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Firstly, fuzzy vector subspace was introduced by Katsaras and Liu [1]. Then its pro-
perties and characters were investigated (see [2] [3] [4] [5], etc). The dimension of a
fuzzy vector space was defined as a n-tuple by Lowen [6]. Subsequently, it was defined
as a non-negative real number or infinity by Lubczonok [5], and proved that the for-

mula
dim(E, +E, )+dim(E, NE,)=dimE, +dimE, (1)

is valid under certain conditions, where E, and E, are fuzzy vector spaces. Recently,
basis and dimension of a fuzzy vector space were redefined as a fuzzy set and a fuzzy
natural number by Shi and Huang [7], respectively. Under the definitions, more pro-
perties of (crisp) vector spaces were correct in fuzzy vector spaces.

In this paper, we generalize the results in [7] to L lattice, and prove that some for-
mulas still hold in the lattice L. In particular, we present the definition of L-fuzzy vector
subspace and its -fuzzy dimension. The Z-fuzzy dimension of a finite dimensional fuzzy

vector subspace is a fuzzy natural number. We prove that (1) holds without any re-

DOI: 10.4236/alamt.2016.64015 December 28, 2016



http://www.scirp.org/journal/alamt
http://dx.doi.org/10.4236/alamt.2016.64015
http://www.scirp.org
http://dx.doi.org/10.4236/alamt.2016.64015
http://creativecommons.org/licenses/by/4.0/

C. EHuangetal.

stricted conditions and dim(@f )+ dim(rrﬁf ) =dimE holds.

2. Preliminaries

Given a set X and a completely distributive lattice Z, we denote the power set of X
and the set of all Z-fuzzy sets on X (or L-sets for short) by 2* and L*, respec-
tively . For any A c X, we denote the cardinality of A by |A| .

An element a in Lis called a prime elementif a>bAc implies a>b or a=c.
a in Lis called co-prime if a<bVc implies a<b or a<c [8]. The set of non-
unit prime elements in L is denoted by P(L). The set of non-zero co-prime elements
in Lis denoted by J(L).

The binary relation < in L is defined as follows: for a,be L, a<b ifand only if
for every subset D c L, the relation b <supD always implies the existence of
deD with a<d [9]. {aeL:a<b} is called the greatest minimal family of b in
the sense of [10], denoted by S(b),and A" (b)=B(b)nJ(L).Moreover, for bel,
we define a(b)= {a elL:a< °pb} and a (b)=a(b)nP(L). In a completely distri-
butive lattice L, there exist (b) and g(b) foreach bel,and b=vA(b)=nAra(b)
(see [10]).

In [10], Wang thought that £(0)={0} and «(1)={1}. In fact, it should be that
B(0)=D and a(1)=0.

Throughout this paper, L denotes a completely distributive lattice, and E is a
crisp vector space. We often do not distinguish a crisp subset A of E and its cha-
racteristic function y,.

If AcLl® and ael,we can define
Ay ={xeX:A(x)za}, A, ={xeX:aep(A(x))}.
A[alz{XeX:aeéa(A(X))}, A(a)={X€XZA(X)$a}.

Some properties of these cut sets can be found in [11]-[16].

In [17] Shi introduced the concept of L-fuzzy natural numbers(denoted by N(L)),
defined their operations and discussed the relation of « -cut sets. We simply recall as
follows: forany A, ueN(L), ael,

(D) (A4 1)) Aoy + o) © A + gy S (A4 )5

) (,1+ﬂ)(a) c A® 4@l el (/1+ﬂ)[a];

(3) Forany A,ueN(L) and aeP(L), it follows that (A +,u)(a) Y NG

3. L-Fuzzy Vector Subspaces

Definition 3.1. L-fuzzy vector subspace is a pair E = (E,,u) where E is a vector
space on field F, w:E — L isa map with the property that for any x,yeE,Kk,leF,
we have z(kx+1y)> u(x)A u(y).

