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2. Results

These are the well-known Abel’s results.

Theorem 1. Let the function ¢(X) be limited on every finite interval, and 3—¢ (0 is
X

continuous and limited on every finite interval then

z¢(n)=j ]/z)d¢dx+(a [a]-1/2)¢(a)~ (b-[b]-1/2)¢(b) (1)

a<n<b

dx+j

=S

Corollary 1. Let the function s>1, ¢(X) =X, a,beN then

L bts_gc b x [X] 1/2 1, . .

= I X+ Lo xrg(b7 ) @)
- 1 T X—[X]—]/Z 1 —s s

1;0” =— _S_sg( e )dx+5(b ~a%) 3)

Our goal is to use this theorem on the analogs of zeta functions. We are interested in
the analytical properties of the following generalizations of zeta functions:

P(9)=2 5 Q-2 @
(0= 2 (- S ®
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(5)= 2 Q) 2 ©
5y (8)=¢(s)=P"(s) ™)

Let N be the set of all natural numbers and N? = (n e N,n>m,n—prime number)
NP, =N / N7 —the set of all natural numbers without N7
Below we will always let m > 3, this limitation is introduced only to simplify the

calculations. Considering all the information above let us rewrite

¢ (s)= Z—

ne NF’m

For the function ¢} (5)=¢(s)—P"(s), let us apply the results obtained by Muntz
for the zeta function representation. With the help of the given definitions we
formulate the analog of Muntz theorem.

Lemma 1. Let the function
5(s)=P"(s)-Q"(s), then (8)
5(s)=-sP" (s+1)+sZO(P"‘(s+2)). 9)

PROOF: According to the theorem conditions we have

1 1 1 1
o gm[F_(p—lf} gﬁ{ll—u p+1>S]
=—S ) ——+5 O( (s+2)).

peNp

(10)

Lemma 2. Let the function

=y J —dx,y2(s)=- f%dx,ys(s):— > _rf 1é+21 dx, (11)

peNg' p- X peNp p-1 peN?p—lX
then
_ 1 11 | é8(s-y
71(5)_1—sp6w[|05‘1 (p—1)5‘1}_ 1-s (12)
)/2(3):_1 p—sl_ p—lS :_5(3—1)+P (s) 13)
speN[}n p (p_l) S S
_ 1yt 1 | 90
73(s)= 25[,@.5[@s (p—l)S]_ 25 (4
5(s-1) &(s-1) P"(s) &
S[}/l(s)+y2(s)+;/3(s)]=s|: (SS_l)_ (sS ), s(S)_ 2(55)} (15)

PROOF: Follows from computing of integrals.
Lemma 3. Let the function
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¢(x)=x",5>1, a,b,m—prime numbers

(a,b)(IN;' =&, {a,azm}=N_ then

~5(s-1)-m = ¥ [(b-1)T-at] (16)
a,beNF
X 2 e(xX—(X
s I X [S]Al/) sj'((xs%]/)dx s[;/l +;/2(s)+;/3(5)]; (17)
abeNy a m
PROOF: Computing the sums , we have
> [(b—l)lﬁs—al‘st—ml‘W > [(p—l)lﬁs—pl‘s]z—ml‘s—S(s—l) (18)
abeNT peNg
Theorem 2. Let the function
¢(x)=x"*,5>1, a,b,m—prime numbers
(a,b)ﬂNm:Q, {a,a>m} =N then
2 2
sP™(s)=¢( f Xs]+11/ )dx—5(s)—m’s+O(Pm(s+1)) (19)
PROOF: Using Corollary 1. we have
HORB SIS
a,beNma<n<
b-1 ]-v2
=Z%Zf Do (20)
a,beNy abeNp a
1 s
+= b-1)" -a*
za%g(( ) -a)
m s x—[x]-12
5 (5)=-6(s-1)-m - fg
+S[)/l +7/2 +7/3 :| 5
_5(s-1)- I (x- [x] 1/2) (21)
+S[é‘(s—l) (1) PTS)_06) | )
s-1 S S 2s
. 2] on x-[x]-¥ .
e (s)=5(s- 1)[1 S:|+P (s)-m"* - i%dx—&(s)—m (22)
m m m 1-s ( [ ] 17/2)
5(s)-P" =(s=2)P"(s)+P"(s)-m —slT 03
—5(3)—m’5+O(Pm(s+l)).
g(s)zst(s)—mlS—ST(X_[XXS%l/Z)dX—é(S)—mS+O(Pm(s+1)). (24)
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<(-[x-12)

sP™(s) = g(s){—mls - SIde—d(s)— m-s +O(Pm (s +1)) (25)

From the last equation we obtain the regularity of the function gg‘ (S), p" (S) as s
satisfied 1/2 < Re(s) <1.

Theorem 3. The Riemann’s function has nontrivial zeros only on the line Re(s)=1/2 ;

PROOF: For R2(s)=>"

2 P(ms)/m , we have
|R2(S)|=‘§:2P(ms)/m

gi|P(ms)/m|§C5i|—2m5/m|<CC§<oo (26)
m=2 m=2
Applying the formula from the theorem 2
In(5(s))=P(s)+ Y. P(ms)/m=P(s)+R2(s)=¢(s)-5p (s)-P,(s)+R2(s) (27)
m=2
estimating by the module
In(s (s)| << (s)|+
Estimating the zeta function, potentiating, we obtain
()= exp[ =l ()| -[s7 (5)] =[R2 ()|~ [P () 29)

According to the theorem 1 |g (s)| limited for z from the following multitude
(s.]s| <R.Js|>1+ 5,6 >0) (30)

sp (s)+[R2(s)|+[Pu (s)]. (28)

similarly, applying the theorem 2 for

sp (s)| we obtain its limitation in the same
multitude. For the function |R2(S)| we have a limitation for all z, belonging to the
half-plane Re(s) > 1/2 + 1/R. similarly, applying the theorem 2 for |g? (S)| we obtain

its limitation in the same multitude and finally we obtain:

(5(s))|= exp[-Cq], Re(s)>Y2+1/R,[s|<R,|s|>1+5,6 >0 (31)

These estimations for |P (S)| ,|R2(s)| , | P, (S)| prove that zate function does not have
zeros on the half-plane Re(s)>1/2+1/R due to the integral representation (3) these
results are projected on the half-plane Re(s) <1/2 for the case of nontrivial zeros.
The Riemann’s hypothesis is proved.
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