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Abstract 
The definition of fuzzy length space on fuzzy set in this research was introduced after 
the studies and discussion of many properties of this space were proved, and then an 
example to illustrate this notion was given. Also the definition of fuzzy convergence, 
fuzzy bounded fuzzy set, and fuzzy dense fuzzy set space was introduced, and then 
the definition of fuzzy continuous operator was introduced. 
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1. Introduction 

Zadeh in 1965 [1] introduced the theory of fuzzy sets. Many authors have introduced 
the notion of fuzzy norm in different ways [2]-[9]. Cheng and Mordeson in 1994 [10] 
defined fuzzy norm on a linear space whose associated fuzzy metric is of Kramosil and 
Mickalek type [11] as follows: 

The order pair ( ),X N  is said to be a fuzzy normed space if X is a linear space and 
N is a fuzzy set on [ )0,X × ∞  satisfying the following conditions for every ,x y X∈  
and [ ), 0,s t∈ ∞ . 

(i) ( ), 0 0N x = , for all x X∈ .  
(ii) For all 0t > , ( ), 1N x t =  if and only if 0x = . 

(iii) ( ), , tN x t N x
α

α
 

=   
 

, for all 0α ≠  and for all 0t > . 

(iv) For all , 0s t > , ( ) ( ) ( ), , ,N x y t s N x t N y s≥ ∧+ +  where { }min ,ba a b=∧ . 
(v) ( )lim , 1t N x t→∞ = . 
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The definition of continuous t-norm was introduced by George and Veeramani in 
[12]. Bag and Samanta in [2] modified the definition of Cheng and Mordeson of fuzzy 
norm as follows: 

The triple ( ), ,X N ∗  is said to be a fuzzy normed space if X is a linear space, ∗  is a 
continuous t-norm and N is a fuzzy set on [ )0,X × ∞  satisfying the following condi-
tions for every ,x y X∈  and [ ), 0,s t∈ ∞ . 

(i) ( ), 0 0N x = , for all x X∈ .  
(ii) For all 0t > , ( ), 1N x t =  if and only if 0x = . 

(iii) ( ), , tN x t N x
α

α
 

=   
 

 for all 0α ≠ . 

(iv) For all , 0s t > , ( ) ( ) ( ), , ,N x t N y s N x y t s∗ ≤ + + . 
(v) For 0x ≠ , ( ) ( ) [ ], : 0, 0,1N x ⋅ ∞ →  is continuous.  
(vi) ( )lim , 1t N x t→∞ = . 
The definition of fuzzy length space is introduced in this research as a modification 

of the notion of fuzzy normed space due to Bag and Samanta. In Section 1, we recall 
basic concepts of fuzzy set and the definition of continuous t-norm. Then in Section 2 
we define the fuzzy length space on fuzzy set after we give an example; then we prove 
that every ordinary norm induces a fuzzy length, and also the definition of fuzzy open 
fuzzy ball, fuzzy convergent sequence, fuzzy open fuzzy set, fuzzy Cauchy sequence, 
and fuzzy bounded fuzzy set is introduced. In Section 3, we prove other properties of 
fuzzy length space. Finally in Section 4, we define a fuzzy continuous operator between 
two fuzzy length spaces. Also we prove several properties for fuzzy continuous opera-
tor. 

2. Basic Concept about Fuzzy Set 

Definition 2.1: 
Let X be a classical set of object, called the universal set, whose generic elements are 

denoted by x. The membership in a classical subject A of X is often viewed as a charac-
teritic function Aµ  from X onto {0, 1} such that 1Aµ =  if x A∈  and 0Aµ =  if 
x A∉ , {0, 1} is called a valuation set. If a valuation set is allowed to be real interval [0, 1] 
then A is called a fuzzy set which is denoted in this case by A  and Aµ 

 is the grade of 
membership of x in A . Also, it is remarkable that the closer the value of ( )A xµ



 to 1, 
the more belong to A . Clearly, A  is a subset of X that has no sharp boundary. The 
fuzzy set A  is completely characterized by the set of pairs: 

( )( ) ( ){ }, : , 0 1A AA x x x X xµ µ= ∈ ≤ ≤
 

  [1]. 

Definition 2.2: 
Suppose that D  and B  are two fuzzy sets in Y. Then  
(i) ( ) ( ) D BD B y y y Yµ µ⊆ ⇔ ≤ ∀ ∈

 

  . 
(ii) ( ) ( ) D BD B y y y Yµ µ= ⇔ = ∀ ∈

 

  . 
(iii) ( ) ( ) ( )  D BCC D B y y y y Yµ µ µ= ∪ ⇔ = ∨ ∀ ∈

  

   . 
(iv) ( ) ( ) ( )  E D BE A B y y y y Yµ µ µ= ∩ ⇔ = ∧ ∀ ∈

  

  . 
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(v) ( ) ( )1c DD
x y y Yµ µ= − ∀ ∈





 [4]. 
Definition 2.3: 
Suppose that D  and B  be two fuzzy sets in V ≠ ∅  and W ≠ ∅  respectively 

then D B×   is a fuzzy set whose membership is defined by: 

( ) ( ) ( ) ( ) , ,D B D Ba b a b a b V Wµ µ µ× = ∧ ∀ ∈ ×
   

 [8]. 