In this definition, when L =[0,1], Z-fuzzy vector subspace is exactly the fuzzy vector
subspace defined in [1]. We denote the family of Z-fuzzy vector subspaces by LFVS.

Let E=(E,u) beamemberof LFVS,we denote
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o] = Hia) ={xeE:u(x)2a}, Ea) = Ha) ={Xe E:aeﬂ(,u(x))}.

gl :,u[a] :{Xe E:aeéa(,u(x))}, E@ :y(a) :{Xe E:,u(x)fa}.

We can obtain some properties of LFVS analogous to fuzzy vector subspaces as
follows.

Theorem 3.2. Let E =(E,u) beamemberof LFVS, then

(1) ,u(O) = SXUE'H(X)'

(2) Forany keF\{0} and xeE,u(kx)=u(x).

The prove is trivial and omitted.

Remark: Since L isa completely distributive lattice, the property that if
1(x)# u(y), then p(x+y)=pu(x)Au(y) not holds for LFVS. This can be seen
from the following example.

Example 3.3. Let L be a completely distributive lattice with four elements as fol-

lows.

0

Let E= (Rz , ,u) be an Z-fuzzy vector subspace on R’ where p is defined by
1, x=(0,0).

a, xe{(y,0):y e R\{0}}.

b, xe{(0,y):y e R\{0}}.

0, otherwise.

()=

We can easily check E isan L-fuzzy vector subspace on RR’. Suppose that
x=(32) and y=(0,-2),then u(x+y)=u(30)=a>u(x)Au(y)=0ab=0.
This example illustrates for Z-fuzzy vector subspace z(x)# u(y),
H(x+y)>u(x)Np(y).

Theorem 3.4. Let E be a vector space, pel® and E=(E,u). Then the follow-
ing statements are equivalent:

(1) E isan L-fuzzy vector subspace.

(2) (@) Forall xeE and keF,u(kx)> u(x).

(b) Forany x,yeE,pu(x+y)=pu(x)A u(y).
(3) For any X,---,x, €E and k;,---,k. € F, where r is a finite natural number,

we have
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i 30 )2 ).

i=1

The prove is trivial and omitted.

In the following paper, the vector spaces we discuss are finite-dimensional. For their
L-fuzzy vector subspaces, the following observation will be useful.

Remark: Let E = (E,u) beamemberof LFVS.Suppose that
u(E)= { u(x):xe E} . Since E is finite-dimensional vector space, denotes dimE =n,
then u(E) is a finite subset of L.

In the fact, let B be a basis of E, then |B|=n. Suppose that u(E) is infinite,

then for all ael, the total number of E o] 1 infinite. Since BN E[a] is a ba~SIS of

[a], we have E[a] = <B N E[a]> . Again since B is finite, the total number of E a] i
also finite. It contradicts with the hypothesis. Therefore x(E) is a finite subset of L
with at most 2" +1 values; 2" values which can be attained at the vectors of E\{0}
and the maximum which is attained at 0.

Theorem 3.5. Let E be a vector space, pel® and E=(E,u). Then the follow-
ing statements equivalent.

(1) E isan L-fuzzy vector subspace.

(2) Forall ael, E[a] ~is a vector space.

(3)Forall ael (L), E[a] is a vector space.

(4) Forall ael, EE! is a vector space.

(5) Forall aeP(L), El) is a vector space.

(6) Forall aeP(L), E® isa vector space.

Proof. We prove (1)< (4) and (1)< (6), the others can be proved analogously.

(1)=(4) We show that El) is a vector space as follows. Suppose that X,y e E*,
then aga(u(x) and ac alu(y). ie aea(u(x)oa(u(y)=a(u(x)\u(y).
Since E =(E,u) bean -fuzzy vector subspace, then o (u(X)A u(y)) 2 a(u((kx+1y)),

we have a¢ a(,u(kx + Iy)) , this means kx+ly e El®) . Therefore E® isavector space.

