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Abstract

This paper defines a well-behaved fuzzy order and finds a simple functional repre-
sentation for the fuzzy preferences. It includes the existing utility theory for exact
preferences (no fuzziness) as a special case. It is a simple and intuitive extension of
the utility theory under uncertainty, which can potentially be used to explain a few
known paradoxes against the existing expected utility theory.
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1. Introduction

A functional representation of individual preferences is a crucial issue in economics,
especially when some puzzling experimental paradoxes against existing functional re-
presentations were found (such as the well-known Allais paradox and the St. Petersburg
paradox). The non-expected utility approach is one way that many economists have
tried in their effort to obtain a better functional representation of individual prefe-
rences'. This paper looks into the issue from a different angle: fuzzy preferences.

Traditional individual preferences are exact preferences, for which the preference of
one consumption bundle over another is simply a yes or no. Fuzzy preferences, howev-
er, allow for a degree of preference of one consumption bundle over another. Exact
preferences impose completeness in the sense that any two consumption bundles can
be compared. Fuzzy preferences, on the other hand, allow for a continuum of attitudes
towards preferences over any two choices. We may view fuzziness in preferences over
consumption bundles as a version of weak completeness—that is, fuzziness measures
the degree of completeness or vagueness.

Completeness of preferences, without any fuzziness, is used in the existing theory of
utility representation and even in the theory of non-expected utility representation.

However, many experimental investigations and real-life examples suggest that indi-

'See, for example, Kreps and Porteus [1], Epstein and Zin [2], and Weil [3].
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vidual preferences do not necessarily satisfy the completeness axiom. In fact, some
economists have argued that incomplete preferences may be a major cause of the prob-
lems found in the existing theories of utility representation of preferences’. One way to
get around this problem is to replace completeness with fuzziness. As we will show, this
generalization will still yield a simple functional representation. This new functional
representation is much more general, but it still has many of the attractive properties of
the existing theories of functional representation for exact preferences.

Fuzzy preferences have been extensively studied in the literature. Researchers in this
area have found many interesting applications of fuzzy preferences to economic prob-
lem, especially to problems of rational choice and social choice, and, in particular, to
the Orlovsky choice function and the Arrow impossibility theorem®. Our interest is in a
functional representation of fuzzy preferences, which, to our knowledge, has never been
done in the literature. With a convenient form of functional representation, theories
based on fuzzy preferences become readily available for many economic problems, es-
pecially for those that employ function-based mathematical tools such as dynamic pro-
gramming and functional analysis. This paper first finds a simple utility representation
of fuzzy preferences, which includes the utility representation of exact preferences as a
special case. It then finds a functional representation of fuzzy preferences, which also
includes the functional representation of exact preferences as a special case.

This paper proceeds as follows. Section 2 provides three axioms that define a
well-behaved fuzzy preference order. It includes the existing exact preference order as a
special case. Some comparisons with existing definitions of fuzzy orders are discussed.
Section 3 finds utility and functional representations of fuzzy preferences, which in-
clude existing functional representations of exact preferences as special cases. A partic-
ularly intuitive and convenient form of the functional representation is discussed

(Theorem 3). Section 4 concludes the paper with a few remarks.

2. Fuzzy Preferences

Defining a proper class of fuzzy preferences is a major task in this paper. We do not in-
tend to define a general class of fuzzy preferences that includes all possible fuzzy prefe-
rences. On the contrary, we will impose enough restrictions so as to obtain a neat func-
tional representation of fuzzy preferences. Our intention is to strike a balance between
generality and simplicity. We are interested in a class of representable fuzzy prefe-
rences.

Let XcR" be a closed set and R:X* — [-11] be a mapping. R is a fuzzy or-
deron X ifit satisfies the following three axioms.

Axiom 1 (Reflexivity). R (X, X) =0,forall xeX.

Axiom 2 (Symmetry). R (X, y) = —R(y, X) ,forall x,yeX.

Axiom 3 (Transitivity). For any x,yeX , if there exists zeX such that
R(x,2)>0 and R(z,y)>0,then R(X,y)>0.