Definition 2.4: 
A fuzzy point p in Y is a fuzzy set with single element and is denoted by xα  or 

( ),x α . Two fuzzy points xα  and yβ  are said to be different if and only if x y≠  
[11]. 

Definition 2.5: 
Suppose that dβ  is a fuzzy point and D  is a fuzzy set in Y. then dβ  is said to 

belongs to D  which is written by ( )if Dd D xβ µ β∈ ⇔ >


  [2]. 
Definition 2.6: 
Suppose that h is a function from the set V ≠ ∅  into the set W ≠ ∅ . Let D  be a 

fuzzy set in W then ( )1h D−
  is a fuzzy set in V its membership is:  

( ) ( ) ( ) ( )1 Dh D
dd hµ µ− =






 for all d in V. Also when E  is a fuzzy set in V then ( )h E  

is a fuzzy set in W its membership is given by: ( ) ( ) ( ) ( ){ }1 :Eh E y d d f yµ µ −= ∨ ∈




 

when ( )1f y− ≠ ∅  and ( ) ( ) 0h E yµ =


 otherwise [5]. 

Proposition 2.7: 
Suppose that :h V W→  is a function. Then the image of the fuzzy point dβ  in V, 

is the fuzzy point ( )h dβ  in W with ( ) ( )( ),h d h dβ β=  [11]. 
Definition 2.8: 
A binary operation [ ] [ ]2: 0,1 0,1∗ →  is said to be t-norm (or continuous triangular 

norm) if [ ], , , 0,1p q t r∈∀  the conditions are satisfied:  
(i) p q p q∗ = ∗ . 
(ii) 1p p∗ = . 
(iii) ( ) ( ) p q t p q t∗ ∗ = ∗ ∗ . 
(iv) If p q≤  and t r≤  then p t q r∗ ≤ ∗  [12]. 
Examples 2.9: 
When  p q p q∗ = ⋅  and p q p q∗ = ∧  [ ], 0,1p q∀ ∈  then ∗  is a continuous t- 

norm [10]. 
Remark 2.10: 

p q∀ > , there is t such that p t q∗ ≥  and for every r, there is e such that r r e∗ ≥ , 
where p, q, t, r and e belongs to [0, 1] [12]. 

Definition 2.11: 
Let D  be a fuzzy set in Z and let τ be a collection of all subset fuzzy set in D . then 

( ),D τ  is called a fuzzy topological space on the fuzzy set D  if (i)  ,D φ τ∈ . 
(ii) 

1

n
ii E τ

=
∈



 for any iE τ∈ , 1,2, ,i n= 
. 

(ii) 
1 ii E τ∞

=
∈



, for { }: , 1,2, ,i iE E iτ∈ = ∞ 


 [10]. 

Proposition 2.12: 
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Let :T A D→   be an arbitrary operator and E A⊆   and C D⊆  . Then  

( )T E C⊆   if and only if ( )1E T C−⊆   [9]. 

3. On Fuzzy Length Space 

First we introduce the main definition in this paper. 
Definition 3.1: 
Let X be a linear space over field   and let A  be a fuzzy set in X. let ∗  be a t- 

norm and F  be a fuzzy set from A  to [0,1] such that: 
(FL1) ( ) 0F xα >  for all x Aα ∈  . 
(FL2) ( ) 1F xα =  if and only if 0xα = .  

(FL3) ( ), ,F cx F x
c
αα

 
=   

 
   where 0 c≠ ∈ . 

(FL4) ( ) ( ) ( ) F x y F x F yα β α β+ ≥ ∗   . 
(FL5) F  is a continuous fuzzy set for all ,x y Aα β ∈   and [ ], 0,1α β ∈ . 
Then the triple ( ), ,A F ∗   is called a fuzzy length space on the fuzzy set A . 
Definition 3.2:  
Suppose that ( ), ,D F ∗   is a fuzzy length space on the fuzzy set D  then F  is con-  

tinuous fuzzy set if whenever ( ){ },n nx xα∝ →  in D  then ( ){ } ( ),n nF x F xα∝ →   that 

is ( ) ( )lim ,n n nF x F xα→∞ ∝ =    . 

Proposition 3.3: 
Let ( ),.Y  be a normed space, suppose that D  be a fuzzy set in Y. Put x xα = . 

Then ( ),.D , is a fuzzy normed space. 
Proof: 
Let ,x y Dα β ∈   and 0 c≠ ∈  then  
1) 0xα >  for all x Dα ∈  . 
2) 0 0 0 0x x x xα α= ⇔ = ⇔ = ⇔ = . 
3) ( ),cx cx c x c xαα = = = . 

4) x y x y x y x yα β α β+ + ≤ + = += . 

Hence ( ), .D , is a fuzzy normed space. 
Example 3.4: 
Suppose that ( ), .Y  is a normed space and assume that D  is a fuzzy set in Y. Put 

p q p q∗ = ⋅  for all [ ], 0,1p q∈ . Define ( ). F x
xα

α
α

=
+

 . 

