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Abstract

The definition of fuzzy length space on fuzzy set in this research was introduced after
the studies and discussion of many properties of this space were proved, and then an
example to illustrate this notion was given. Also the definition of fuzzy convergence,
fuzzy bounded fuzzy set, and fuzzy dense fuzzy set space was introduced, and then
the definition of fuzzy continuous operator was introduced.
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1. Introduction

Zadeh in 1965 [1] introduced the theory of fuzzy sets. Many authors have introduced
the notion of fuzzy norm in different ways [2]-[9]. Cheng and Mordeson in 1994 [10]
defined fuzzy norm on a linear space whose associated fuzzy metric is of Kramosil and
Mickalek type [11] as follows:

The order pair (X , N) is said to be a fuzzy normed space if Xis a linear space and
Nis a fuzzy set on X x [0, OO) satisfying the following conditions for every X,y e X
and S,te[0,00).

(i) N(x,0)=0,forall xeX.

(ii) Forall t>0, N (X,t)Zl ifand onlyif x=0.

(iii) N(ax,t):N[x,f—J,forall a#0 andforall t>0.
a

(iv) Forall s,t>0, N(Xx+Yy,t+s)>N(x,t)AN(y,s) where anb=min{a,b}.

(v) lim_, N(xt)=1.

t—>w
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The definition of continuous #norm was introduced by George and Veeramani in
[12]. Bag and Samanta in [2] modified the definition of Cheng and Mordeson of fuzzy
norm as follows:

The triple (X, N, *) is said to be a fuzzy normed space if Xis a linear space, * isa
continuous £norm and Nis a fuzzy set on X x[0,00) satisfying the following condi-
tions for every X,ye€ X and S,te [O,OO) .

(i) N(x,0)=0,forall xeX .

(ii) Forall t>0, N (X t)=l ifand onlyif x=0.

(i) N (ax,t) [ H] forall a#0.

(iv) Forall s,t>0, N(xt)*N(y,s)<N(x+y,t+s).
(v) For x=0, N(X,‘)Z(0,00)—>[0,1] is continuous.
(vi) lim_, N(xt)=1.

The definition of fuzzy length space is introduced in this research as a modification

t—o0

of the notion of fuzzy normed space due to Bag and Samanta. In Section 1, we recall
basic concepts of fuzzy set and the definition of continuous #norm. Then in Section 2
we define the fuzzy length space on fuzzy set after we give an example; then we prove
that every ordinary norm induces a fuzzy length, and also the definition of fuzzy open
fuzzy ball, fuzzy convergent sequence, fuzzy open fuzzy set, fuzzy Cauchy sequence,
and fuzzy bounded fuzzy set is introduced. In Section 3, we prove other properties of
fuzzy length space. Finally in Section 4, we define a fuzzy continuous operator between
two fuzzy length spaces. Also we prove several properties for fuzzy continuous opera-
tor.

2. Basic Concept about Fuzzy Set

Definition 2.1:

Let X be a classical set of object, called the universal set, whose generic elements are
denoted by x. The membership in a classical subject A of Xis often viewed as a charac-
teritic function u, from X onto {0, 1} such that u, =1 if xe A and g, =0 if
x¢& A, {0, 1} is called a valuation set. If a valuation set is allowed to be real interval [0, 1]
then A is called a fuzzy set which is denoted in this case by A and Uy is the grade of
membership of xin A . Also, it is remarkable that the closer the value of U (X) to 1,
the more belong to A. Clearly, A is a subset of X that has no sharp boundary. The
fuzzy set A is completely characterized by the set of pairs:

A={(X,IUA(X))IX€ X,Os,uA(x)sl} [1].

Definition 2.2:

Suppose that D and B aretwo fuzzy sets in Y. Then
(1) f)gl_smj,uf)( )<yB( )Ver
(i) D= |§<:>,uD( ) B( )Ver
(i) C= DuB@yc(y):yD( Jvus(y) VyeY.
(iv) —AmB@yE(y) ,uD( )/\,ué(y) vyeY.
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V) pge (X)=1-ps(y) VyeY [4].
Definition 2.3:
Suppose that D and B be two fuzzy sets in V=@ and W = respectively

then DxB is afuzzy set whose membership is defined by:
Hes(ab)=us(a)aus(b) V(ab)eVxW [s].