A fuzzy order R is an exact order if its range R(XZ) contains only three values

“See, for example, Schmeidler [4], Flament [5], and Gay [6].
3See, for example, Basu [7], Dutta [8], Barrett et al. [9], Banerjee [10], Dasguptaand Deb [11], Richardson
[12], and Sengupta [13] and [14].
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-1,0 and 1, ie, R(Xz) = {—1,0,1}. That is, an exact order is a special fuzzy order.
For an exact order, the three cases R (X, y) =-1,0 and 1 are respectively interpreted as
strictly less preferred, indifferent, and strictly preferred.

Exact orders describe traditional preferences, which are reflexive, transitive, and
complete. A fuzzy order is, in certain sense, an extension of an exact order to an order
with weak completeness. In other words, the preference of a consumption bundle over
another is no longer a simple yes/no, rather, it has a degree of preference.

As we know, under certain conditions, traditional preferences have utility and func-
tional representations. The task of this paper is to show that the existing utility and
functional representations of exact preferences can be extended to fuzzy preferences. In
other words, we will find conditions under which fuzzy preferences have utility and
functional representations, and we will show that the existing utility and functional re-
presentations of exact preferences are special cases.

In order to achieve a neat functional representation of fuzzy preferences, we must
impose restrictions over the standard notion of fuzzy preferences found in the literature.
Our axioms impose sufficient restrictions on fuzzy preferences and at the same time al-
low enough generality to cover a large class of sensible preferences.

The symmetry axiom above is the key restriction. Specifically, the existing definition
of a fuzzy order in the literature is a mapping R:X* — [0,1] , as opposed to our defini-
tion of a mapping R: X? > [—1, 1] . Although we can convert the two definitions liter-
ally by the formula R(x,y)= [1+ R(x, y)] / 2, the interpretations of their values are
different. As opposed to interpreting F_Q(X, y) as the degree to which X is better than
y , we interpret |R (xy )| as the degree to which x isbetter than y and —|R (x, y)| as
the degree to which x is worse than y. Thus, according to our interpretation, we
should have R(X, y) = —R(y, X). This is the symmetry axiom. Technically, our sym-
metry axiom is a special case of the standard completeness axiom of
F_Q(x, y)+ ﬁ( Y, X) >1 or R(X, y) >—R(y,x) in the literature.

With the symmetry axiom, we can intuitively define the concept of indifference. If
R (X, y) =0, wesaythat x and y areindifferent and denote their relation as X ~ y*.
The reflexivity axiom requires a consumption bundle to be indifferent to itself:
X~X.

Our transitivity axiom is new. There are quite a few alternative formulations of tran-

sitivity in the existing literature, among which the following three are popular:

a) R(x,y)>R(xz)+R(z,y)-1 VxyzeX
b) R(x,y)z%R(x,z)+%R(z,y), VX, ¥,z2eX.

o) R(x.y)zmin{R(x,2),R(z,y)}, ¥xy.zeX

Each of these formulations has its problem. For (a), the problem can be explained by
an example. If X~z and z~y, we should expect x~y. But condition (a) only
suggests R(X,y)>-1,ie, XAY.

For condition (b), consider R(X, Z) =-1 and R(Z, y)=1. We should not expect
these two conditions to tell us anything about the relation between X and y. How-
ever, condition (b) implies R (X, y) >0.

“Similarly, we can denote x>y for R(x,y)=1,and x=<y for R(xy)=-1.
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For condition (c), as pointed out by Basu [7] (footnote 3), consider
R(x, Z) =0, R(X', z)=1 and R(z, y) =0. Since condition (c) indicates R(X, y) >0,
we should expect the lower bound on R(X',y) to be strictly larger than 0, but condi-
tion (c) continues to indicate R (X', y) >0.

Our version of transitivity is stated in a way that appears to be a natural extension of
the transitivity axiom for exact preferences. Because of the symmetry axiom, we do not
need an elaborate formula to define our version of transitivity, and our notion of tran-
sitivity appears to be less restrictive than other existing notions of transitivity. In par-
ticular, for our notation of transitivity, the sizes of R(X, Z) and R(Z, y) have noth-
ing to do with the size of R (X, y) This avoids the above mentioned problems. In addi-
tion, our transitivity axiom implies the usual transitivity axiom for exact orders as a
special case.

Lemma 1. For any fuzzy order R(-, ), if for some zeX, R (X, 2)>0 and
R(z,¥)>0 and one of them is strict, then R(X,y)>0.