Then ( )., ,D F ∗   is a fuzzy length space on the fuzzy set D , is called the fuzzy 
length induced by . . 

Proof: 
To prove ( )., ,D F ∗   is a fuzzy length space on the fuzzy set D  we must prove the 

five conditions of Definition 3.1: 
(FL1) Since 0x >  for all x X∈  so ( ). 0F xα >  for all x D∈  , where 0α > . 
(FL2) It is clear that ( ). 1F xα =  for each 0α >  if and only if 0x = . 
(FL3) If 0 c≠ ∈  then for each x X∈ ,  
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( ). ., ,F cx F x
cx c x c

α α αα
α α

 
= = =   + +  

   for each 0α > . 

(FL4) 
( ) ( )

( ) ( )

. .

. .

, ,F x y F x y
x y x y x y

F x F y
x y

α β

α β

λ λ λ λλ
λ λ λ λ

α β
α β

= + = ≥ ≥ ⋅
+ + + + + +

> ⋅ = ∗
+ +

 

 

 for 

each ,x y Aα β ∈  , where { }min ,λ α β= . 

(FL5) ( ).F xα  is continuous since x  is a continuous function.  

Hence ( )., ,D F ∗   is a fuzzy length space on the fuzzy set D . 

Definition 3.5:  
Let A  be a fuzzy set in X, and assume that ( ), ,A F ∗   is a fuzzy length space on the  

fuzzy set A . Let ( ) ( ) ( ){ }, : 1B x r y A F y x pα β β ∝= ∈ − > −  . So ( ),B x pα
  is said to be  

a fuzzy open fuzzy ball of center x A∝ ∈   and radius r. 
We omitted the proof of the next result since it is clear. 
Proposition 3.6: 
In the fuzzy length space ( ), ,A F ∗   on the fuzzy set A , Let ( )1,B x rα

  and  
( )2,B x rα
  with x Aα ∈   and ( )1 2, 0,1r r ∈ . Then either ( ) ( )1 2, ,B x r B x rα α⊆   or  
( ) ( )2 1, ,B x r B x rα α⊆  . 
Definition 3.7:  
The sequence ( ){ },n nx ∝  in a fuzzy length space ( ), ,A F ∗   on the fuzzy set A  is 

fuzzy converges to a fuzzy point x Aα ∈   if for a given ε , 0 1ε< < , then there exists 
a positive number K such that ( ) ( ), 1 .n nF x x n Kα ε∝ − > − ∀ ≥     

Definition 3.8:  
The sequence ( ){ },n nx ∝  in a fuzzy length space ( ), ,A F ∗   on the fuzzy set A  is 

fuzzy converges to a fuzzy point x Aα ∈   if ( )lim , 1.n n nF x xα→∞ ∝  − =  
Theorem 3.9:  
The two Definitions 3.8 and 3.7 are equivalent. 
Proof: 
Let the sequence ( ){ },n nx ∝  is fuzzy converges to a fuzzy point x Aα ∈  , then for a 

given 0 1ε< <  then there is a number K with ( ) ( ), 1n nF x x rα  ∝ − > −  for all 
n K≥ , and hence ( )1 ,n nF x rxα− ∝ − <   . Therefore ( ), 1n nF x xα  ∝ −  →  when 
n →∞ . 

To prove the converse, let ( ), 1n nF x xα  ∝ −  →  when n →∞ . 
Hence when 0 1ε< < , there is K such that ( )1 ,n nF x rxα− ∝ − <    n K∀ ≥ . 
So ( ) ( ), 1n nF x x r n Kα  >∝ − − ∀ ≥ . Therefore ( ){ },n nx xα∝ →  by Definition 3.7. 

∎ 
Lemma 3.10:  
Suppose that ( ), ,A F ∗   is a fuzzy length space on the fuzzy set A . Then 

( ) ( )F x y F y xα β β α− = −   for any ,x y Aα β ∈  . 
Proof: 
Let ,x y Aα β ∈  , then ( ) ( )( ),F x y F x y tα β− = −   where t α β= ∧   
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( )( ) ( ) ( )( ) ( )1 , , , .
1
tF y x t F y x F y x t F y xβ α

 
= − − = − = − = −  − 
     

Lemma 3.11: 
If ( ), ,A F ∗   is a fuzzy length space. Then, 
(a) The operator ( ),x y x yα β α β→ +  is continuous. 
(b) The operator ( ),r x rxα α→  is continuous. 
Proof: 
If ( ){ },n nx xα∝ →  and ( ){ }  ,n ny yαβ →  as n →∞  then 

( ) ( )( )
( ) ( )

, ,

, , 1 1 1

n n n n

n n n n

F x y x y

F x x F y y

α β

α β

β

β

∝ + − +

 ≥ ∝ − ∗ − = ∗ =

  

    



 

 

Hence the operator addition is continuous function. 
Now if ( ){ },n nx xα∝ → , and nr r→  and 0nr ≠  then  