Definition 2.4:

A fuzzy point p in Y is a fuzzy set with single element and is denoted by X, or
(X,a). Two fuzzy points X, and Y, are said to be different if and only if x =y
[11].

Definition 2.5:

Suppose that d; is a fuzzy point and D is a fuzzy set in Y. then d; is said to
belongs to D which is written by d, € Do if us(x)> B [2l.

Definition 2.6:

Suppose that 4 is a function from the set V # & into the set W # . Let D bea
fuzzy setin Wthen h™*(D) isafuzzy setin Vits membership is:

Hii(s) (d)=(usoh)(d) forall din V. Also when E is a fuzzy set in V then h(é)

D

is a fuzzy set in W its membership is given by: ;zh(é)(y):\/{/lI§ (d):de f"l(y)}

when f7(y)=Q and p E.)(y) =0 otherwise [5].

(

Proposition 2.7:

Suppose that h:V —W is a function. Then the image of the fuzzy point d; in V,
is the fuzzy point h(dﬁ) in W with h(d/j) =(h(d),8) [11].

Definition 2.8:

A binary operation *: [0,1]2 —[0,1] is said to be t-norm (or continuous triangular
norm) if Vp,q,t,re [0,1] the conditions are satisfied:

() p*a=p=*q.

(i) p*l=p.

(iii) (p*g)*t=p*(q*t).

(iv)If p<Q and t<r then p*t<q=*r [12].

Examples 2.9:

When p=xq=p.-q and pxq=paq VP,Q 6[0,1] then * is a continuous &
norm [10].

Remark 2.10:

VP > (, there is t such that p*t>(q and for every 1 there is e such that rxr>e,
where p, g, t, rand e belongs to [0, 1] [12].

Definition 2.11:

Let D be a fuzzy set in Zand let 7be a collection of all subset fuzzy setin D . then
( Ij,z') is called a fuzzy topological space on the fuzzy set D if (i) D,ger.

(ii) ﬂin:llii er forany E er, i=12,--n.

(ii) U:;Ei er, for {E. ‘E, ex,i =1,2,---,oo} [10].

Proposition 2.12:
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Let T:A—>D bean arbitrary operator and E C A and C - D . Then
T (E) cC ifandonlyif E gT’l(é) [9].

3. On Fuzzy Length Space

First we introduce the main definition in this paper.

Definition 3.1:

Let X be a linear space over field K and let A be a fuzzy set in X. let * bea
normand F beafuzzy set from A to [0,1] such that:

(FL) (Xa)>0 forall X, e A.

(FL,) F(x,)=1 ifandonlyif X, =0.

Th Th

(FLs) If(cx,a):lf[x,ﬁJ where 0#ceK.
c

(FL) F(x,+Y,)2F(x,)*F(y,)- i

(FLy) F isa continuous fuzzy set forall X,,y,€A and a,f€ [0,1].

Then the triple (A, If,*) is called a fuzzy length space on the fuzzy setA.

Definition 3.2:

Suppose that (f), If,*) is a fuzzy length space on the fuzzy set D then F is con-
tinuous fuzzy set if whenever {(x,,c,)} —>x, in D then F{(x,c,)}—F(x,) that

is lim,_,, F[(X,0c,)]=F(x,)-

Proposition 3.3:

Let (Y ,.) be a normed space, suppose that D be a fuzzy set in Y. Put ||Xa " = "X"
Then (D,.), is a fuzzy normed space.

Proof:

Let X,,Yz€ D and 0#ceK then

1) ||Xa||> 0 forall X, € D.

2) |x[=0&|x|=0ex=0ex,=0.