Proof: Suppose not. Suppose R(X, Z) >0 and R(Z, y) >0 but R(X, y) =0. Then,
we have R(Z, y) >0 and R(y, X) =0. By transitivity, we then have R(Z, X) >0 or
R (X, Z) <0. This contradicts with the fact R (X, Z) >0 . Therefore, we must have
R(x,y)>0.m

Lemma 1 suggests that the usual transitivity condition for exact orders is a special
case of our transitivity condition for fuzzy orders.

Lemma 2. /f X~z and z7~Y,then X~Y.

Proof: By transitivity, R(X,z2)=0 and R(z,y)=0 implies R(X,y)>0. By sym-
metry, we also have R(Yy,z)=0 and R(z,x)=0, which then implies R(Yy,x)>0,
ie, R(xy)<0.Thus, R(x,y)=0.m

Lemma 2. is a standard property of preferences. This property is essential for a func-

tional representation.

3. Functional Representation

We say that a function u:X — R represents fuzzy preferences R:X’ —[-11] if,
forall x,yeX, u(x)>u(y)<R(x,y)>0andu(x)=u(y)e x~y.

It turns out that the utility representation theorem for fuzzy preferences is similar to
the one for exact preferences. It has similar axioms and similar proofs. In fact, utility
and functional representations of exact preferences are special cases of the ones for
fuzzy preferences.

For an exact order R:X”—{-1,0,1}, under continuity, we know that there exists a

continuous function u:X —R and a monotone function ¢:R* - R such that
R(xy)=p[u(x)u(y)], vx,yeX (1)

In fact, this function ¢ is the sign function (o(a,b) =sign (a—b) where the sign
function sign:R — {-1,0,1} is defined by

-1, if t<O;
sign(t)=40, if t=0;
1, ift>0.
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For a fuzzy order R: X? - [—1, 1] , under what conditions, can we find a continuous
function U:X —> R and a monotone function @:R —)[—l,l] such that (1) holds?
We call u a utility representation and (u,(p) a functional representation. If (1) is
true for fuzzy orders, it means that the utility representation and functional representa-

tions for exact preferences are special cases.

3.1. Abbreviations and Acronyms

Axiom 4 (Continuity). and are closed
in X, Vx, eX.
Axiom 5 (Monotonicity). x>y = R(x,y)>0.

We also need the following two lemmas for the proof of the utility representation

To establish (1), just as for exact preferences, we need the following two axioms.
{;EX|R(X,XO)20} teX|R(x,xo)£0F

theorem.

Lemma 3. Any Ac R isconnected < A isan interval

Lemma 4. A function f:R¥ >R is continuous < f* (a,b) is open in
R*, Va,beR.

Theorem 1 (Utility Representation).There is a continuous utility representation
u:X - R forany continuous fuzzy preferencesR: X* — [-11].

Proof: This proof is similar to the proof of the same result for exact orders. For sim-
plicity of the proof, we assume strictly monotonic preferences, that is, in addition to
Axiom 5, we further require X>Yy =R (X, y) >0.Also,let XcR" and
e= (1,1,-~-,1) € X. For any X e X, we need to find a unique number U (X) such that
X~U(x)e.Given xeX, define

Az{teRJR(te,x)zo}, Bz{teRJR(te,x)go}.

It is obvious that AUB =R, . By continuity, A and B are closed sets in R, . By
monotonicity, A=< and Bz . If ANB=Q, then A°=R,\A=B and
B°=R,\B=A, implying that A and B are open sets in R,. Since R, is con-
nected by Lemma 3, A or B must be empty. This is a contradiction. Therefore,
ANB=Y.

Suppose t,t, e ANB. Then R(te x)=R(t,e x)=0, implying te~te. By strict
monotonicity, t, =t,. Therefore, A(B only contains a single point. Let U(X) de-
note this point. Then, X~U (x)e (Figure 1).

We now show that this function U (X) represents the preferences. By the definition

of U(X) and strong monotonicity,
u(x)>u(y) = u(x)e>u(y)e <> R[u(x)e.u(y)e] >0 & R(x y) >0,
and
u(x)=u(y)ex~u(xje=u(y)e~y < x~y.

u thus represents the preferences.