( )
( )
( )
( ) ( )

lim ,

lim ,

lim ,

lim ,

lim , lim , 1 1 1

n n n n

n n n n

n n n n n n

n n n n n

n
n n n

n n

F r x rx

F r x rx

F r x r x r x rx

F r x x x r r

F x x F x
r r r

α

α

α α α

α α

α
α

→∞

→∞

→∞

→∞

→∞ →∞

∝ −

= ∝ −

= ∝ − + −

 = − ∝ + − 
   ∝

≥ − ∗ ≥ ∗ =

  


  −  

 
 













 

 

And this proves (b). 
Definition 3.12: 
Suppose that ( ), ,A F ∗   is a fuzzy length space and D A⊆   then D  is called fuzzy 

open if for every y Dβ ∈   there is ( ),B y q Dβ ⊆  . A subset E A⊆   is called fuzzy 
closed if cE A E= −   is fuzzy open.  

The proof of the following theorem is easy and so is omitted. 
Theorem 3.13:  
Any ( ),B y qβ

  in a fuzzy length space ( ), ,A F ∗   is a fuzzy open. 
Definition 3.14:  
Suppose that ( ), ,A F ∗   is a fuzzy length space, and assume that D A⊆  . Then the 

fuzzy closure of D  is denoted by D  or ( )FC D  and is defined by D  is the smal-
lest fuzzy closed fuzzy set that contains D . 

Definition 3.15:  
Suppose that ( ), ,A F ∗   is a fuzzy length space, and assume that D A⊆  . Then D  

is said to be fuzzy dense in A  if D A=   or ( )FC D A=  . 
Lemma 3.16:  
Suppose that ( ), ,A F ∗   is a fuzzy length space, and assume that D A⊆  , Then 

d Dα ∈   if and only if we can find ( ){ },n nd ∝  in D  such that ( ),n nd dα∝ → . 
Proof:  

Let d Dα ∈  , if d Dα ∈   then we take the sequence of fuzzy points of the type 

( ), ,,d d dα α α . If d Dα ∉  , we construct the sequence of fuzzy points ( ),n nd D∝ ∈   as 
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follows: ( ) 1, 1
 n nF d d

nα
 ∝ − > −      

  for each n∈ . 

The fuzzy ball 
1,

 
B d

nα
 
 
 
  contains ( ),n nd D∝ ∈   and ( ),n nd dα∝ →  since  

( )lim , 1.n n nF d dα→∞ ∝ − =     

Conversely assume that ( ),n nd D∝ ∈   and ( ),n nd dα∝ →  then d Dα ∈   or the 
fuzzy open fuzzy ball of dα  contains ( ),n nd ∝  with ( ),n nd dα∝ ≠ , so dα  is a fuzzy 
limit fuzzy point of D . Hence d Dα ∈  . 

4. Other Properties of Fuzzy Length on Fuzzy Set 

Theorem 4.1:  
Suppose that ( ), ,A F ∗   is a fuzzy length space and let that D A⊆  , then D  is fuzzy 

dense in A  if and only if for any a Aα ∈   we can find d Dβ ∈   with 
( )1F a dα β ε − ≥ − 

  for some 0 1ε< < . 
Proof:  
Let D  be a fuzzy dense in A , and a Aα ∈   so a Dα ∈   then using 3.16 we can 

find ( ){ },n nd D∝ ∈   with ( ) ( ), 1n nF d aα ε∝ − > −    for all n K≥ . Take 
( ),k kd dβ = ∝ , ( )1F d aβ α ε  − > − .  

To prove the converse, we must prove that A D⊆  . Let a Aα ∈   then there is 

( ),j jd D∝ ∈   such that ( ) 1, 1j jF d a
jα   

∝ − > − 
  

 , where j∈ . Now take 

0 1ε< <  such that 1 
j

ε<  for each j K≥ . Hence we have a sequence of fuzzy points

( ){ },j jd D∝ ∈   such that ( ) ( )1, 1 1j jF d a
jα ε 

∝ − > − > − 
 

  
  for all j K≥  that is 

( ),j jd aα∝ →  so .a Dα ∈    

Definition 4.2: 
Suppose that ( ), ,A F ∗   is a fuzzy length space. A sequence of fuzzy points 
( ){ },n nx ∝  is said to be a fuzzy Cauchy if for any given ,0 1ε ε< < , there is a positive 

number K such that ( ) ( ) ( ), , 1n n m mF x x ε∝ − ∝ > −    for all ,n m K≥ .  
Theorem 4.3:  
If ( ){ },n nx ∝  is a sequence in a fuzzy length space ( ), ,A F ∗   with ( ),n nx xα∝ →  

then ( ){ },n nx ∝  is fuzzy Cauchy. 
Proof:  
If ( ){ },n nx ∝  is a sequence in a fuzzy length space ( ), ,A F ∗   with ( ),n nx xα∝ → . So  

for any ,0 1ε ε< <  there is an integer K such that ( ) ( ), 1n nF x xα ε  ∝ − > −  for all  

n K≥ . Now by Remark 2.10 there is ( ) ( )1 0,1r− ∈  such that ( ) ( ) ( )1 1 1 rε ε− ∗ − > − . 
Now for each ,m j K≥ , we have 

