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Abstract

This paper focuses on the supply quantitative model system of input—output, which is equivalent to the de-
mand quantitative model system of Leontief. This model allows us to define the total supplied quantities of
commodities for any given supplied quantity of primary factors, and consequently enables us to define the
final uses of commodities. The supply quantitative model is based on the direct output coefficients of pri-
mary factors. The Hadamard Product is also used. The quantitative supply system models might be useful
tools in planning the economics of countries that have higher unemployment of primary factors, especially

labour.
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1. Introduction

Leontief used the term “Input-Output” in the title of his
first and seminal paper on Input-Output Analysis, in
“Quantitative Input and Output Relations in the Eco-
nomic System of the United States” [1]. This means that
every activity in economics is simultaneously character-
ized by two sides: income (revenue) expenditure, de-
mand supply, input-output, export-import, and so on. In
other words, the income of a certain economic unit
(household, firm, institution, country) is concurrently ex-
penditure for another economic unit; demand for any
commodity by any individual is also supply for another
individual or firm; input of any commodity to a certain
sector is also output for the sector producing that com-
modity. Using this postulate, Leontief describes his in-
put-output table as: ‘Each row contains the revenue (out-
put) items of one separate business (or household) ... If
read vertically, column by column, the table shows the
expenditure sides of the successive accounts’ [1]. There-
fore, this allows us to describe and analyze economies on
two sides so that if the same conditions exist, the results
must be equivalent for both—in quantity and price terms.
For example, the development of the whole economy
might be modeled on either the input side or the output
side. Each direction has its own targets and allows us to
solve different types of problems of contemporary eco-

“The author thanks Prof. A. Brody and Prof. E. Einy for useful sugges-
tions; This paper is dedicated to Leontief’s 100" birthday, and 70 years
since his first paper on Input-Output.
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nomics.

Since that period in economic literature on Input-
Output, there have been attempts to formulate models
describing the whole economy in both sides: demand
(input) and supply (output) for quantity and supply (input)
and demand (output) for price. Until today, only two
types of system models of input-output have been for-
mulated. These system models were first formulated by
Leontief in their original form, and in the following years
they were improved upon: quantitative demand (input)
and price supply (input) models ([1-4]). The first model
allows us to define the demand (required) quantity of the
total production (input) of commodities for any given
amount of final uses and consequently also for defining
the demand (required) quantity of the primary factors.
The second model allows us to define the cost of produc-
tion (supply price) of commodities on the basis of pri-
mary factors’ prices which are determined according to
their required quantities by means of their total supply
curves ([5,6]).

When Ghosh ([7,8]) formulated the allocation model,
it was unfortunately labeled into an “output” (supply,
supply-driven) model by his followers ([9-12])*. More-
over, Dietzenbacher ([10]; see also [13]) attempted to
prove that Ghosh’s allocation model is equivalent to Le-
ontief’s price model. However, the recent paper [6]

! also, unfortunately, finally called Ghosh’s model an output model,
despite the fact that in my first paper [19] the distribution and output
coefficients (are) were used equivalently, but in my book [5] I men-
tioned “distribution coefficients’ only once and after that ‘output coeffi-
cients’ and ‘output models’ were used.
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shows that Leontief’s Input-Output system model differs
from Ghosh’s system, and therefore they cannot be equi-
valent.

This paper focuses on the supply quantitative model
that allows us to define the total supplied quantities of
commodities for any given supplied quantity of primary
factors, and consequently to define the final uses of com-
modities for both physical and monetary input-output
systems. The supply quantitative model a la Leontief is
based on the output coefficients of primary factors and
input coefficients of commodities. The output coeffi-
cients of primary factors are the inverse magnitudes of
their inputs coefficients; therefore, if the input coeffi-
cients are given and constant by assumptions, then the
output coefficients are also given and constant. The Ha-
damard Product is also used.

Hence, this model allows us to define the total sup-
plied quantities of commodities for any given supplied
quantity of primary factors, and consequently to define
the final uses of commaodities. Such approach allows us
to manipulate by each components of primary factor
(types of labour or fixed capital). While Ghosh’s model
is based on the allocation coefficients of commodities,
which are not inverted of the input coefficients, and on
the input coefficients of primary factors, and therefore,
allows manipulate generally by an aggregate magnitude
of value added.

This paper consists of two sections. Following the in-
troduction the first section describes supply quantitative
equilibrium system models for Input-Output in physical
terms; and the second section deals with supply quantita-
tive equilibrium system models for Input-Output in mo-
netary terms. Finally conclusions are presented.

2. Supply Quantitative Equilibrium for 1-O
in Physical Terms & la Leontief?

Let us start with the demand quantitative model of Leon-
tief’s input-output system, before describing the supply
quantitative model, for two reasons: (1) to consider addi-
tional property of the demand model; and (2) to compare
and understand characteristics of these models. The de-
mand quantitative equilibrium for I-O in physical terms
consists of two systems [6]:

X' = A(x’)+y’ or X =(1-A) "y’ or x =By’ (1.0)

%Input-Output in physical terms, in this paper, differs from the physical
input-output table (P1OT), which recently appeared in input-output
literature. In the former, each commodity has its own physical meas-
urement: meter, ton, unit, M* and so on, while in the latter, all com-
modities have uniform physical measurement, for example ton.
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where