We now only need to show the continuity. For any a,b e R, we have’

°For any sets A, B, and function f , we have f’l(A°)=[f’1(A)]E and f’l(AUB)=f’1(A)Uf’1(B).
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45°

1(x)

u(x)e

Indifference Curve 1(x) ={y|y ~ x}

Figure 1. Utility representation.

I { {(_w'a]u[b,w) H _ {u-l {(_oo,a]U[b,oo) }}

- {ul(_oo,a]uul[b,oo) } = {ul(—w, al } ﬂ{ul [b,) }

o]

Since u(x)<a<> R[u(x)e ae]<0<> R(x ae)<0,we then have

u(a,b) :HX eX|R(X,ae)SOHC on eX|R(x,be)20Hc.

By continuity, u™(a,b) isthus open. Hence, by Lemma 4, U(X) is continuous. m

As we know, the continuity condition is necessary for the existence of a utility repre-
sentation for exact preferences. It must therefore be necessary for fuzzy preferences.
The transitivity condition is sufficient for Lemma 1. Since Theorem 1 implies Lemma 1,
the transitivity condition must also be necessary for the existence of a utility represen-
tation for fuzzy preferences.

Remark 1. The utility representation of fuzzy preferences appears to be the same as
the traditional utility representation of exact preferences. However, the functional re-
presentation of fuzzy preferences in the following two sections will show the crucial
differences. In fact, the interesting part of a representation theory for fuzzy preferences
is its functional representation, from which the key differences between fuzzy and exact

preferences are revealed clearly.

3.2. Functional Representation

We now proceed to find a functional representation for fuzzy preferences.

Lemma 5. For exact preferences R:X° — {-1,01}, x~x" and y~y' imply
R(x,y)=R(X,y').

Proof: If R(X,y)=0, ie. x~y, then, by Lemma 2, X' ~y.By Lemma 2 again, us-
ing X'~y and y~y',wehave X' ~y'.Thus, R(X Yy)=R(X,Y').

18
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If R(x,y)=-1, ie. x<y, then, by Lemma 1, X'<y. By Lemma 1 again, using
X<y and y~Yy,wehave x' <Y, ie, R(X,y)=-1.Thus, R(xy)=R(X Y.

Similarly, for R(X, y) =1, we also have R(X, y) = R(X', y’). The lemma is thus
proved. m

For fuzzy preferences, we will impose Lemma 5 as an axiom, which is needed for a
functional representation.

Axiom 6 (Independence). x ~x' and y~Yy' imply R(X, y) =R (X', y').

The independence axiom states that the degree of preference stays the same after an
indifference transformation. In the expected utility literature, this axiom is known as
the independence axiom, which is crucial for the existence of an expected utility repre-
sentation of preferences under uncertainty. For our fuzzy preferences, this axiom is
crucial for the existence of a functional representation of preferences under fuzziness.

The following lemma is from Protter and Morrey [15].

Lemma 6 (Tietze Extension Theorem). Let A be a closed set in a metric space S

and f:A— R acontinuous and bounded function. Define M =sup,_, |f (x)| . Then

there is a continuous function Q:S — R such that

g(x)="f(x),xeA; and g(x)<M,xeS.

Theorem 2 (Functional Representation).Given a continuous fuzzy order
R:X* >[-11] and its utility representation u:X —>R let U=u(X) Then, the
fuzzy order is independent if and only if there exists a function ¢:U* — [-11] such
that ga[u (x),u (y)] =R(x,y) forall x,yeX, and
a) (P(tivtz) = _(P(tZ!ti)' vt el
b) ¢(t,t)=0, Vtel,

o) o(t,t,)20 and ¢(t,,t,)20=p(t,t;)>0.

Conversely, given a continuous function u:X — R and a function ¢:U* — [-11]
satisfying the above three conditions, define a function R:X*—[-11] by
R(x,y)= (o[u (x),u(y)]. Then, this R is a fuzzy order. Furthermore, if X is com-
pactand R is continuous, ¢ is also continuous and can be defined on R?.

Proof: Independence is obviously necessary. We only prove its sufficiency.

By Theorem 1, there exists a continuous utility representation u:X — R. By inde-
pendence, we can simply define ¢:U? — [-11] such that, for (u,,u,)e U2,

o(u,U,)=R(x,y), whereu, =u(x),u, =u(y).
By independence, given any (U,,u,)e U?, we have
R(x,y)=R(x\y'), forany other (x',y’)s-t-u, =u(x'),u, =u(y’").
The function ¢ is thus well defined.