( ) ( ) ( ) ( )
( ) ( ) ( )

, , , ,

1 1 1
m m j j m m j jF x x F x x F x x

r
α α

ε ε

   ∝ − ∝ ≥ ∝ − ∗ − ∝     
≥ − ∗ − > −
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Hence ( ){ },n nx ∝  is fuzzy Cauchy. ∎  
Definition 4.4:  
Suppose that ( ){ },n nx ∝  is a sequence in a fuzzy length space ( ), ,A F ∗   let ( kn ) be a 

sequence of positive numbers such that 1 2 3 kn n n n< < < < <  , then the sequence 

( ){ },
k kn nx ∝  of fuzzy points is said to be a subsequence of ( ){ },n nx ∝ . 

Theorem 4.5: 
Suppose that ( ){ },n nx ∝  is a sequence in a fuzzy length space ( ), ,A F ∗  , if it is fuzzy 

converges to x Aα ∈   then every subsequence ( ){ },nk nkx ∝  of ( ){ },n nx ∝  is fuzzy 
converges to xα . 

Proof: 
Let ( ){ },n nx ∝  be a sequence of fuzzy points in ( ), ,A F ∗   fuzzy converges to xα  

then ( )lim , 1n n nF x xα→∞ ∝ − =   . But ( ){ },n nx ∝  is fuzzy Cauchy by Theorem (4.3) 
hence, ( ) ( )lim , , 1n n m mF x x∝ − ∝ =    as n →∞  and m →∞ . Now  

( ) ( ) ( ) ( ), , , ,nk nk nk nk n n n nF x x F x x F x xα α   ∝ − ≥ ∝ − ∝ ∗ ∝ −      
   . 

Taking the limit to both sides as n →∞  we get  

( )
( ) ( ) ( )

lim ,

lim , , lim ,

1 1 1

n nk nk

n nk nk n n n n n

F x x

F x x F x x
α

α

→∞

→∞ →∞

∝ −  
≥ ∝ − ∝ ∗ ∝ −    
≥ ∗ =



   

Hence, ( ){ },nk nkx ∝  fuzzy converges to xα , since ( ){ },nk nkx ∝  was an arbitrary 
subsequence of ( ){ },n nx ∝ . Therefore all subsequence ( ){ },nk nkx ∝  of ( ){ },n nx ∝  is 
fuzzy converges to xα . 

Proposition 4.6: 
Let ( ){ },n nx ∝  be a fuzzy Cauchy sequence in a fuzzy length space ( ), ,A F ∗   con-  

tains a ( ){ },
k kn nx ∝  such that ( ){ },

k kn nx xα∝ → , then ( ){ },n nx ∝  fuzzy converges to  

xα . 
Proof: 
Assume that ( ){ },n nx ∝  is a fuzzy Cauchy sequence in ( ), ,A F ∗  . So for all ε , 

0 1ε< <  there is an integer K such that ( ) ( ) ( ), , 1m m j jF x x ε ∝ − ∝ > − 
  whenever  

,m j K≥ . Let ( ){ },
j jn nx ∝  be a subsequence of ( ){ },n nx ∝  and ( ),

j jn nx xα∝ → . It 

follows that ( ), 1
j jn nF x xα∝ − 

  →
  whenever jn →∞ . Since ( jn ) is increasing se-

quence of positive integers. Now 

( ) ( ) ( ) ( )

( ) ( )

, , , ,

, 1

m m m m

m m

n n n n n n n n

n n

F x x F x x F x x

F x x

α α

α ε

   − ∝ ≥ − ∝ ∗ ∝ − ∝      
 > − ∝ ∗ − 

  



 

Letting m →∞ , we have ( ) ( ) ( ), 1 1 1n nF x xα ε ε− ∝ ≥ ∗ − = −   . 
Hence, the sequence ( ){ },n nx ∝  it fuzzy converges to xα . 
Definition 4.7: 
Suppose that ( ), ,A F ∗   is a fuzzy length space and D A⊆  . Then D  is said to be 

fuzzy bounded if we can find q, 0 1q< <  1 such that, ( ) ( )1F x q x Aα α> − ∀ ∈  . 
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Lemma 4.8:  
Assume that ( ), ,A F ∗   is a fuzzy length space. If a sequence ( ){ },n nx ∝  with 

( ),n nx xα∝ →  then it is fuzzy bounded and its fuzzy limit is unique. 
Proof: 
Let ( ),n nx xα∝ → , that is for a given r > 0 then we can find K with 
( ) ( ), 1n nF x x rα∝ − > −    for all n K≥ . 

Put ( ) ( ) ( ){ }1 1 2 2min , , , , , ,K Kt F x x F x x F x xα α α= ∝ − ∝ − ∝ −            


. 