3) [(ex )] = llex = leflx] =l .-

D x, + vl =l =X+ Iyl = I+ v -

Hence (D,|.]), is a fuzzy normed space.
Example 3.4:
Suppose that (Y , ||||) is a normed space and assume that D is a fuzzy set in Y. Put
= fo
pxq=p-q forall p,qe[01]. Define Fy(x,)=—":.
W

Then (Ij,lfH_H,*) is a fuzzy length space on the fuzzy set D, is called the fuzzy
length induced by || . || .

Proof:

To prove (Ij, IEH-H’*) is a fuzzy length space on the fuzzy set D we must prove the
five conditions of Definition 3.1:

(FL,) Since "X" >0 forall xeX so 'EH-H(Xa) >0 forall xeD,where a>0.

(FL,) It is clear that 'EH-H (x,)=1 foreach >0 ifandonlyif x=0.
(FL,) If 0#£ceK thenforeach xe X,
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If. (cx,a) = @ _ @ zlf' [X,Zl foreach «>0.
! atfox] a+feffx] Ll
T A N
Atlxry] 2+ +yl A+ 2+]y]
a g ~ =
s D ()R
i B W y(¥5)
each Xa,yﬂeA,where /Izmin{a,ﬁ}.

Ry (%1 ¥y) = Ry(x+y,2)=

(FL,) for

(FL;) IfH | (x,) iscontinuous since ”X” is a continuous function.

Hence (lj, 'EH-H‘*) is a fuzzy length space on the fuzzy set D.

Definition 3.5:
Let A be a fuzzy set in X, and assume that (A, If,*) is a fuzzy length space on the
fuzzy SetA. Let B(xa,r)z{yﬂ eA: If(yﬁ, —xm)>(1— p)} So B(X,,p) is said to be

a fuzzy open fuzzy ball of center X_ € A and radius r.

We omitted the proof of the next result since it is clear.

Proposition 3.6:

In the fuzzy length space (AF,*) on the fuzzy setA,Let B(X,,) and
LSJ(Xa, I‘2) with X, € A and 1,1, € (0,1). Then either L5>( ) LS’(X )
B(x,.5) = B(%,1).

Definition 3.7:

The sequence {(Xx,,,)} in a fuzzy length space (A,F,*) on the fuzzy setA is

fuzzy converges to a fuzzy point X, € A if for a glven &, 0<e&<1, then there exists
a positive number Ksuch that F[(x,,,)=X, |>(1-¢)Vn=K.

Definition 3.8:

The sequence {(x,,,)} in a fuzzy length space (A,F,*) on the fuzzy setA is
fuzzy converges to a fuzzy point X, € A if lim, , F [(X00¢,) =%, |=1.

Theorem 3.9:

The two Definitions 3.8 and 3.7 are equivalent.

Proof:

Let the sequence {(Xn,ocn)} is fuzzy converges to a fuzzy point X, € A, then for a
given 0<e<1 then there is a number K with F[(x,,)-X ] (1-r) for all
n>K, and hence 1- If[(xn,ocn)—xa]< r . Therefore F[ %) xa]—>1 when
n—oo.

To prove the converse, let F[(x,,oc,)—X, | >1 when n—o.

Hence when 0<¢ <1, thereis K'such that 1-F[(x,,oc,)—x, [<r Yn>K.

So F[(X,.¢,)—X, |>(1-r) vn=K. Therefore {(x,,c,)}—> X, by Definition 3.7.
[

Lemma 3.10:

Suppose that (AF,x) is a fuzzy length space on the fuzzy setA . Then
If(xa - yﬂ): If(y/} - Xa) forany X,,Y;€A.

Proof:

Let X,,Y, €A, then F(x,—Y,)=F((x-y).t) where t=anp
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MR At

Lemma 3.11:
If (A, If,*) is a fuzzy length space. Then,
(a) The operator (xa, y /,) — X, +Y, Iscontinuous.
(b) The operator (r, Xa) —IX, is continuous.
Proof:
If {(x,,c,)}—>x%, and {(y,.5,)} >V, as n—>oo then
F (I:(Xn7ocn)+ ynlﬂn]_(xa + yﬁ))
> F[(X,0,) = X, | * If[(yn,ﬂn)— yﬁ] =1x1=1
Hence the operator addition is continuous function.
Nowif {(x,,,)}—>x,,and [, >T and ,#0 then
lim,_,,, F 1 (X,0,)-rx, |
=lim, ., F[(r,,,)=rx, |

=lim, ,, F[(r%,,0,) =X, +1,X, — 1%, |

n“n?

