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Abstract

We show that Yang-Mills equation in 3 dimensions is local well-posedness in

H*® if the norm is sufficiently. Here, we construct a solution on the quadric
that is independent of the time. And we also construct a solution of the poly-
nomial form. In the process of solving, the polynomial is used to solve the
problem before solving.
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1. Introduction and Preliminaries

This paper is concerned with the solution of the Yang-Mills equation.

We shall denote g -valued tensors define on Minkowski space-time

A :R* - g by bold character A , where « ranges over 0, 1, 2, 3. We
use the usual summation conventions on « , and raise and lower indices with
respect to the Minkowski metric n”ﬂ = diag(—l, 11, 1) ; for more details, see [1]
[2] [3]. Given an arbitrary @ -valued tensor F,,: R g.

The curvature of a connection F_, by
Fp=0,A=0,A, +[ A, A ]
Here [,] denotes the Lie bracket of g . It appears in calculations whenever we
commute covariant derivatives [4] [5], or more precisely that
0,F”+[ A, F’]=0
We can expand this as

OA —0" (0,A°)+[ A, 0N ][ A, 0" A" ]+[ A

2]

[ wT] 0

where [O= —8t2 +A,a,/=0123.
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The Cauchy problem for Yang-mills equation is not well-posed because of
gauge invariance (see [6] [7]). However, if one fixes the connection to lie in the
temporal gauge A, =0, the Yang-Mills equations become essentially hyperbolic
[8] [9], and simplify to

. (divA)+[A,6,A]=0 (1)

and
OA -9, (divA)++|:A,6iAj]—|:A,ajA]+[A,|:A, AJ]:O )
where 1,j=12,3,
The local well-posedness of the Equations (1) and (2) have already proved in

[10]. Here in not described in detail. This paper will show that the solution of
operator and polynomial type.

2. Exact Solution of Equation

Below we will construct the exact solution of the equation on the general quadric
that denotes by
A=0,+a =123 (3)
where @ = 4§ (X1, Xy, X3) .
We bring (3) to Equation (2), because the equation is used in the two general

surfaces, we define the general quadric by

a
f = z Ca1a2a3xllx22x s

a+ay+az<2
ay,0,,0,=012C,,,, as coefficient and Cpp,., € R. So we calculate the equa-

tion. The first calculation can be
2
(OA) f =(A-af)(axl +aj)f {Aaxj +(nay)+a,A-3f0, —%—ajaﬂf
= [(Aaj )+ajA] f =(Aa;) f+2a; (Cyop + Conp + Copy )

Divergence terms can be

i 08, da da,
[aj (d'VA)J f= laxj [axlaxl +a,0, +a—+6X26Xz +a,0,, +a—2 10, 830, +a_ﬂ f

X Xp X3

2
“la0,0, +Pio, + L8 aaia LYY 48,0, 0, + 2 02, 08,
i 0,0, @ E E 2, %

Xj X Xj Xj 7 %p Xa

2
Jri3 +8,0, 0, +a—a3+ai36
o, ° J 0,0, 0O

Xj Xj 7 xg X3

f

0 oa
{i‘F a:l.axj J(Cloo + C110)(2 + C101)(3 + Zczooxi) + [8_2+ azaxj ] '(Co1o + C110)(1
Xj

0

%]

’a,

0
4, 80, J(c001 +Cyo X, +Co11 % + 2C000Xg ) + [ﬁ

+Co11 X + 2C0p0 X, ) + [—0

X:

i XX

2

aii@ + o', +8a26 + 08, +aiea Jf
X;

o, 1 0,0 o, 1 0,0 0

X Xj % Xa Xj X X3
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[A2A]f

Finally, the sections of Lie bracket can be

[A.0A]f :[(A, OA —OA - A)|f

651j aaj
= (0, +a) 0,0, +—L+a;0, || 0,0, +—=L+a;0, |(, +a )T
i j i aXi i j i aXi i i
0%a. oda, 2a. _ _ _
= L - 0°q _%ax_ _%5)(_ _aj% f
axi aXi aXi I anaXi a)(i ! aXJ I axi
o%a; da,  0a oa; 0
= 2, ai_ —-a;, — 5, o, 8 f+ ax: +% (0100+C110X2 +C101X3+20200X1)
0a;, oa a; o
= 6 — +— 6 2 J(Com +CllOX1 +COllx3 +2C020X2)+£ a + aas J(COOl +ClOlX1

+Cop1Xp + 2Co0p % )