X ~[ x; ] —is the square matrix (n*n) of the quantita-
tive flows of commodities in the production;
Y = [Zn J —is the matrix (n*R) of the quantitative

flows of commadities to the categories of final uses;

y® — is the column vector (n*1) of commodities’
quantities for final uses;

xd —is the column vector (n*1) of the total output
quantity of commaodities;

V —[v, |—is the matrix (m*n) of the quantitative
flows of primary factors to the sectors of production;

yd — is the column vector (m*1) of the total quantities
of primary factors required in the production;

A—[gij } —is the square matrix (n*n) of the direct in-

put coefficients of commodities in real (physical) terms
in the production and

cd\7L . Xij .
A:l(ﬁ ) 1.6, §ij :Ev (1-3)
i.e., the input coefficient a; measure quantity of com-
modity i required for the production of one unit of com-
modity j in physical terms;
C [, |—is the matrix (m*n) of the direct input co-
efficients of factors in real physical terms in the produc-
tion and

_ V..

C=Vv (%) e, gy = (L4)
N

-]

i.e., the input coefficient of primary factors c,
measure quantity of factor k required for the production
of one unit of commodity j in physical terms;

B —is Leontief’s inverse matrix, and b; —is the total
required quantities (direct and indirect inputs) of com-
modity i to a satisfied one unit of demand of the com-
modity j;

v, —is the vector of the available quantities of pri-
mary factors;

i,—is a unit column vector (n*1);

The system (1.1) allows us to obtain the total required
quantities of commodities for any given quantities of
final uses for the certain conditions of the direct input
coefficients of commodities A. Consequently, by the
substitution of the obtained required output quantities in
the system (1.2), the required quantities of primary fac-
tors are defined as \_/d . Therefore, if the required quanti-
ties of primary factors are within the limit quantities
drawing from their supply curves, i.e., if the required
quantities are less or equal to the available quantities
(yd <V, ), then there is a quantitative equilibrium and
then a price equilibrium establishing might be considered.
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Conversely, when, if at least the required quantity for
one factor is larger than its available quantity, then the
process must be carried out for the new different quanti-
ties for final uses, until the above conditions are satisfied.

Worthy to discuss the character of changes of the total
required quantities of primary factors due to change of
quantities of final uses. We assume, for the simplifica-
tion, that only the quantity of final use for a one of sector
(commodity) | is changed (increased) (y"), while the
final uses for other sectors (commodities) stay un-
changed. Substitute this in (1.1), and we have:

dlZEXdlzg(Xd+AXd):zd+Axd (L5)

where Axd —is the column vector (n*1) all components
of which are zero except of the component | that equal to
Ay!'. So

Ax" =BAY" (1.6)
and

AX! =QijAX|d,j=I, (i=12,--n) (1.7)

From (1.7) we can conclude that increasing the final
use of the commodity of a certain sector | either in-
creases the total production of commodities of the se-
ctors where according inverse coefficients of inputs are
more than zero (b;j > 0, j = I) or unchanged if according
inverse coefficients of inputs equal zero (b = 0, j = I).
Consequently, the quantities of primary factors are either
increased, if direct input coefficients of primary factors
are more than zero (¢ > 0), or unchanged if direct input
coefficients of primary factors are equal to zero (¢ = 0)
in the sectors where the total production is increased.
This is

AV =Cibj y (k=12

m;j=1,2,--,n) (1.8)

Now, the total increase of each primary factor is de-
termined as

i(=

AV =Z5 AV, =20 cb; Ay, (k=12,,m) (1.9)
From (1.9) Ay/ is determined as
Ay! = AV [2lcebiy (110)

However, these total increases of each primary factor
must be less or equal to its unemployed quantities, this
is:

AV <y e (k=12,-,m)  (L11)

Therefore

maxAy =min (vko -V, )/angkjg
j=1

i+ (112)

1<k<m

This proves the following theorem:
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Theorem 1 If matrix A is positive (A > 0) and produc-
tive (x > xA), and if the quantity of final use of a certain
sector y° is increased and final uses for all other sec-
tors are unchanged, then the required quantities of pri-
mary factors are either increased if direct input coeffi-
cients of primary factors are more than zero (cq > 0) or
unchanged if direct input coefficients of primary factors
are equal to zero (¢ = 0) for the sectors where the total
production is increased; also the magnitude of the in-
crease of final use of a certain sector (commodity) is
limited by the unemployed supply quantities of primary
factors (1.12).

To sum up, this theorem indicates that increasing of
the quantity in the final use of the commodity of a certain
sector, increases the required quantities of primary fac-
tors almost in all sectors.

On the other hand, careful examination of the demand
system models shows that they might be used for oppo-
site purposes (direction) too. Namely, the system (1.1)
might be used to obtain the total quantities of final uses
for any given total quantity of commodities, rewriting it
as:

y' =(1-A)x (1.13)

So, (1.13) allows us to obtain the total quantity of final
uses for a given total quantities of commodities. This
means that in order to determine the total demand of fi-
nal uses, the total quantities of commodities have to be
known, so that the latter have to be connected with pri-
mary factors. For example, the total quantities of com-
modities must be determined on the basis of the given
quantities of primary factors. In other words, the oppo-
site model to (1.2) is required.

