1)"
by the commutativity [Q,F']=0, so that ¢, = F'¢, then we again obtain
F 1l 2n8(x). (31)
Recalling that D(x) is an odd function of X, we find that the first (second)

element in ¢, (for k=1,2,3) in (30) is given by an odd (even) function. It should be
noticed that this property holds for a general ¢(x) in (28), not necessarily for

0
¢(X) = [1] The reason is as follows. From [Q,F']=0, together with (29), it is re-

quired that
(ror)h=d4 (k=123)

Table 3. Calculation of ¢,p,, and ¢, for ¢(x)=1, where D(X):e’x2/zfoxe‘z/2dt. In the

classical method 1, there is a singularity of ¢,(z) at z==i.As compared with other methods,

it is hard enough to calculate ¢, from ¢, in the classical method 2, due to an infinite number

a2
of derivatives in e?/2 .

(%) (2) P
Method G g X X
e ! ’ a() 2:() Nz singular. calc.
Classical 1~ (§° +1)71 pr+1 (x* +1),1 \/%e"x‘ 5(x) z=ti Easy
Classical 2 g @ g’/ o X1 o X1 5(x) - Hard

Resolvent  (H-1)" H-1  2[xD(x)-1]  —2n|xe™" 5(x) - Easy

%
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where T, = %(1i P), projection on the even or odd parity space. Thus, it is found that

the first (second) element in ¢, is parity odd (even).

In the latter half of this section, we discuss the FT of ¢(x)=1 in another method.
Some may point out that the result of (31) can be derived more efficiently from a
method where F is replaced by

F =G, FG, such that Gy e L(R), (32)
which is schematically shown as
@ -+ ]
G, ¥ 14,
2] T’ ?,
Rewriting (26) as
FG=pF,
= (33)
Fp=-qF,

we find that G can be chosen as such that depends on § only (so that G, depends
on P only), in order to calculate G in quite a simple way (we call such a case a
classical method). To further simplify the calculation by G,, the functional form of G,
is given by a polynomial of P . Considering the condition of G e L(R), we find that
the simplest form of G and G, can be written as

G =(62+1)"
1_<q - ) ( classical method 1).
G, =p"+1

The calculation of ¢, (=G¢),, (= F¢,),and ¢, (=G,p,) is summarized in Table
3, together with the corresponding calculation in another classical (named classical 2,
discussed in the next-next paragraph) and the resolvent methods.

Although all the methods give the same result as (31), there is an essential difference
in ¢ between the classical 1 and resolvent methods from an analytical point of view.
While zD(z) is an entire function, (Z2 +1)71 has a pole at z = +i. The non-analyti-
city of ¢, in the classical method is revealed when the ¢, is evaluated as ¢, in the
limitof A —>o0:

o (X)=limg (x), o =F o),

A—w
where ¢, is given by
1 (x=<A),
0 (|x>A).

or (X)= @, (X)U, (x), with UA(x)z{

In calculating ¢, from the inverse FT of ¢,, the limit operation A — o is
necessary, because (inverse) FT is given by an improper integral. After the analytic
continuation of ¢,(x) and ¢'(x) from xeR to zeC,itisfound that

vzeC\B, limp!(z)#¢(z)  (classical method1),
A—w

34
vz eC, lime' (z)=¢(z)  (resolvent method ), Gy
A—w

144

K
0:53: Scientific Research Publishing



S. Kuwata

where B = {Z eCl-1<Imz< 1} . Actually, for z=iy (yeR), for simplicity, we have

e (ysinh Ay +cosh Ay)

2

y -1
(iy)- g (i) (classical method 1),
or\Y)—o\lY)=
2e"‘2/zcoshAy+\/zyey2/v orf [ AV | _grp[ AY
2 V2 V2

(resolvent method),

where erf(z a3 dt, so that it is confirmed that the relation of (34) holds for

2 ¢z

)= ﬁj.oe_
z=iy. Notice that ¢ (Z) is an entire function, because ¢, (X) has a compact
support so that its (inverse) FT turns out to be an entire function. Thus it is found that
whether or not the relation of |ima_. (z)=¢ (z) holds for all zeC depends on
the property that ¢, (z) is an entire function (the identity theorem in complex analy-
sis).

Some may further point out that in the classical method, ¢, for ¢(x) =1 can be

made an entire function by choosing G [hence G, by (33)] as

G = e-ﬁz/Z
' . (classical method 2),
gz — e+ﬁ 2
in which a series of calculations is summarized in Table 3. Although the ¢ (z) is
indeed an entire function, it is hard enough to calculate ¢, from ¢, (especially in a
a2
numerical way), compared to the resolvent method, because e’ /2 includes an infinite
number of derivatives. Even if we try to regard 6”2 asan integral transform, it fails

due to the divergence of the corresponding integral kernel K (x). Actually, we obtain
from ef’/2 = feaz/z Ft

?s (X) = (eﬁz/z% )(X)
S[KOo(dy, K(x)= ek,

which indicates that K (X) (for xeR) isdivergent in a usual sense.

Regarding the analyticity and numerical simplicity in calculating FT of ¢(x)=1, it
seems that, based on the above discussion, there is no way other than the resolvent
based method.

4. Conclusions

We have obtained, using the resolvent for the harmonic oscillator Hamiltonian 7, the
FT of a non-integrable function ¢, such as ¢(x)=1. As compared with the classical
methods in Table 3, the resolvent method has some merits of being numerical calcula-
tion friendly and free of singularity for ¢, (z). In calculating the resolvent kernel, the
sampling theorem is of great use. The introduction of SUSY to H not only makes
transparent the usefulness of the even-odd decomposition of the ¢ in a more natural
way, but also leads to a natural definition of SUSY FT.

For future study, various extensions of the present work are possible. One extension

K2
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is to deal with other unitary transforms, for example, the Hankel transform, whose
eigenfunction is given by the Laguerre polynomials Using the resolvent for the corres-
ponding Hamiltonian, we can obtain an analogous result. Another is to generalize
p:R—>C to ¢:R" —Cl ,(R), the Clifford algebra over R"* [¢ in (28) cor-
responds to Cl,, (R)®C/,, (R)]. Although the Clifford FT, in itself, is defined in
various ways [11] [12] [13] [14], mainly due to the non-commutativity of the algebra,

the resolvent based calculation will still be of use, despite the non-commutativity.
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