[(A-0,A-0,A-A)]f

[(ax_ ‘a, )(ax_ax, B a0 J—[ax_ax_ +Ban J(ax_ +a )] f
i i X 0 j i X 0 j i
Xj Xj
! B, aai f
5, "5,

oa,
C100 + C110 X2 + C101X3 + 2CZOOXZL) + (C010 + Clloxl + COllx3 + 20020 X2 )

i Xj

0 oa 0
+;a3(0001 + Cllel + C011)(2 + 2C002X3)+{a1 6a1 + aZ _2+ a3 a3 J :I

Il
|
1
DD
D
—

Xi 0 6x~

i X ] i

[ALAAT]T=[AAA-AAT

- _A,(axi +ai)(6xj +aj)—<6Xj +aj)(axi +ai)}f
| aa, 08,
A
I 0a; oa, da; oa,
:_(6 +9 )[aXi _QJ_{T;_a\kan +9 ):lf
= azaj _ 62ai £
0,0, 00,

Combining the above calculations we have

o’a, 0%a. 2 2 2
28, (Cao0 + Cozo + Copp ) +| A8y = —5-+2———2 0’3 08 O
ot OX; OX, axl XX, OX;0X,

+a, o8, aa2 aa3 alii a&+aaaa3
0%, 6x2 8x3 OX;

ax i| f+— axl (CIOO +C110X2 +Clle3

j

aa oa i
+20200X1) o (0010 +Ciy0%; + CoriXs + 2C50%, ) + o (0001 +Cior X+ Cop X,
5 3

+2C0 X ) — %8, —Lox +—= 08, X +— 8a3 f=0
X, 0X, ax3

K2
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We will use the properties of polynomials to list the coefficient equations in
order to solve the (3). For the cross terms and square terms coefficient, we have

o’a, 0%, 2 2 2
Aa, ——+2—-2 6a1+6a2+6a3
ot OXi OX;0% ~ OX;OX,  OX;0X

(4)
+aj 6;3.14_6&_'_6;33 +a16i+a2%+aga;a3:0
oX, OX, 0% OX; OX; OX;
First, we consider j=1.
The constant coefficient equation is
0? o° o? d’a o%a
28, (Cy0 + Copo + Copp ) + AQ, — a21+2 a21—2 & . 2 4 3
ot oX; OX, 0%~ OXOX, OX 0%,
o[ P P P a e a
OX, OX, OX, 0%, X, oX, 0%
+2&0010+a;a30001_ ai+a&+a;a3 00:0
X, 8 OX, OX, OXg
The coefficient equation of X is
o0a, oa, oa, oa,
—L¢, 0+ —2C —2—2Cpy —2—2Cppy =0
o, Ci10 o, Cio1 o, 200 o, 200 (5)
The coefficient equation of X, is
Oa, Oa, oa Oa,
2—2C 0 +—2Cpyy ——2Cppg ——>C,yp =0
o, 020 ox, 011 o, Ci0 ox, Ci0 (6)
The coefficient equation of X; is
oa, Oa, oa Oay,
LGy +2—2Cpy ——2Cppy ———2Cpp; =0
ox, 011 ox, 002 ox, Cio1 ox, 101 (7)
Because of the (4), the coefficient equation of constant can be
1%/ 0 oa oa
231 (Czoo +Copo t Cooz) + 0_)20010 + 6_20001 - a_xzcloo - a_X:Cloo =0 (8)
(8)Cuyo X Ciop = (7) X Cogo X Ciop —(8) X Cagg X Cryo We have
a%(cllocllOClOl - 20020C2000101 - C011(32000110)
; 9)
Q
+67(C10101100101 ~ Co11C200C101 — 2Cozoconczoo) =0
3
Deformation by (6), we have
Oa, Oa, Oa, 0,
—24+—=2=2""Lc,, +—2C
8)(2 axa axz 020 ax3 011 10 (10)

Simulaneous (8) and (10), we have

0 o 0 C
28 (Czoo +Cop + Cooz)"‘a%[com - Z%Cm}"ﬁ(com _Lcwoj =0 (11)

2 10 6)(3 110

First, for (9) we can use mathematica to get

K2
38 03? Scientific Research Publishing

<3



P. Zhu, L. Y. Ding

a=C, [Xi]
{_ (010101100101 — Cp11C200C101 — 2C020C011C200 ) X, + (0110C1100101 B 2002002000101 — Cp11C200C110 ) Xq }
C110C110C101 — 200200200C101 ~ Co11C200C110

where C, is a constant, [ | denotes the arbitrary combination of functions
represented as independent variables in square brackets. For example, [X] is
represented as XSinX or e*Inxcosx and so on.

Next, from (11) we can obtain

2(c200+C020+C002)X2
a, = C, ¢ oo Zon/in [xl][_(cfm ~ CouCioo/C110) %o + (Coto = 2 CoanChon/ Cuso) Xg }
Cor0 — 2 Co20C100 / Ci1o

where C, isa constant.