=lim, ., Fr, (% =X,,oc,)+ X, (r,=1)]

2Iimn_mlf{xn—x T |}dlm I{X’harJZl*l:l

And this proves (b).
Definition 3.12:
Suppose that (A F *) is a fuzzy length space and D C A then D is called fuzzy

open if for every yﬁ €D there is B(yﬁ q) cD. A subset EcA is called fuzzy
closed if E®=A—E is fuzzy open.

The proof of the following theorem is easy and so is omitted.

Theorem 3.13:

Any B(y,,q) inafuzzylength space (AF,+) isa fuzzy open.

Definition 3.14:

Suppose that (A, If,*) isa fuzzy:length space, and assume that D - A. Then the
fuzzy closure of D is denoted by D or FC(D) and is defined by D is the smal-
lest fuzzy closed fuzzy set that contains D .

Definition 3.15:

Suppose that (A, If,*) isa fuzz_X lerlgth space, and assume that Dc A. Then
is said to be fuzzy densein A if D=A or FC(D)=A.

Lemma 3.16:

lwh

Suppose that (A F,x) is a fuzzy length space, and assume that Dc A, Then
d, €D ifand only if we can find {(d,,c,)} in D such that (d,,oc,)—>d,.

Proof:

Let d, e 5, if d,eD then we take the sequence of fuzzy points of the type

(d,.d,.-d,).If d, D, we construct the sequence of fuzzy points (d,,x,)e D as
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follows: F [ -d ] (1——j for each neN.

1 3
The fuzzy ball B(d“'HJ contains (dn,ocn)eD and (d,,c,)—>d, since

lim, .. F[(d,,oc,)—d, ]=1.

Conversely assume that (d,,oc,)eD and (d,oc,)—>d, then d,eD or the
fuzzy open fuzzy ball of d, contains (dy,oc,) with (d,,oc,)#d,,s0 d, isa fuzzy
limit fuzzy point of D .Hence d, eD.

4. Other Properties of Fuzzy Length on Fuzzy Set

Theorem 4.1:

Suppose that (A,If,*) is a fuzzy length space and let that DC A, then D ~is fuzzy
dense in A if and only if for any a,€A we can find dyeD with
Fla,-d,|=(1-¢) forsome 0<e<1.

Proof:

Let D be a fuzzy dense in A, and a, €A so a, e D then using 3.16 we can
find {(d,,c,)jeD with F[(d,c,)-a,]>(1-¢) for all n>K . Take
dy=(d,c), Fld,—a,]>(1-¢).

To prove the converse, we must prove that AC D. Let a, €A then there is

(dj,ocj)elj such that If[(dj,ocj)—an>[l—%j , where jeN . Now take

1 .
O<é&<1 suchthat —<¢ foreach =K. Hence we have a sequence of fuzzy points

]
d.,oc. )leD such that F|(d.,«, -a, |> l—l_ >(l-¢) for all j>K that is
% i i ( )

(dj.c;)—>a, so a eD. m

Definition 4.2:

Suppose that (A, If,*) is a fuzzy length space. A sequence of fuzzy points
{(X,,0,)} s said to be a fuzzy Cauchy if for any given £,0<& <1, there is a positive
number K'such that F[(x,,oc,) = (Xy,%,)]>(1-¢) forall nm=>K.

Theorem 4.3:

If {(x,,c,)} is a sequence in a fuzzy length space (A,If,*) with (X,,¢,) = X,
then {(x,,oc,)} is fuzzy Cauchy.