(4)=(1) Supposethatforall acl, El isa vector space. Let X,y € E and
k,l € F . Since EE) is a vector space, then kx+ly e EE ifand only if
xecE™ and yeEF . We have

u(kx+ly)= A (a/\ E[a])(kx+ly)

- ( ([a](x) E[](y)))

a

A\
=(a(2VET ) A (o (2VER (1))
= u(X)A u(y)-

Therefore E isan L-fuzzy vector subspace

(1)=(6) Suppose that x,ye E®, then u(x)£a and u(y)£a.Since aeP(L),
then u(x)A u(y)£a. Because E= (E,p) 1s an L-fuzzy vector subspace, we can
have u(kx+ly) £ a, thisimplies kx+ly e E® . Thus E® isavector space.

(6 ):> (1) Let Xx,yeE and k,leF. Since E® isa vector space, then
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kx+ly e E® ifand onlyif xeE® and yeE®. We have the following implications.

,u(kx+|y)=&l o )(av g )(kx+ly)

N (av(E<>() EW (y)))

aeP(L)

A
:(aE/\ a\/E j (aE’/J\ a\/E(a)(y))j
=pu(X)A u(y).

Therefore E is an Z-fuzzy vector subspace.

Theorem 3.6. Let E be a vector space, y:E — L beamap, E-= (E,,u), and for
all a,bel,B(anb)=p(a)nB(b). Then the following statements equivalent:

(1) E isan L-fuzzy vector subspace.

(2) Forall ael, E(a) is a vector space.

Proof. (1)=(2) Suppose that X,y e E(a) , then ae ﬂ( (x )) and ae ,B( (y ))
ie. aeﬂ(,u(( )) /5'( (y )) Since for all a,bel,B(a’b)=p(a)np(b) and E
is an L-fuzzy vector subspace, we can know aeﬁ( ( ) ( ))gﬁ( (ax+by)),
this implies ax+by e E (a) - Therefore E(a) is a vector space.

(2)=1(1) Suppose that for all ael, E.) is a vector space. Let X,y €E and

k,I € F. Since E is a vector space, then kx+ly e E(a) if and only if

XeE and yeE . We have

u(kerly)= v ( )(kx+|y)

Therefore E isan L-fuzzy vector subspace.

We can define the operations between two L-fuzzy vector subspaces analogous to
fuzzy vector subspaces.

Definition 3.7. Let E, =(E,z) and E, =(
on E. Define the intersection of El nd E, to be E NE, =(E, 4\ 1) . Define
thesumof E, and E, tobe E +E,=(E, s+

E ,uz) be two L-fuzzy vector subspaces

i) where 1+, is defined by for

all xeE
(1) ()= v (1 (%) Akt (x2))
= xl\e/E('ul(Xl)/\/Jz (X_X1))-

Definition 3.8. Let Elz(El,,ui) and Ez :(Ez,yz) be two members of LFVS
and E =E, ®E,. We define the direct sum of E, and E, to be El(-BEz:(E,ﬂl@,uz)
where g4 @ u, isdefined by forall xe E,x=x ®x,,% €E;,i=12

(14 ® 11, )(X) = (16 ® 1, ) (X ® X ) = 1 (X ) A\ 11 (%)

162
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Theorem 3.9. Let E, =(E, 1) and E, =(E,u,) be two members of LFVS on
E. We have

(1) E,nE, isamemberof LFVS on E.

(2) E, +E, isamemberof LFVS on E.

The proof of the theorem is trivial and it is omitted.

Theorem 3.10. Let E, =(E, 1) and E,=(E,u,) be the members of LFVS. We

have

(1) Forall acL, (En 2) -(& )[a]m(éz)[a].
@ Forall acl, (EnE)"=(E)"n(E)".
L AE, )(a) _ (El )(a) m(éz )(a)_

(3) Forany aeP(L), ( X
(L) (B~

)(a) _ (E1 )(a) + ( Ez )(a) .