The question is, therefore, whether the system (1.2)
may be transformed into such a model which may allow
us to determine the total quantities of commaodities for
any given quantities of primary factors. Until today, the
answer was obviously negative. It asserted that the co-
lumn of primary factors for a certain sector, for the input-
output system in physical terms, is heterogeneous and
therefore, not be summed. Thus the negative answer is
based on the ordinary analysis of input-output system
models.

Let us try another approach.

Let’s start from the determination of the flows of pri-
mary factors to sectors of production (V—matrix). From
(1.2) it is determined that:

\Ld —cyge

(1.14)

If we take into account the fact that when regular ma-
trix is multiplied on a diagonal matrix, it means that the
first component of each row of regular matrix is multi-
plied on the element of the first column of the diagonal
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matrix and the second element of each row is multiplied
on the element of the second column, and so on. There-
fore, the diagonal matrix may be replaced by a matrix
where all elements of a certain column are identical and
equal to the according diagonal magnitude; and new ma-
trix’s dimension is defined according to the dimension of
matrix C, i.e. (m*n). This is, taking case X’ under dis-
cussion, might be replaced by the matrix X* (m*n)
where all elements of the first column would be the total
output of the first sector, all elements of the second co-
lumn — the total output of the second sector, and so on:

Zdll Zdlz . 5dln
d21 d22 d2n
dad X X o X
X¥== = = (1.15)
del dm2 . den

It is necessary to emphasize that there might be an
opposite case, namely, when a diagonal matrix is multi-
plied by a regular matrix, and, in such a case, each ele-
ment of the row of replacing matrix has to be identical
and the dimension of the matrix must be according to the
regular matrix (vide infra).

Now, (1.14) might be rewritten as

Vd:C_)A(d zgoldd

(1.16)

The sign (¢) means the Hadamard product of two ma-
trices C and X™ when matrix V° is formed by the ele-
mentwise multiplication of their elements. The matrices
must be the same size. So, every component of V¢ is
obtained as the following: each component of matrix C is
multiplied on the according component of matrix X*
for example, the element cy3 is multiplied on the accord-
ing element x*%.

On the other hand, from (1.16) X* might be deter-
mined as

X dd :Vd cCo

(1.17)

where C°—is the matrix of direct output coefficients of
primary factors, which are inverted of the direct input
coefficients of primary factors and it is the same size and
structure of the matrix C, this is, cy, :]7/gkj if ¢;>0
and if ¢;= 0 then g‘k’j also equal to O; the output coeffi-
cient indicates the quantities of commodity j produced by
a unit of primary factor k.

If, by assumption, the direct input coefficients of pri-
mary factors are given and constant, then the direct out-
put coefficients would also be given and constant.
Therefore, according to (1.17) in order to determine the
total quantities of commodities, the flow of primary fac-
tors to sectors (matrix V) is required. As mentioned
above for the equilibrium state, when it is determined
from the demand side, the elements of a certain column
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of X* are identical, and they are the same quantity. But,
when the elements of matrix V are determined acciden-
tally as supply (notate as V*), according to the available
quantities of primary factors, and they have to use for
determination of the total output of commodities, then
the total quantity of a certain commodity may be differ-
ent for various primary factors. In such a case, it is nec-
essary to choose one amount from them (vide infra).

The required quantities of primary factors (v’-column
vector), which are determined by the required flows of
primary factors to sectors of production (V°), has to be a
source for the determination of the supplied version of
the latter matrix (V°). If the required quantities of pri-
mary factors are far from their available quantities (v <
Vo), then there are unemployed quantities of primary fac-
tors (including labour). Therefore, in such a situation, the
opposite process is desirable, namely, the process has to
start from the side of primary factors instead of the side
of final uses as in the previous case. Here, in the begin-
ning, the amount of quantities of primary factors (notate
as v®—the total supply quantities of primary factors) are
determined and then their distribution between the sec-
tors of production must be determine. So, the question
now is how the given quantities of primary factors have
to be distributed between sectors of production.

There are infinite ways of distribution of the given
supply quantities of primary factors between production
sectors, starting from the occasional distribution and fin-
ishing with the planning distribution according to a cer-
tain criterion. Let us discuss the type of distribution
where the structure of new distribution is identical to the
structure of the distribution for the demand side. For the
purpose of defining the structure of the demand side let
us rewrite the equation system (1.2) as follows:

Vi = Ve Vi, o+ Ve, (k=1,2,,m)  (1.18)

or
Ve v
Yﬁ :2ﬁ1%+2ﬁ2%+“.+yin =5 (k=12--m) (119)
2k ~k ~k
and
Vi = Vi + oV o+ 2y (k=12.--,m) (1.20)
where

vd
—kj .

akj :V_dj’(k :1!2!“'1m; J :1121“'|n)
—k

(1.21)

& =1(k=12,---,m) (1.22),
j=1
a—is the share of the sector j in the total required
quantities of primary factor k.
From (1.21) we can define
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Vi =agVi,(k=12,-m; j=12,-n) (1.23)

Therefore

V=qov®, (1.24)

where o—is a sing of the Hadamard product;

a — [ag] —is the matrix (m*n) of distribution of pri-
mary factors between sectors of production;

V%_is the matrix (m*n) where all elements of a cer-
tain row are identical (vide supra) and equal to the re-
quired quantity of the according factor.

So, assuming that « is constant (1.21) allows us to de-
termine V¢ when V% is given, that is, determine V°® when
V= (v®) is given.