We can observe the above &, and the general properties of two surfaces, &
isirrelevant to the X, and X;,s0 a =a,(X).

Because of a, =, (Xl) , we take @, into the (11) can be obtain

28, (Czoo + Cozo + Cooz) =0
By two surfaces we can obtain
& =0
Similarly, we can prove that | = 2,3, we have
a,,a,=0

In summary, when the Equation (2) is acting on the quadric, we have

A =0,
A, =0,
A, =0,

3. Polynomial Solutions
3.1. First Order Polynomial Solution

Below we construct a polynomial solution. First, the constant must satisfy the
equation so that all constant are the solutions of the Equation (1) and (2). Then
we define the solution of a polynomial form on a surface by
A =aXx +bX, + X +d,
where 1=1,2,3, A is satisfied the (1) because of not contain time ¢ Then we
just need to bring A into (2). We have
3
AA]-—6j(divA)+Z(6jAA—AjaiA):O (12)
i=1
Equation (12) is composed of three equations. First we consider the case of
J =1. So the constant coefficient equation is
b,d, —b,d, +a,d; —c,d, =0
The coefficient equation of X is
a,b, —ab, +a;a;-a,c; =0

The coefficient equation of X, is

K2
0:{5: Scientific Research Publishing 3
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b,b, —bb, +ab, -bc, =0
The coefficient equation of X; is
b,c, —b,c, +a,c;, —cc; =0
When ] =2, the relationship of the coefficients are
bd, —ad, +c,d; —c,d, =0
ab —aa, +a,c,—a,c, =0
bb, —ab, +b,c, —b,c, =0
biC; —ayC, +4C; —C,C; =0
When ] =3, the relationship of the coefficients are
cd, —ad, +c,d, —h,d; =0
a,C, —a,a, +a,c, —a,b, =0
bc, —ab, +b,c, —b,b, =0
CiC —aC; +C,C, —byc; =0
There exist 12 equations. By solving the above equations, we can obtain
a=a=a=bh=b=b=c=c=c
d, =d, =d,

Therefore
A =ax +ax, +ax; +b (13)

where a,beR i=123.
In summary, the solution of the polynomial form of Yang-Mills equation is

expressed in the form of (13).

3.2. The Quadratic Polynomial Solution

In this section, we mainly discuss the solution of the quadratic polynomial form

of the Yang-Mills equation on the two surfaces. We define by

a; a: a:
Ai = Z aa1a2a3X11X22X33
ag+ap+az<2
— Pry P2y P3
A, = z blﬁﬁzﬂs XXX
PritPo+3<2
— My?2y?3
A3 - z 0717273)(1 XX
n+yatr3<2
where &, 5,7,€N  1=123, @,,..:0545.C.,. €R are coefficients. So

A, A, Ay must satisfy the Equation (1), therefore, it just needs to take
A, A, A into (12), we have

By P2 B3
AAj_axjxl( Z aa1a2a3xlalx2azxgs]_axjx2( Z bﬁlﬂzﬂ3xl X22X3 J

o +ap+ag<2 P+ Po+P3<2

Ny V2 gy [V RV o1\, Q)
—anX3 [ Z Cyl}/273 Xﬁllx22 X33 \J—i_ |:a><j ( z aa1a2a3X11X22 X33 J:| ’ z aa1a2a3 )(11)(22 X33

n+r2+73<2 atay+ay<2 o ey +ag <2

a+ap+az<2 Pi+Po+P3<2 Pi+Pr+P3<2

_Ai ’ |:a><1 [ z aamzaa le1 ng ng J:| + |ia><j [ z bﬂlﬁzﬂs Xlﬂ1 sz ng j:l : Z bﬂﬂzﬁa Xlﬂl X2ﬂz X3ﬂg

K2
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_A . By P2 B3 Ny’2y?3 | |. Ny?2 y73
Ai |:a><z (ﬂl Z Zbﬁlﬂzﬁ3xi X X j:|+|:axj ( z C717273X1 X3 % j:l Z C717273X1 XX
+ <

Po+Ps n+ra+r3<2 N+r2+y3<2
_A. . T1y’2 373 —
Al axs Z 071}’273)(1 XK 0
N+r2+73s2

There exist 30 equations and 30 unknowns. Solving the equations we can ob-

tain the following results
800 = gz0 = Bgpp = Bygo = By = By =0
B,00 = Dp20 = Bor =Biig =0y, =By =0
Co0o = Co20 = Cooz = Cu10 = Cior = Cors =0
Q00 = 810 = 8o11 = Bioo =Boi0 =Poor = Cioo = Co10 = Coor € R
800 = Dogp = Cooo € R
So the solution of the equation can be written
A =ax +ax, +ax; +b (14)
where a,beR =123
In summary, the solution of the quadratic polynomial form of Yang-Mills eq-
uation is (14). It obvious that (13) is equal to (14). So we conjecture that the so-

lution of n-degree polynomial on n-sub surface is also (14). In the next section,

we will proof the hypothesis.