Proof:
If {(X,,0c,)} isasequence in a fuzzy length space (A,F,*) with (Xy:¢,) = X, . So
for any £,0<&<1 there is an integer K such that F[(x,,,)—-X,|>(1-¢) for all

n > K. Now by Remark 2.10 there is (1— I‘) € (0,1) such that (1— e) (1— .9) (1— r) .
Now for each M, j> K, we have

If[(xm,ocm) (Xj,ocj)}>F[ ) xa]*lf[xa—(xj,ocjﬂ
>(1-¢)*(1-¢)>(1-r)

OALIib Journal
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Hence {(x,,,)} isfuzzy Cauchy. m

Definition 4.4:

Suppose that {( X1y G, )} is a sequence in a fuzzy length space (A, If,*) let (N, ) bea
sequence of positive numbers such that N, <N, <N, <:--<N, <---, then the sequence
{(Xnk oo )} of fuzzy points is said to be a subsequence of {(x,,oc, )}

Theorem 4.5:

Suppose that {(x,,c,)} isa sequence in a fuzzy length space (A, F *) if it is fuzzy
converges to X, €A then every subsequence {(X,,oc, )} of {(xn, n)} is fuzzy
converges to X, .

Proof:

Let {(x,.o,)} be a sequence of fuzzy points in (AF,*) fuzzy converges to X,
then lim,_ F[(x,<,)=X,|=1. But {(x,,0,)} is fuzzy Cauchy by Theorem (4.3)
hence, limF[(x,,,)- (x «,)]=1 as n—>o and M- x.Now

If[(xnk, x]>F[ 2 OC n)]*lf[(xn,ocn)_xa],

Taking the limit to both sidesas n— oo we get

m,_. 'EI:(Xnk'Oan - :I
2Iimn%ooF~|:(Xnklocnk n! n):l*llm I: n? n)_xa’]
>1*x1=1

n? n

Hence, {(X,,o,)} fuzzy converges to X,, since {(X,,o, )} Wwas an arbitrary
subsequence of {(Xn,ocn)}. Therefore all subsequence {(xnk,ocnk)} of {(Xn,ocn)} is
fuzzy convergesto X, .

Proposition 4.6:

Let {(x oc )} be a fuzzy Cauchy sequence in a fuzzy length space (A F *) con-
tains a {(X o )} such that {(X o )}—) X, then {(x,,oc,)} fuzzy converges to

e Fng n N
X, .

Proof:

Assume that {(x,,oc,)} is a fuzzy Cauchy sequence in ( F.+). So for all ¢,
O<e<1 there is an integer K such that F[( - O :|> ) whenever
m,j>K . Let {(an,ocnj )} be a subsequence of {(xn, ") ( n; %0, ) LIt

follows that If[(xnj /%, )—an—>1 whenever N; — . Since (N;) is increasing se-

quence of positive integers. Now

Pt = Ot )12 B 0= (1, 0, )2 B (70, ) = 060
>F[xa—(xn, o )J (1-¢)

Letting m—> oo, wehave F[x,—(x,,,)]21*(1-¢)=(1-¢).

Hence, the sequence {( Xns®p )} it fuzzy convergesto X, .

Definition 4.7:

Suppose that (A, If,*) is a fuzzy length space and Dc A.Then D is said to be
fuzzy bounded if we can find ¢, 0< <1 1 such that, F (Xa) > (1— q) VX, € A.

OALib Journal
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Lemma 4.8:

Assume that (A F,x) is a fuzzy length space. If a sequence {(x,oc,)} with
(Xn ,OC, ) —> X, then it is fuzzy bounded and its fuzzy limit is unique.

Proof:

Let (Xn,ocn ) —> X, , that is for a given r > 0 then we can find K with
F[(X,) =X, |>(1-r) forall n>K.

Put t=min{F[(x,c;) =X, | F[ (%%, )= X, |, F[ (X006 ) = X, ]} -

Using Remark 2.10 we can find 0<e <1 with '[*(1— I’) > (1— 8) .Now for n>K

F(X0) =%, |2 F[(X000) = (X000 ) ] * F [ (Xeroe6 ) = X, |

>tx(1-r)>(1-¢).

Hence (Xn,OCn) is fuzzy bounded in (A, If,*).