To sum up, the process is completed. If the total sup-
ply quantities of primary factors are given then (1.24)
allows us to determine their distribution between
branches of production; substituting the obtain results
into (1.17), the total supply quantities of commaodities are
obtained; thus, substituting the latter into (1.13), accord-
ing quantities of the final uses of commodities are deter-
mined.

Therefore, assuming that the new total quantity of pri-
mary factors is v’ the matrix V* is compiled where all
elements of each row are the same according to v®, Sub-
stituting it in (1.24), the matrix V° is obtained. Namely:

Vi=qoV® (1.25).
Substitute the latter into (1.17) we have:
X®=V’eC’ (1.26).

Because of that the total quantities of various primary
factors are independently determined from the input
structure of sectors, columns of the matrix X* might be
heterogenic, and that is, components of a certain column
might be different. So, there might be the following

Xsll X512 . Xsln
s21 $22 s2n
X X X
X*== = = (1.27)
sml Xsm2 . Xsmn

where x*—is the total quantities of commodity j deter-
mined according to the supply quantities of primary fac-
tor k.

In such a situation, it is necessary to choose one com-
ponent from each column according to the following
criterion:
x7 = min{xSk‘}, (i=12,-n),

- 1<k<m \™

(1.28)

*Where (ds) expresses the fact that these quantities are determined from
the supply side. Such notation is used in order not to confuse it with v°~
the total required inputs of all primary factors for a certain sector, using
for the input-output systems in monetary terms.
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This means that for each column the lowest total
guantity is chosen to guarantee existence of required
quantities of all primary factors.

Substitute these total quantities of commodities x° into
Equation (1.13) and the total quantities of final uses y*
are obtained.

To sum up, the supply quantitative equilibrium for
Input-Output in physical terms can be placed into the
following systems:

lss :\iscgo’ (129)
x” = min {f”},(] =12,-,n),  (1.30)
¥ =(1-A)(x) (1.31)

where V*, C°, A—are given.

The Equation (1.29) defines the matrix of possible to-
tal products of commaodities for each primary factor X*
as the Hadamard product of the matrix of the flows of
primary factors to sectors (V°) and the matrix of direct
output coefficients of primary factors (C°). Here, there
might be m different total quantities of commodity for
each sector (commodity). Consequently, the equation
system (1.30) allows for the choosing of one total quan-
tity for each sector so that it might be possible from the
point of all primary factors. Finally, the equation (1.31)
allows obtaining the final uses of commodities for the
choosing of total quantities of production.

From the point of using the supply quantitative model
in practice is worthy to consider the character of changes
of the total quantities of final uses in according to
changing of primary factors. To simplify, assume that
only the quantity of primary factors for one sector of
production is changed, while other sectors are unchanged.
This means that the total productions of the latter sectors
are also unchanged.

Assume that the quantity of the primary factor k (la-
bour) for the sector j is increased by Ayij > 0>, Substi-
tute this in (1.26) we have

X = (v + AV e = Xj A - X (132)

Assuming that such an increase of the total production
of the commodity j is also possible from the side of other
primary factors in this sector, i.e., there exist unem-
ployed quantities of the rest primary factors. This means
that quantities of all primary factors are accordingly in-
creased. Then, when we substitute the latter in the Equa-
tion (1.31) we have:

y* = (1-A)x* = (1-A)(x¥ +Ax")
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where Ax*—is the row vector (1*n) all components of
which are zero except of the component i (= j) that equal
to AX].So

Ay® =(1 —A)(AX ) (1.34).
Therefore
Azfs :(1_§ii )Afi :(1_§ii )AYijgij’ (1.35)
when i = j
AXTS - <_§ii )AKSJ = (_gij )Ayij Cy (1.36).
wheni= j,(i=1-,i=j-Li=j+L-,n

From this we can conclude the foIIowing (1) since a;jj
<1 the final uses of sector i (y , when i = j) is in-
creased by (1-a;)Ax]; and (2) smce aj (When | = j)
mlght be either a.J >0or aj = 0 the final uses of sector i
(y , When i = j) either is decreased by —a;Ax; oris
not changed Yet, the increase of the final use of the
commodity in question cannot be more than its unsatis-
fied quantity, that is:

Ay <Yy, —y ,when (i=j) (1.37).

where 'y 0—|s the maximum quantity of demand of the
commodlty i. And the decrease of the final uses of the
other commaodities cannot be more than their quantities
of final use, that is

Ay* <y?, when (i =) (1.38)

Therefore, the largest magnitude of the increase of the
primary factor is equal to the smallest magnitude be-
tween the increase of final use of the sector in question
(see 1.35) and the decrease of final uses of other sectors
(see 1.36):

S
max Ay,

- {?Lﬂ{(!.o -y )/(-a, ) (i= 1)y fanch (i= j)}

(1.39)

By this the following theorem is proofed:

Theorem 2 If matrix A is positive (A > 0) and produc-
tive (x > xA), and if quantities of all primary factors \_/5j
of a certain sector j are increased by the same rate and
primary factors for all other sectors are unchanged then
the final use of the sector in question y (| j) isin-
creased and the final uses of other sectors y (i= ]
are either decreased when a; > 0 or unchanged when a;
= 0 (when i #]); and the magnitude of the certain pri-
mary factor’s (factors’) increase in a certain sector is
limited by the unsatisfied final uses of the sector in ques-
tion and final uses of other sectors (1.39).