Using Remark 2.10 we can find 0 1ε< <  with ( ) ( )1 1t r ε∗ − > − . Now for n K≥  

( ) ( ) ( ) ( )
( ) ( )

, , , ,

 1 1 .
n n n n K K K KF x x F x x F x x

t r
α α

ε

∝ − ≥ ∝ − ∝ ∗ ∝ −      
≥ ∗ − >

 
−

  

 

Hence ( ),n nx ∝  is fuzzy bounded in ( ), ,A F ∗  . 
Suppose that ( ),n nx xα∝ →  and ( ),n nx yβ∝ → . Therefore  

( )lim , 1n n nF x xα→∞ ∝ − =    and ( )lim , 1n n nF x yβ→∞  ∝ − = 
 . Now  

( ) ( ), ,n n n nF x y F x x F x yα β α β − ≥ − ∝  ∗ ∝ −    
   . By taking the limit to both sides, as 

n →∞ , 1 1 1F x yα β − ≥ ∗ = 
 . So 1F x yα β − = 

 , hence x yα β= . 
Definition 4.9: 
Suppose that ( ), ,A F ∗   is a fuzzy length space on the fuzzy set A . Then 
[ ] ( ){ }, : 1B x q y A F x y qα β α β = ∈ − ≥ − 

   is said to be a fuzzy closed fuzzy ball with 
center x Aα ∈   and radius q, 0 1q< < . 

The proof of the following lemma is clear and hence is omitted. 
Lemma 4.10: 
Any [ ],B x qα

  in a fuzzy length space ( ), ,A F ∗   is a fuzzy closed fuzzy set. 
Theorem 4.11:  
A fuzzy length space ( ), ,A F ∗   is a fuzzy topological space. 
Proof:  
Suppose that ( ), ,A F ∗   is a fuzzy length space. Put { }:F D A x Dατ = ⊆ ∈



   if and 
only if there is 0 1r< <  such that ( ),B x r Dα ∈  . We prove that Fτ   is a fuzzy topol-
ogy on A .  

(i) Clear that φ  and FA τ∈


 . 
(ii) let 1 2, , , n FD D D τ∈



  

  and put 
1 jj

nV D
=

= 



. We will show that FV τ∈


 , let 
a Vα ∈   then ja Dα ∈   for each 1 j n≤ ≤ . Hence there is 0 1jq≤ ≤  such that 

( ), j iB a q Dα ⊆  . Put { }:1min jq q j n= ≤ ≤  so jq q≤  for all 1 j n≤ ≤ , this implies 
that ( ) ( )1 1 jq q− ≥ −  for all 1 j n≤ ≤ . Therefore, ( ) 1, j

n
jjB a q D Vα =

⊆ =  



, thus 

FV τ∈


 . 
(iii) Let { }:j FID j τ∈ ∈



 . put jj IU D
∈

= 



. We will show that FU τ∈


 . Let b Uβ ∈  , 
then jb Dβ ∈   for some j I∈ , since j FD τ∈



  then there exists 0 1q< <  such that 

( ), jB b p Dβ ⊆  , Hence ( ), j jj IB b p D D Uβ ∈
⊆ ⊂ =   



. This prove that FU τ∈


 . Hence, 

( ), ,A F ∗   is a fuzzy topological space. Fτ   is called the fuzzy topology induced by F . 
Definition 4.12: 
A fuzzy length space ( ), ,A F ∗   is said to be a fuzzy Hausdorff space if for any 
,x y Aα β ∈   such that x yα β≠  we can find ( ),B x rα

  and ( ),B y tβ
  for some 0 1r< <  
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and 0 1t< <  such that ( ) ( ), ,B x r B y tα β∩ = ∅  . 
Theorem 4.13:  
Every fuzzy length space ( ), ,A F ∗   is a fuzzy Hausdorff space. 
Proof:  
Assume that ( ), ,A F ∗   is a fuzzy length space and let , ?x y Aα β ∈   with x yα β≠ . 
Put F x y pα β − = 

 , for some 0 1p< < . Then for each s, 0 1s< < , we can find q 
such that q q s∗ ≥  by Remark 2.10. Now consider the two fuzzy open fuzzy balls 
( ),1B x qα −  and ( ),1B y qβ − . Then ( ) ( ),1 ,1B x q B y qα β− ∩ − = ∅   Since if there 

exists ( ) ( ),1 ,1z B x q B y qδ α β∈ − ∩ −  . Then  

[ ]p F x y F x z F z y q q s pα β α δ δ β  = − ≥ − ∗ − ≥ ∗ >   ≥    

is a contradiction, hence ( ), ,A F ∗   is a fuzzy Hausdorff space. 

5. Fuzzy Continuous Operators on Fuzzy Length Spaces  

In this section, we will suppose A  is fuzzy set of X and D  be fuzzy set of Y where X 
and Y are vector space. 

Definition 5.1: 
Let ( ) , ,AA F ∗



   and ( ) , ,DD F ∗


   be two fuzzy length space on fuzzy set A  and D  
respectively, let AE ⊆   then The operator :T DE →   is said to be fuzzy continuous 
at  a Eα ∈  , if for every 0 1ε< <  there exist 0 1δ< <  such that  

( ) ( ) ( )1DF T x T aβ α ε − > − 

  whenever x Eβ ∈   satisfying ( ) ( )1AF x aβ α δ− > −


 . If T 
is fuzzy continuous at every fuzzy point of E , then T it is said to be fuzzy continuous 
on E . 