3.3. Solution of N-Degree Polynomial

In this section, we mainly use mathematical induction to prove the hypothesis.

We define that by
a
Ai = Z aa1a2a3 Xlal Xg : X33
a+ap+azs<n
— Py P2y Pa
A= D by XXX (15)
Bi+PBo+Pasn
— Ny?2y?3
A3 - z 0717273)(1 X3 %
1+y2+y3sn

where o, f,7, €N =123, a,,b;,¢c, €R are coefficients.

In the front two sections, it is easy for us to conclude that when N=1,2 the
solutions are the same. So we will use mathematical induction to prove that
when n>2 the solution is also (14).

First, we assume that when n(n>2) the solution of the equation is

A =ax, +ax, +ax; +b

where a,beR i=12,3.

Now when n+1, we have

B by B
AAj_axm[ > aalazasxlalx?xsagj_axjw[ 2 by x22x3]

o +ap+az<n+l P+ Po+Pz<n+l

Ny 2y a1 Q) g\, 0 O
_axj)(:; ( z C;/ly273 X11X22 )(33 j+ |:6Xj [ Z aa1a2a3 X11X22 X33 ]:| ’ z a(lla2(13 X11X22 X33

n+ya+yra<n+l o +op+az<2 o +op+az<n+l

K2
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_A. . A\, 4,03 BiyPayhPs | |. By Py P3
Ao, D A XX }+ o, Y by XXX > by XXX
L o tay+ag<n+l Pr+Bo+ P32 P+ Po+Pa<n+l
_A . By P2y Pa Nyr2y7s | |. N y¥2 w73
A+l 0y, 2 D XXX |+ 0, Y XK Y G XXX
L PrtPo+pz<n+l n+r2+r3<2 n+rp+rzs<n+l
— . Vw72 373 —
Aj axs Z C71}’273X1 XK 0
L 7+72+73<n+l
To further simplify (15), we have
p
a; a; a: 124 a; a
Al = Z aa1a2a3 1)(22)(33 + Z aa1a2a3xllx22x33
agtay+azs<n o +an+az=n+l
_ By P2y P By P2y P
A= D b xBXEXE D by XXX
Pr+Po+pasn P+ Po+Pz=n+l
— Ny?2y?”3 Ny?2y73
A3 - Z szrsxl R Z Cmmxi XX
7+72+73<n n+yatya=n+l

To bring into the equation, we have

_ 2\ 03 | _ By B2y Ps
A‘]j axjxl Z aa1a2a3xi XZ X3 axsz Z bﬂlﬂzﬂgxl X2 X3

o +ap+ag=n+l PrtPo+fa=n+l

— Ny?2y?3
axj><3 Z C717273X1 X" X3
7+r2+y3=n+l

)\, qy )\, 0y \,
+ ax- Z aalaza XiI.IXZZX33 ’ z aalaza XiI.IXZZXS3
] 3 3

a+ap+az=n+l ag+ap+az=n+l

)\, 0y \, O
_Aj ’ axl Z aa1a2a3xllx22x33

o +op+ag=n+l

By Loy By oy
+] 0, > B X XEXE | |- > D X X2 XS
P+ Po+Pz=n+1 Bi+Po+Pz=n+l

_A. . By Bay B
A+l o, > PR
PitPo+Pz=n+l

Ny?2y?3 . Ny?2y?3
+ axj Z szrsxl X % z Cnmsxi X%

71+72+73=n+l 71+72+73=n+1

— . Nyr2y?3 —
Aj axs z C717273X1 XX 0

n+r2+rz=n+l

where J; is

ay a: a
‘]1 = Z aalazagxl 1XZZ )(33
at+ay+az=n+l
— Py B2y Pz
J, = Z bﬂlﬁzﬂ3xl XX
Pt Po+fz=n+1
— Ny¥2y73
J 3 Z C717273 XXX
nt7a+ya=n+l

On the number of X in the above equation is either less than N, or more than
N+1. When the number of X islessthan N, the solution of the equation is

A =ax +ax,+ax; +b

<3

K2
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And the number of more than n+1 of the items in the n-sub surfaces is al-

ways equal to zero.

4. Conclusion

In summary, we can get the solution of the polynomial type of Yang-Mills equa-

tion by mathematical induction is

A =ax +ax,+ax; +b

where a,beR i=123.
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