From the above we conclude that increasing the quan-
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tity of any primary factor for a certain sector, increase
the final use of this sector and decrease or don’t change
the final uses of all other sectors.

To illustrate the suggested supply quantitative model
of input-output, let us use Leontief’s simplified input-
output model ([14]; see also [15), while making two
changes: first, instead of two types of Capital Stocks,
only one type is considered; and second, Capital Stocks
is measured in monetary terms instead of physical terms:

From this Table we can define the direct input coeffi-
cients of commaodities and primary factors:

A=x(2)"
25.0P 20.0P 100.0P 0

- Y . (L.40)
140Y  6.0Y 0 1/50.0Y

_(025P/P  0.4P/Y
~0.14Y/P 0.12Y)Y

c=v(z')
25008  350.03 )(1/100.0P O
= (1.41)
55.0MH  135.0MH 0 1/50.0Y
[ 25%/P  T.08)Y
~|0.55MH/P  2.7MH/Y

where: P-Pounds, Y-Yards, MH-Man-Hours.

Assuming that the quantity of the final use of the sec-

ond commaodity is increased (by 10.0 Y) and the quantity

of the final use of the first commaodity is unchanged and

they are equal to (y**)’= (55.0P 40.0Y); then using (1.1a)
we obtain according total output of commaodities:
_ A) 1 ydl Bydl

1.45 P/P 0.662P/Y \(55.0P

0.232Y/P 1.242Y/Y )\ 40.0Y

106.20P

62.4.0Y
265.5.03 436.8.0%
58.4MH 168.5MH

] (1.42).

Then V" =Ccx™ =

and

(1.43).

o _yo (70238
" | 226.9MH

Another assumption is that the available quantities of
primary factors are (vo)’ = (800$ 300MH). So, in com-
parison to required quantities v** and the available quan-
tities, we can conclude that this is quantitative equilib-
rium and there are unemployed amounts of both primary
factors. Yet, by comparing the new matrices of flows of
primary factors to sectors V** with according matrix from
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Table 1, we can also see that each element of the first is
larger than the according element of the second, which is
according to Theorem 1. This is because, in this case, all
inverse input coefficients of commodities and all direct
input coefficients of primary input are strictly positive
(>0).

Now assuming that the goal of economics is to achieve
full employment for both primary factors (the available
quantity minus 3% for reserve), this is the new vector of
suggested quantities of primary factors will be (v*%)’ =
(776.0$ 281.0MH)’. For the following we need matrix «
and V*. The first might be computed on the basis of Ta-

ble 1, and it is
0.417 0.583
o= (1.44)
0.29 0.71
and the second is
776.0 776.0:
V® = 3 $ (1.45)
281.0MH 281.0MH
And
324.0 452.0
VS =qoV® = $ 3 (1.46)
- - 81.0MH 200MH

And, C° the matrix of direct output coefficients of

primary factors is
0.4P 0.143Y
¢y /s /s
- 1.82P/MH 0.37Y/MH
Substitute (1.48) and (1.49) into (1.29) we obtain
LSS :\LSOQO
324.0$  452.0% 0.4P/$ 0.143Y/$
= X
81.0MH 200MH 1.82P/MH 0.37Y/MH
_(129.6P 64.6Yj

j (1.47)

147.4P 74.0Y

(1.48).

We can see that the total output differs for various
primary factors in both sectors and therefore, using the
criterion of choice (1.30) we obtain (that) x* = (129.6 P
64.6 Y). This means that the supply quantities of the first
factor, Capital Stock, is fully employed, while the second
factor, Labour, is not fully employed, here is its unem-
ployed part. Therefore, in order to increase employment

of the second factor it is necessary to increase the first
factor, i.e. investment must be increased.

Finally, according quantity of final uses is determined
by mean of (1.31), namely
y* =(1-4)(x')

:(0.75P/P —0.4P/Yj(129.6Pj (L.49)
~0.14Y/P 0.88Y/Y )\ 64.6Y

71.4P

:(38.8Yj

Despite the fact that the total productions are increased
in both sectors, (129.6P > 106.2P, and 64.6Y > 62.4Y),
the final use of the first sector is increased (71.4P >
55.0P), however, the final use of the second sector is
decreased (38.8Y < 40.0Y). These results are according
to Theorem 2, because the rate of increase of the first
sector is greater than the second sector (0.22 > 0.035)
and therefore, the increasing of the final use of the se-
cond sector deriving from the increasing its total produc-
tion (0.88 x 2.4 = 2.1) is less than the decreasing deriv-
ing from the increasing of the total production of the first
sector (0.14 x 23.4 = 3.3). While, the increasing of the
final use of the first sector deriving from the increasing
its total production (0.75 x 23.4 = 17.55) is greater than
the decreasing deriving from the increasing of the total
production of the second sector (0.4 x 2.4 = 0.96).

For the clearly demonstration properties of the Theo-
rem 2, assume that the whole unemployed quantity of the
first factor is used in the second sector, ie., v;, =
526.0$; and therefore, x; =v;, xc;, =526.0$x0.143Y/$.
Since, the total production of the first sector is un-
changed (= 100.0P, see Table 1)), then the according
final uses are:

y* =(1-A)(x")

:(O.YSP/P —O.4P/Yj(lO0.0Pj (150)
~0.14Y/P 0.88Y/Y )| 75.2¢

45.0P

:(52.2\(]

The final use of the first sector is decreased by 10.0P
{=(-0.4 x 25.2) or (45.0P — 55.0P)}, and the final use of
the second sector is increased 22.2Y {= (0.88 x 25.2) or
(52.2Y - 30.0Y)}.