Proof. The proofs of (1) and (2) are easy by the definition of E1 N Ez and the pro-

(4) Forany aeP

>

perties of L-fuzzy sets.
(3) Forany aeP(L),wehave

e(ElmEZ)(a) S m(X)Apm(x)La
o m(x)£a and g, (x)£a
exe(g)”A(E,)”

(4) By the definition of the sum of Z-fuzzy vector subspaces, for any aeP(L) we
have

XG(E1+E2)(6)<:>X:x\1/+x2(lul(xl)/\luz(xz))ﬁa
< 3x, X, e Eand x=x +X,, suchthat s (x )/, (x)La
< I X, eEm(x)La and u,(x,)La
o X=X +x, eE®+EP.

Theorem 3.11. Let E =(E, i) and E,=(E,u,) be two members of LFVS.
Suppose that for any a,be L, we have B(a/\b)=p(a)np(b). Then

(1) (ElmEZ)(a) Z(Ei)(a)m“éz)(a),
(2) (El + E2 )(a) = (Ei)(a) +(E2 )(a) .

The prove is trivial and omitted.

4. Fuzzy Dimension of L-Fuzzy Vector Subspaces

Definition 4.1. Let N(L) be the family of L-fuzzy natural number. The map
dim:LFVS — N(L) is defined by

dimE(n)= v (aAdimE, )(n)

is called the L-fuzzy dimensional function of the Z-fuzzy vector subspace E, and

dimE is called the Z-fuzzy dimension of E, it is an L-fuzzy natural number. We
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usually use another form of dimE as follows.

dimE(n)=v {aeL dlmE[]zn}

Theorem 4.2. Foreach E e LFVS and neN, we have

dimE(n)= aXL(aAdim E(a))(n) = v{a eL:dimE, > n}

Proof For any NneN,let 1=v (a/\dlm E ))(n). Obviously 4 <dim E(n) Next

aelL

we show that A>dimE(n). Suppose that bel and b eﬂ(dim E(n)), then there
exists aeL and dim E[ 2N suchthat be B(a) . In this case,

n<dim E[a] <dim E(b) <dim E[b] which implies 1= v{a eL:dim E(a) > n} >b. Thus

we have
22 v{bbe B(dimE(n))| =dimE(n).

This completes the proof.
Theorem 4.3. Let the pair E = (E, i) beamemberof LFVS. Then for any
ael,
(dim E)(a) <dimE, <(dim E)[ g
If ,B(aAb) ( ) B(b) forall abel,then

(dim E)( <dimE, <dimE, <(dim E)[ .
In particular, (dim E)H—dlm E, forany acJ(L).
Proof. In order to prove (dlm E)(a)<dlmE (a) - Suppose that n<(d|m E)() then

ae ,B(dim E (n)) .Since f isa preserve-union map, thereis belL and
n<dim E[b], suchthat ae ﬁ(b) Because E[b] c E(a) c E[a] ,thus n<dim E(a). There-

fore (dim E)(a) <dim E(a) .

dim E(a) <dim E[a] is obvious. Moreover, we can obtain that dim E[a] < (dlm E)
from the definition of dim ( E)

In order to prove for any aelJ (L),(dim E)[a] =dim E[a] , we only need to show

[a]

(dim E)[a] cdim E[a]. Since the set x(E) is finite, for any aeJ(L) we have
< (dim E)[a] =dimE(n)>a
:>v{beL dimE, ,>n!>a

(]

=3a<b, suchthat n<dimEy

=n<dimEy,

Therefore (dim E)[a] =dim E[a].

0
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Theorem 4.4. Let E=(E,u) beamemberof LFVS. Then

(dimE)” <dimE® <dimEW < (dim €)™,

In particular, (dim E)(a) =dimE® for any aeP(L).