By symmetry R(X,y)=-R(Y,X), we immediately have ¢(t,,t,)=-¢(t,,t,), for all
t.t, eu (X) . By reflexivity, we have (p(t, t) =0, Vteu (X) . The transitivity implies

p(t,t,)>0 and ¢(t,,t;)>0=p(t,t;)>0.

If X is compact and R is continuous, then U is closed and ¢ is also conti-
nuous. By the Tietze Extension Theorem, we can extend ¢ to be a continuous func-

. 2
tionon R°.
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The converse is straightforward. m

The three conditions (a), (b) and (c) in Theorem 2 are necessary for a function
@:U—[-11] that defines a fuzzy order.

A good example of Theorem 2 is the exact preferences with (o(a,b) =sign (a—b) .
For an exact preference order R:X? —{-1,0,1}, the functional representation is

R(x,y)=sign[u(x)-u(y)], vx,yeX.
This is a special case of Theorem 2, in which (/)(ti,tz) =sign (t1 -1, ) In this case, we
obviously have ¢(t,t,)=-¢(t,,t,) and ¢(t,t)=0, Vi, t,,teR.
3.3. A Special Form of the Functional Representation

We now proceed to find a more convenient form of the functional representation.
Theorem 3. Given a utility representation u:X — R ofa fuzzy order
R:X* > [—1,1] , if and only if

u(x)—u(y)=u(x")—u(y') impliesR(x,y)=R(x,y"), )
there exists ¢ R — [—1, 1] such that
R(x,y)=p[u(x)-u(y)], forallx,yeX. (3)

Proof: The proof is straightforward—what we need to do is to define the function ¢
directly. We define the function ¢:R —[-11] by

(p[u(x)—u(y)]z R(x,y), forx,yeX.

By condition (2), this function is well defined. m

Formula (3) is particularly convenient to use. It is also very close to the utility repre-
sentation of exact preferences. The interesting part of the representation (3) is that we
can treat the difference of utility values u(x)—u (y) as the preference intensity dif-
ference between two consumption bundles x and y, and the role of ¢ here is to
convertavalue teR toavalue ¢(t)e[-L1] so that we can call it a degree of prefe-
rences.

With Theorem 3, we can choose special forms of ¢ to define interesting fuzzy or-
ders R.For example, for U:X — [0,1], define

R(x,y)=u(x)-u(y). (4)

Here, implicitly (o(tl,tz) =t —1,. Since this ¢ satisfies the three conditions (a), (b)
and (c) in Theorem 2, the fuzzy preferences in (4) is hence well defined.

We can also define

R(x,y)=sign[u(x)-u(y)]. (5)

Here, implicitly (p(tl,tz) =sign(t, —tz). This ¢ also satisfies the three conditions
(a), (b) and (c) in Theorem 2. The fuzzy preferences in Banerjee is hence also well de-
fined. In fact, this preference order describes the traditional exact preferences.

Remark 2. We can now understand Remark 1 intuitively. The difference between
fuzzy and exact preferences is not in the direction of preferences but in the strength of
preferences, and such strength may be distributed disproportionally across the utility
space U. This explains the similarity of utility representations for fuzzy and exact pre-

ferences. The utility function u indicates the direction of preferences, and the func-
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tional ¢ represents the distribution of strength of preferences. In special cases, the
strength can be distributed proportionally as in (4), and it can also be distributed in a

yes/no fashion as in Banerjee.

4. Concluding Remarks

What this paper has accomplished are: first, to define a well-behaved fuzzy order; and
second, to find a simple functional representation for the fuzzy preferences. It is a gen-
eral utility and functional representation theory, which includes the existing utility and
functional representation theory for exact preferences as a special case. In doing so, we
have tried to obtain a theory that is simple and intuitive.

Such a theory may be readily incorporated into a utility theory under uncertainty. A
more general/flexible utility theory has the potential to explain a few well-known para-
doxes, such as the Allais paradox and St. Petersburg paradox. The advantage of this ap-
proach is that it is still within the framework of expected utility, as opposed to non-ex-

pected utility.
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