Table 1. Hypothetical input-output in physical terms

Agriculture Manufacturing Households Total
Agriculture 25.0 Pounds 20.0 Pounds 55.0 Pounds 100.0 Pounds
Manufacturing 14.0 Yards 6.0 Yards 30.0 Yards 50.0 Yards
Capital Stocks 250.0% 350.0 $ 600.0 $
Labor 55.0 Man-Hours 135.0 Man-Hours 40.0 Man-Hours 230.0 Man-Hours

Copyright © 2011 SciRes.

ME



E. DAVAR 649

3. Supply Quantitative Equilibrium for 1-O
in Monetary Terms a la Leontief

In practice it is not always possible to separate quantities
and prices with objective and subjective reasons [16].
Hence, the results of economic activities are usually pre-
sented in monetary terms. Therefore, almost all existing
empirical 1-O are compiled in monetary terms since Le-
ontief’s first input-output system [1].

Empirical (Marxian-Leontievian) 1-O is characterized
by “quantity” in monetary terms [17]. This means that in
these cases, prices and quantities are not separated and
they are amalgamated into one element. Each element is
included as quantity and prices. Therefore, empirical 1-O
has a uniform measurement for all parts: commodities,
factors and categories of final uses, namely, money mea-
sure. On the one hand, this creates some problems when
it’s used for planning and analysis. On the other hand
this allows extending a scope of analysis by the formula-
tion of additional models. For example, as it was men-
tioned above, Ghosh formulated the allocation model
which, unfortunately, was labeled into an “output” (sup-
ply, supply-driven) model by his followers ([9-12]). It is
important to stress that it is impossible to formulate such
models for the I-O in physical terms. This is due to the
heterogeneous character of both the structure of the use
of factors for the production of certain products and the
structure of commodities for a certain category of final
uses. Moreover, Dietzenbacher [10] has attempted to
prove that Ghosh’s allocation model is equivalent to Le-
ontief’s price model. But, the recent paper [6] shows that
Leontief’s Input-Output system model differs from Gho-
sh’s system, therefore they cannot be equivalent.

At this point let us start from the demand quantitative
equilibrium model in monetary terms, which is identical
to quantitative equilibrium for 1-O in physical terms and
consists of two systems:

d d d d -1 .d
X —A(x )+y cor x¥ =(1-A)"y?, 2.1)
or x* = By“
v =Vi, =(CRY)i, =Cx? <,
: (22)
or v¢ =Cx* =CBy’ <y,

All notations, determinations and indexes here are
identical to systems (1.1) and (1.2), except that they are
in monetary terms.

Here as well as for 1-O in physical terms, by means of
system (2.1), the total required outputs of commodities
are obtained for the given quantities of final uses in the
certain conditions for the matrix of the direct input coef-
ficients (A); (and) consequently, by the substitution of
the obtained required output quantities in the system (2.2)
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the required quantity of primary factors are defined as v".
If required quantities are less or equal to the available
quantities (v* < vg), then there is a quantitative equilib-
rium and the price equilibrium might be considered.
Conversely, when at least the required quantity for one
factor is larger than its available quantity, then the pro-
cess must be carried out for the new different quantities
for final uses, until the above condition will be satisfied.
The demand quantitative model system in monetary
terms is widely used in practice, and it's worth while to
consider the character of changes of the total required
quantities of primary factors due to change of quantities
of final uses similar to the demand quantitative model in
physical terms (vide supra). To clarify the matter, let's
assume that only the quantities of final use for a one of
sector (commodity) | is changed (increased) ( Ay ),
while final uses for other sectors (commodities) stay un-
changed. Substitute this in (2.1) as we did in physical
input-output (see (1.5), (1.6), (1.7)) and we have:

A =y, j=1,(i=1,2+,n) (2.3)

From (2.3) we can conclude that increasing the final
use of commodity of a certain sector either increases the
total production of commaodities of part of sectors when
according inverse coefficients of inputs is more than zero
or doesn't change if according inverse coefficients of
inputs equal zero. Therefore, the quantities of primary
factors are either increased if direct input coefficients of
primary factors are more than zero (cy > 0) or unchanged
if direct input coefficients of primary factors are equal to
zero (¢ = 0) in sectors where the total production is in-
creased.

In addition, input-output in monetary terms in the
equilibrium state is characterized by the balance between
the total value added for all sectors and the total final
uses for all sectors too ([18]; [5]):

n n

2Vi=2 Y (2.4)
j=1 =1

This is also true for the particular case which is dis-
cussed. Changes (increasing) of value added in all sec-
tors (all primary factors used in each sector) must be
equal to the change in the final use of the sector in ques-
tion, that is:

22 AV = AV =AY (25)
j=Lk=1 j=1
If we take into account (2.5), we can conclude that in-
creasing the final use in the sector in question is gener-
ally more than increasing of value added in this sector.
By this we proved the following theorem:
Theorem 3 If matrix A is positive (A > 0) and produc-
tive (x > xA), and if quantities of final use of a certain

ME



650 E. DAVAR

sector y{ is increased and final uses for all other sec-
tors are unchanged, then the quantities of primary factors
are either increased if direct input coefficients are more
than zero (c,; > 0) or unchanged if they are equal zero (cy
= 0) in sectors where the total production was increased;
and the magnitude of the increase of final use of a certain
sector (commaodity) is limited by the unemployed supply
quantities of primary factors; also the derived increase of
value added of the sector in question is less than the in-
crease of the final use in this sector

AV; =T Av < A, (2.6)

if at least one of ¢,; > 0 when (j =i).