Theorem 5.2:  
Let ( ) , ,AA F ∗



   and ( ) , ,DD F ∗


   be two fuzzy length space, let AE ⊆  . The operator 
:T DE →   is fuzzy continuous at a Eα ∈   if and only if whenever a sequence of fuzzy 

points ( ){ },n nx α  in E  fuzzy converge to aα , then the sequence of fuzzy points 
( )( ){ },n nT x α  fuzzy converges to ( )T aα . 

Proof:  
Suppose that the operator :T DE →   is fuzzy continuous at a Eα ∈   and let 
( ){ },n nx α  be a sequence in E  fuzzy converge to aα . Let 0 1ε< <  be given. By 

fuzzy continuity of T at aα , then there exists 0 1δ< <  such that whenever x Eβ ∈   
and ( ) ( )1AF x aβ α δ− > −



 , implies ( ) ( ) ( )1DF T x T aβ α ε  −  > −


 . Since ( ),n n nx α α→   
then we can find K with n K≥  such that ( ) ( ), 1n nAF x aαα δ − > − 

 . Therefore when  

n K≥  implies ( ) ( ) ( ), 1n nDF T x T aαα ε  −  > −


 . Thus ( ) ( ),n nT x T aαα → . 
Conversely, assume that every sequence ( ){ },n nx α  in E  fuzzy converging to aα  

has the property that ( ) ( ),n nT x T aαα → . Suppose that T is not fuzzy continuous at 
aα . Then there is 0 1ε< <  and for which no δ , 0 1δ< <  can satisfy the require- 
ment that x Eβ ∈   and ( )1AF x aβ α δ − > − 

  implies ( ) ( ) ( )1DF T x T aβ α ε − > − 

 . 

This means that for every , 0 1δ δ< <  there exists x Eβ ∈   such that  

( )1AF x aβ α δ − > − 

  but ( ) ( ) ( )1DF T x T aβ α ε − ≤ − 

 . For every n K∈ , there exist 
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( ),n nx Eα ∈   such that ( ) 1, 1n nAF x a
nαα   − ≥ −    



 , but  

( ) ( ) ( ), 1n nDF T x T aαα ε − ≤ − 

 . The sequence ( ){ },n nx α  fuzzy converges to aα  but 
the sequence ( ){ },n nT x α  does not fuzzy converge to ( aα ). This contradicts the as-
sumption that every sequence ( ){ },n nx α  in E  fuzzy converging to aα  has the 
property that ( ) ( ),n nT x T aαα → . Therefore the assumption that T is not fuzzy con-
tinuous at aα  must be false.  

Definition 5.3: 
Let ( ) , ,AA F ∗



   and ( ) , ,DD F ∗


   be two fuzzy length spaces let AE ⊆   and let 
:T DE →   the fuzzy point aα  is a fuzzy limit of E  written by ( )limx a T x b

β α β β→ =
whenever b Dβ ∈   if for every 0 1ε< <  there is 0 1δ< <  such that  

( ) ( )1DF T x bβ β ε − > − 

  when x Eβ ∈   and ( )1AF x aβ α δ − > − 

 . 
Proposition 5.4: 
Let ( ) , ,AA F ∗



   and ( ) , ,DD F ∗


   be two fuzzy length spaces, let AE ⊆   and 
:T DE →  . Suppose that aα  is fuzzy limit fuzzy point of E . Then  

( )limx a T x b
β α β β→ =  if and only if for every sequence ( ){ },n nx α  in E  such that 

( ),n nx aαα ≠  and ( ),n nx aαα → . 
Proof: the argument is similar that of Theorem (5.3) and therefore is not included. 
Proposition 5.5: 
An operator T of the fuzzy length space ( ) , ,AA F ∗



   into a fuzzy length space 

( ) , ,DD F ∗


   is fuzzy continuous at the fuzzy point a Aα ∈   if and only if for every 
0 1ε< <  there exist 0 1δ< <  such that ( ) ( )1, ,B a T B aα αδ ε−  ⊆  

  . 
Proof: the operator :T A D→   is fuzzy continuous at a Aα ∈   if and only if for 

every 0 1ε< <  there exist 0 1δ< <  such that ( ) ( ) ( )1DF T x T aβ α ε − > − 

  for all 
xβ  satisfying ( )1AF x aβ α δ − > − 

  i.e. ( ),x B aβ α δ∈   implies ( ) ( )( ),T x B T aβ α ε∈   
or ( ) ( )( ), ,T B a B T aα αδ ε  ⊆ 

   this is equivalent to the condition  

( ) ( )( )1, ,B a T B T aα αδ ε−  ⊆  
  .  

Theorem 5.6: 
An operator :T A D→   is fuzzy continuous if and only if ( )1T G−

  is fuzzy open in 
A  for all fuzzy open G  of D  where ( ) , ,AA F ∗



   and ( ) , ,DD F ∗


   are fuzzy length 
space. 