Proof. (dim E)(a) <dimE® can be proved from the following implications.
n<(dim E)(a) < dimE(n)£a
<:>v{be L:dimE, Zn}jéa
< 3bfa, suchthat n<dimg

. "‘(a) _ . ~
=dimEY = dlm(gaE[b]] >n.

Let aeP(L).In orderto show dim E@ < (dim E)(a) , we need to show that

dim(UE[b]j <y dim E[b]. Suppose that n< dim[UE[b]J. Since the number of E[a]
bta bga bfa

is finite, then when b £ a, the number of E. . is finite, denotes E; 1,E. 1, E 1,
[b] [a]* ~[ar] ar]
where a £a for any ie{l,2,~-,r}. Thus UE[b] :UE[ai]. Since aeP(L), then

b#a i=1

q Thus for any

r ~ ~
we have €= a na A-cAd ﬁ a. Further we have QE[ai] c E[ :

e ) e (e - . e s
n sdlm{gaE[b]J_dlm(iUIE[ai]jsdlm B <y, dimEy, < b;/a(d'm E)[b] =(dimE)".
Therefore for any aeP(L), (dim E)(a) =dimE®.
dimE® <dimE® is obvious. We show that dimE < (dimE))” in the follow-

ing implications.

dimEM =dim ) E® < A dimE®

aca(b) aca(b)
beP(L) beP(L)
_ BN gim EE
_k%Jmma = (dimE)".
beP(L)

Theorem 4.5. Let E, = (E,zy) and E, = (E,u,) be two L-fuzzy vector subspaces.
Then the following equality holds

dim(E, +E, )+dim(E, NE, ) =dimE, +dimE,.

Proof. We denote the sum of E, and E, by E +E, = (E,u). From Theorem 11,
we know that E, +E, is a Z-fuzzy vector subspace. By the properties of Z-fuzzy na-
tural numbers, Theorem 12 and the dimensional formulation of vector spaces, we know

forany aeP(L),
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Therefore dim(E, +E, )+dim(E, NE,)=dimE, +dimE,.

Definition 4.6. Suppose that E :(E,y) is an L-fuzzy vector subspace. A map
f:E—>E is called an L-fuzzy linear transformation, if it satisfies the following
conditions:

(1) f isalinearmapon E.

(2) Forall xeE, ,u( f (X)) > u(x).

Theorem 4.7. Suppose that E=(E,u) is an L-fuzzy vector subspace, f is an
L-fuzzy linear transformation on E, then kerf = (kerf , ,u|ke ; ) and
imf = (imf ol ) are L-fuzzy vector subspaces.

The prove is trivial and omitted.

Theorem 4.8. Suppose that E = (E, ,u) is an L-fuzzy vector subspace, f.E —>E

is an L-fuzzy linear transformation, then
dim(kerf ) +dim(imf ) = dim E
Proof. Suppose that ¢ is a linear transformation on (crisp) vector spaces V , then
the equality dim(img)+dim(kefp)=dimV holds. Hence, forall ae P (L), we have
(dim (im¢ )+ dim ker f ))(a) :(dim(iﬁf))(a’ +(dim(ker ))(a)
~ dim (imf )"+ dim(kerf )
= dim(E® ~imf )+ dim(E"®  keff |

Since f|.s isalinear transformation on E®, we have

(dim(imf )+ dim(ker )) " = dim(imf

e ) +dim (kef

E@ )

(@)

=dimE® = (dim E)
Therefore dim(k“e“rf )+dim(iﬁf ) =dimE.
5. Conclusion

In this paper, L-fuzzy vector subspace is defined and showed that its dimension is an
L-fuzzy natural number. Based on the definitions, some good properties of crisp vector
spaces are hold in a finite-dimensional L-fuzzy vector subspace. In particular, the
equality dim(E1 +E, ) +dim ( E, NE, ) =dimE, +dimE, holds without any restricted
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conditions. At the same time, dim (Iﬁf )+ dim (kAe?f ) =dimE holds.
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