Similar to Theorem 1, this theorem indicates that in-
creasing of quantities in the final use of commodity of a
certain sector, increases required quantities of primary
factors almost in all sectors; in addition, an increase of
the total required quantities of primary factors for the
sector in question is less than the increase of the final use
in this sector.

On the basis of the above, we can also conclude that
the supply quantitative equilibrium for I-O in money
terms is identical to the supply quantitative equilibrium
for 1-O in physical terms and consists in the following
systems:

X% =V°oCP, 2.7)

¥ = min {x9},(j=12--n) (28)

1<k<m

v =(1-A)(x) (2.9)

where V°, C°, A—are given.

All notations and determinations here are identical to
systems (1.29), (1.30) and (1.31), except that they are in
monetary terms.

The Equation (2.7) defines matrix of possible total
production of commodities for each primary factor by
ordinary multiplication matrix of the flows of primary
factors to branches (V*) and matrix of direct output coef-
ficients of primary factors (C°). Here, there might be m
different total quantity of commodity for a certain com-
modity. Consequently, the Equation system (2.8) allows
us to choose one total quantity so that it might be poss-
ible from the point of all primary factors. Finally, the
equation (2.9) allows us to obtain the final uses of com-
modities for choosing total quantities of production.

The character of changes of the total quantities of final
uses for the supply quantitative model in monetary terms
has additional economic sense because of the homoge-
neity of measurement of the monetary input-output. In
this case, the value of different primary factors used for a
certain branch and the value of different commodities
demanded for a certain category of final uses might be
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summarized.

Because the supply quantitative equilibrium for 1-O in
money terms is identical to the supply quantitative equi-
librium for 1-O in physical terms we can conclude that
the above considered properties (see Theorem 2) for the
latter have to be correct also for the former in the same
framework. We see that increasing the quantity of any
primary factor for a certain sector increase the final use
of this sector and decrease or don’t change the final uses
of all other sectors:

Ay =(1-a;)Ax;, when i=j  (2.10)

Ay =~y )Ax;,

(2.11)
when i = j,(i=12,--,i= j—Li=j+1--,n)

These changes are derived from the changes (increases)
of primary factors for branch j. Because of the balance
between the total value added for all sectors and the total
final uses for all sectors (2.4), changes (increasing) of
value added in one sector (all primary factors used in this
sector) must be equal to changes in final uses of all sec-
tors, that is:

szVij = AV] = Ay = 3 A =AY - DAY, (2.12)
=1 i-1 i=1

If we take into account (2.12), we can conclude that
increasing of final use in the sector in question deriving
from the increasing of value added in this sector is gen-
erally more than the latter. By this we proved the fol-
lowing theorem:

Theorem 4 If matrix A is positive (A > 0) and produc-
tive (x > xA), and if quantities of all primary factors vy;
of a certain sector j is increased by the same rate, and
primary factors for all other sectors are unchanged, then
the final use of the sector in question y® (i =j) is in-
creased and the final uses of other sectors y* (I #j)
either decreased when a;; > 0 or unchanged when a;; = 0;
and therefore, the derived increase of the final use of the
sector in question is more than the increase of value
added in this sector

AV; < Ay, when (i = j) (2.13)

if at least one of a; > 0 (i #]); and the magnitude of the
certain primary factor’s (factors’) increase in a certain
sector is limited by the unsatisfied final uses of the sector
in question and final uses of other sectors.

Here also, similar to Theorem 2, the increase of the
quantity of any primary factor for a certain sector, in-
creases the final use of this sector and decreases or
doesn’t change the final uses of all other sectors; and, in
addition, derived increase of the final use in this sector in
question is more than the increase of the total quantities
of primary factors for the sector.
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The properties of Theorems 3 and 4 might be illus-
trated by means of hypothetical input-output in monetary
terms (for example $, which do not appear in the Table
2):

From the Table 2 we can define the direct input coef-
ficients of commaodities (A) and primary factors (C) and
consequently Leontief’s inverse coefficients (B) and
output coefficients of primary factors (C°):

A:x(f(")’l
85.0 68.0)(1/340.0 0
= (2.14)
120.0 52.0 0  1/425.0
(025 0.6
- 10.353 0.122
C:v(fc’)’l
250 35.0)(1/3400 0
= Y (2.15)
110.0 270.0 0  1/4250
(0074 0.082
10323 0.636
. (1458 0.266
B=(1-A)"= (2.16)
0.586 1.246
and
135 12.2
Cc°=1C= 2.17).
Y (3.1 1.6) 217

Firstly, let us consider Theorem 3. For this purpose,
let’s assume that the final use of sector 2 is increased by
85.0 $ (Ay, = 85.0%); then the total production of sector 1
is increased by 22.6 $ (Ax; = by, Ay, = 0.266 x 85.0 =
22.6$), and of sector 2 is increased by 105.9 $ (Ax, = by,
Ay, = 1.246 x 85.0 = 105.9%). From this increasing of
value added would be

y (0074 0082)(226 0 ) (165 866
10323 0636){ 0 1059) (73 67.35

1.65 8.66

A =(aav) = (1 l)( 73 67.35J (2.19)

-(8.95 76.01)

So, Av, =76.01$ and it is less than Ay, = 85.0$, what
is according to the Theorem 3. It is worthy to stress that
the total amount of increasing of value added in both
sectors is equal to the amount of increasing of the final
use of the second sector (= 85.0%).