Proof: 
Suppose that T is fuzzy continuous operator and let G  be fuzzy open in D  we 

show that ( )1T G−
  is fuzzy open in A . Since ∅  and A  are fuzzy open, we may 

suppose that ( )1T G− ≠ ∅  and ( )1T G A− ≠  . 
Let ( )1x GTβ

−∈   then ( )T x Gβ ∈  . Since G  is fuzzy open, then there is 0 1ε< <  
such that ( )( ), GB T xβ ε ⊆  , since T is fuzzy continuous at xβ  by proposition 4.5 for 
this ε  there exist 0 1δ< <  such that ( ) ( )( ) ( )1 1, ,B x T B T x T Gβ βδ ε− − 

 ⊆⊆   . 
Thus, every fuzzy point xβ  of ( )1T G−

  is an interior fuzzy point and so ( )1T G−
  

if a fuzzy open in A . 
Conversely, suppose that ( )1T G−

  is fuzzy open in A  for any fuzzy open G  of 
D . Let x Aα ∈   for each 0 1ε< < , the fuzzy ball ( )( ),B T xα ε  is fuzzy open in A   
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since ( )( )1 ,x T B T xα α ε−  ∈  
  it follows that there exist 0 1δ< <  such that  

( ) ( )( )1, ,B x T B T xα αδ ε−  ⊆  
   by proposition 5.5, it follows that T is fuzzy continuous. 

Theorem 5.7: 
An operator :T A D→   is fuzzy continuous on A  if and only if ( )1T E−

  is fuzzy 
closed in A  for all fuzzy closed E  of D .  

Proof:  
Let E  be a fuzzy closed subset of D  then ED −   is fuzzy open in D  so that 
1 ET D−  − 

  is fuzzy open in A  by theorem 4.6 but ( )1 1T ET D AE− − − = − 
    so 

( )1T E−
  is fuzzy closed in A . 

Conversely, suppose that ( )1T E−
  is fuzzy closed in A  for all fuzzy closed subset 

E  of D . But the empty fuzzy set and the whole space A  are fuzzy closed fuzzy set. 
Then ( )1 EA T −−   is fuzzy open in A  and ( )1 1T ET D AE− − − = − 

    is fuzzy in A . 
Since every fuzzy open subset of D  is of the type ED −  , where E  is suitable fuzzy 
closed fuzzy set, it follows by using theorem 5.6, that T is fuzzy continuous. 

Theorem 5.8: 
Let ( ) , ,AA F ∗



   and ( ) , ,DD F ∗


   and ( ), ,ZZ F ∗


   be three fuzzy length spaces let 
:T A D→   and :S D Z→   be fuzzy continuous operator. Then the composition 

SoT  is a fuzzy continuous operator from A  into Z . 
Proof:  
Let G  be fuzzy open subset of Z . By theorem (5.6), ( )1S G−

  is a fuzzy open sub-
set of D  and another application of the same theorem shows that ( )( )1 1T S G− −

  is a 
fuzzy open subset of A , since ( ) ( ) ( )( )1 1 1SoT T SG G− − −=   it follows from the same 
theorem again that ( SoT ) is a fuzzy continuous.  

Theorem 5.9: 
Let ( ) , ,AA F ∗



   and ( ) , ,DD F ∗


   be two fuzzy length spaces let :T A D→  , then the 
following statements are equivalent.  

(i) T is fuzzy continuous on A . 

(ii) ( ) ( )1 1TE ET − −⊆   For all subset E  of D . 

(iii) ( ) ( )1 1T GT G− −⊆   For all subset G  of A . 

Proof: (i) ⇒ (ii) 

Let E  be a subset of D , since E  is a fuzzy closed subset of D , ( )1T E−
  is fuzzy 

closed in A . Moreover ( ) ( )1 1TE ET − −⊆   and so ( ) ( )1 1TE ET − −⊆  . 

[Recall that ( )1T E−
  is the smallest fuzzy closed fuzzy set containing ( )1T E−

 ]. 
Proof: (ii) ⇒ (iii) 
Let G  be a subset of A , then if ( )E GT=  , we have ( )1G ET −⊆   and 

( )1 EG T −⊆   thus ( ) ( )( ) ( )1T G T T TE E G−⊆ = =   . 

Proof: (iii) ⇒ (i)  
Let S  be a fuzzy closed fuzzy set in D  and fuzzy set ( )1

1S ST − =  . By theorem 
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(4.7), it is sufficient to show that 1S  is a fuzzy closed in A , that is, 11S S=   Now 

( ) ( )( )1
1S S ST T ST −⊆ ⊆ =     so that ( )( ) ( )1 1

1 1
1S S S ST T T− −⊆ ⊆ =    . 

6. Conclusion 

In this research the fuzzy length space of fuzzy points was defined as a generalization of 
the definition of fuzzy norm on ordinary points. Based on the defined fuzzy length, 
most of the properties of the ordinary norm were proved. 
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