Suppose that (Xn,ocn)—> X, and (Xn,ocn)—> Y. Therefore
lim, .. F[(X,,) =%, ]=1 and lim __ F[(x,%,)-Y,|=1.Now
F[X. =¥, |2 F[ X, —(%,%,)]*F[ (X))~ ¥, |- By taking the limit to both sides, as
n—ow, F[x,—y,|>1¥1=1.50 F[x,-y,|=1,hence X, =Y.

Definition 4.9:

Suppose that (A, If,*) is a fuzzy length space on the fuzzy set A. Then
B[x,,q] ={yﬂ cA: If[xa - yﬁ] > (1—q)} is said to be a fuzzy closed fuzzy ball with
center X, € A andradius ¢ 0<q<1.

The proof of the following lemma is clear and hence is omitted.

Lemma 4.10:

Any B[X,,q] in a fuzzy length space (AF,x) isa fuzzy closed fuzzy set.

Theorem 4.11:

A fuzzy length space (A,F,*) is a fuzzy topological space.

Proof:

Suppose that (A,F,*) is a fuzzy length space. Put 7, ={Dc A:x,eD} if and
only if there is O0<r<1 such that E(Xa, r) eD. we prove that 7. is a fuzzy topol-
ogyon A.

(i) Clear that ¢ and Ae T:.

(ii) let Ijl, Ijz,m, |~jn €7 and put V= ﬂ?zlljj . We will show that V e Tz, let
a, €V then a,eD; for each 1<j<n. Hence there is 0<(;<1 such that
é(aa,qj)g D,. Put q= min{qj 1< j< n} so <(; for all 1<j<n, this implies
that (1-q)=(1-q;) for all 1<j<n. Therefore, E(aa,qj)gﬂr;zlf)j =V , thus
Ver:.

(iii) Let ~{If)j fje I}ez'F- .put U :Ujel D, . We will show that U €7:.Let by, eU,
then byeD; for some jel, since D;er; then there exists 0<(<1 such that
B(b,.p)< D;, Hence B(b,,p)c D, =J,.,D; =U . This prove that U ez, . Hence,
(A, If,*) is a fuzzy topological space. 7: is called the fuzzy topology induced by F.

Definition 4.12:

A fuzzy length space (A,If,*) is said to be a fuzzy Hausdorff space if for any
Xy1Y 5 € A such that X, # Y, we can find B(X,,r) and B(y,.t) for some O<r<1
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and 0<t<1 suchthat B(x,r)n é(yﬂ,t) =.

Theorem 4.13:

Every fuzzy length space (A,F,*) is a fuzzy Hausdorff space.

Proof:

Assume that (A,F,x) isa fuzzy length space and let X,, ¥, € A with x, #Y 5

Put If[xa - yﬂ]z p, for some 0< p<1. Then for each s, 0<s<1, we can find ¢
such that 4*Q=>S by Remark 2.10. Now consider the two fuzzy open fuzzy balls
B(x,,1-0) and B(y,1-q). Then B(x,1-q)nB(y,1-q)=@ Since if there
exists z; € B(x,,1-q)nB(y,,1-q). Then

p=F[x,—Vy, |2F[x,-2,]*F[z, -y, |>q*g=s>p

is a contradiction, hence (A, E, *) is a fuzzy Hausdorff space.

5. Fuzzy Continuous Operators on Fuzzy Length Spaces

In this section, we will suppose A is fuzzy set of Xand D be fuzzy set of ¥ where X
and Yare vector space.

Definition 5.1:

Let (A, IEA,*) z}nd ~( Ij,l%,*) be two fuzzy length space on fuzzy set A and D
respectively, let E C A then The operator T:E — D is said to be fuzzy continuous
at a, € E, if for every O0<e<1 thereexist 0<d <1 such that
Fs [T (Xﬂ)—T (aa)J >(1-¢) whenever X, e E satisfying Fa(x,-a,)>(1-0). 1T
is fuzzy continuous at every fuzzy point of E, then 7'it is said to be fuzzy continuous
on E.