Now, assume that the quantity of the first primary
factor for the second sector is increased by 8.66$ (Av;, =
8.663%); then the total output of the sector 2 is increased
by (Ax, = c,Avy, =12.2x8.66$ =105.7$ ), similar to the
previous example (= 105.9). While the total output of the
first sector is not changed. From this for the final uses we
have

Ay® = (AnyAy;js )' =(1-A)Ax
075 -016) 0 ) (-169) &20)
(—0.353 O.878j(105.7} [ 92.7 ]

So, the final use of the second sector is increased by
92.7$, which is more than the total increase of the value
added of this sector 75.8%, which is according to Theo-
rem 4. At the same time the final use of the first sector is
decreased by 16.9%. But, the total increase of final uses
in both sectors (92.7$ — 16.9$ = 75.8%) is equal to the
total increase of value added in the second sector. It is
interesting to note that despite the fact that in both cases
the total valued added of the second sector was increased
in the same magnitude (75.8%), the final use of this sector
increased by different magnitudes. This is due to the fact
that in the second case only the total production of the
second sector was changed (increased), while in the first
case the total production of both sectors was changed
(increased).

Therefore, in order to the final uses of the first sector

is not changed it is necessary to increase its production in
the magnitude which cover (equal) requirement to pro-

(2.18) duce additional quantity of the second sector and the first
And sector itself. Namely, the input of the first primary factor
Table 2. Hypothetical input-output in monetary terms
Agriculture Manufacturing Intermediate Total Output Final Uses y* Total Output x*
Agriculture 85.0 68.0 153.0 187.0 340.0
Manufacturing 120.0 52.0 172.0 253.0 425.0
Intermediate Total Input 205.0 120.0 325.0 440.0 765.0
Capital Stocks 25.0 35.0 60.0
Labour 110.0 270.0 380.0
Total value added v* 135.0 305.0 440.0
Total Input x* 340.0 425.0
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of the first sector must be increased by 1.65$, or, alterna-
tively, the input of the second primary factor of the first
sector must be increased by 7.3$. Both cases the produc-
tion of the first sector is increased by 22.6$ (13.5 x 1.65$
=22.34, or 3.1 x 7.3%= 22.69%).

To complete the demonstration of the above men-
tioned statement that the supply quantitative model a la
Leontief is equivalent to the demand quantitative model
of Leontief assume that the value added of both sectors
are increased by 8.95$ and 76.0$ respectively. Then, the
quantity of the first sector is increased by 22.6$ (2.52 x
8.95% = 22.6%) and the quantity of the second sector is
increased by 105.8% (1.393 x 76.0%= 105.8%). Finally,
the final uses of sectors will be increased

075 -016)226) ( 0
-0.353 0.878 )\105.7) |85.0)
which are identical with the results of the demand quan-
titative model (vide supra).

4. Conclusions

This paper examines the supply quantitative model sys-
tem of input—output for both physical and monetary
terms, which is equivalent to the demand quantitative
model system of Leontief. The supply quantitative model
is based on the direct output coefficients of primary fac-
tors which are the inversion of the direct inputs coeffi-
cients.

This paper also took into consideration the properties
of both demand and supply quantitative system models.
It was shown that: (1) the increase of the final use of a
certain sector generally increases required (demand) qu-
antities of primary factors for all sectors and magnitude
of the increase of final use of a certain sector (commo-
dity) is limited by the unemployed supply quantities of
primary factors in the quantitative demand model system
in physical terms (see Theorem 1); (2) the increase of the
primary factors of a certain sector increases final use of
this sector and generally decreases final uses of the rest
sectors and the magnitude of the increase of a certain
primary factor (factors) in a certain sector is limited by
the unsatisfied final uses of the sector in question and by
the final uses of other sectors in the quantitative supply
model system in physical terms (see Theorem 2); (3) in
the quantitative demand model in monetary terms the
increase of the total value added of a certain sector, de-
riving from the increasing quantity of final use of the
sector in question, is generally less than the latter and
magnitude of the increase of final use of a certain sector
(commodity) is limited by the unemployed supply quan-
tities of primary factors (see Theorem 3); and (4) in the
quantitative supply model system in monetary terms the

Copyright © 2011 SciRes.

increase of final use of a certain sector, deriving from the
increasing of the value added of the sector in question, is
greater than the increase of the total value added of this
sector and the magnitude of the increase of a certain
primary factor (factors) in a certain sector is limited by
the unsatisfied final uses of the sector in question and by
the final uses of other sectors (see Theorem 4).

Finally, the quantitative supply system models might
be useful tools in planning the economics of countries
that have higher unemployment of primary factors, espe-
cially labour.
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