Theorem 5.2:

Let (A, IEA,*) and (f), If[-),*) be two fuzzy length space, let Ec A. The operator
T:E— D isfuzzy continuous at @, € E if and only if whenever a sequence of fuzzy
points {(Xn,an )} in E fuzzy converge to a,, then the sequence of fuzzy points
{(T (%), )} fuzzy convergesto T(a, ).

Proof:

Suppose that the operator T:E — D is fuzzy continuous at a, € E and let
{(Xn,ozn )} be a sequence in E fuzzy converge to a,. Let 0<g<1 be given. By
fuzzy continuity of 7"at a,, then there exists 0<¢ <1 such that whenever X; €E
and IEA (Xﬁ - aa) > (1—5) , implies IfIj [T (Xﬁ)—T (aa )} > (1—5) . Since (Xn,a’n) —>a,
then we can find Kwith n>K such that If/1 [(Xn (o) — aa] >(1-6). Therefore when

n>K implies Fg [T (X a,)-T (aa)] >(1-¢). Thus T(X,2,)—>T(a,).

Conversely, assume that every sequence {(X,,a,)} in E fuzzy converging to a,
has the property that T (Xn,an)—>T (aa). Suppose that T'is not fuzzy continuous at
a,. Then there is 0<e& <1 and for which no &, 0<6 <1 can satisfy the require-
ment that X, € E and IEA[Xﬁ — aa] >(1-0) implies Fj [T (xﬁ)—T (a, )J >(1-¢).
This means that for every 6,0<6 <1 there exists X, € E such that

IEA[Xﬂ —an >(1-05) but Fy [T (Xﬁ)—T (a, )J <(1-¢). For every neK, there exist
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(X, a,) € E such that F, [ ] (1——) but

Fs [T (%,2,)-T(a, )] <(1-¢). The sequence {(x,,a,)} fuzzy convergesto a, but

the sequence {T (X, )} does not fuzzy converge to (a,). This contradicts the as-
sumption that every sequence {(Xn,an )} in E fuzzy converging to a, has the
property that T (Xn,an ) ->T (aa ) Therefore the assumption that 7"is not fuzzy con-
tinuous at a, must be false.

Definition 5.3:

Let ( A, FA, ) and ( D, FD, ) be two fuzzy length spaces let E C A and let
T:E > D the fuzzy point a, is a fuzzy limit of E written by lim, ., T (Xﬂ) =b,
whenever b, e D ifforevery O<s<1 thereis 0<& <1 such that
Fo[T(x:)-b,]>(1-2) when x, cE and F,[x,-a,]>(1-5).

Proposition 5.4:

Let ( A, FA, ) and ( D, FD, ) be two fuzzy length spaces, let E C A and
T:E — D. Suppose that a, is fuzzy limit fuzzy point of E . Then
lim, ., T (xﬂ) =b, if and only if for every sequence {(Xn,otn )} in E such that
(X, ,)#a, and (X, a,)—>a,.

Proof: the argument is similar that of Theorem (5.3) and therefore is not included.

Proposition 5.5:

] Al
( D, FD, ) is fuzzy continuous at the fuzzy point a, € A if and only if for every
0<e<1 thereexist 0<d <1 such that é(aa,ﬁ) gT_l[é(aa,g)]

Proof: the operator T:A— D is fuzzy continuous at @, € A if and only if for
every 0<eg <1l there exist 0 <6 <1 such that IEE-) [T (Xﬁ)—T (a, )J >(1-¢) for all
X; satisfying Fs [Xé - an >(1-0) ie x,eB(a,,0) implies T (xﬁ)e B(T(a,) )
or T [B (aa , 5)} cB (T (aa ) , 8) this is equivalent to the condition
E(aa,é)gT’l[B(T (aa),g)J .

Theorem 5.6:

An operator T:A— D is fuzzy continuous if and only if T (G) is fuzzy open in

A for all fuzzy open G of D where (A F, ) and (

1 LAY

An operator T of the fuzzy length space (A F, ) into a fuzzy length space

are fuzzy length
space.
Proof:

Suppose that T is fuzzy continuous operator and let be fuzzy open in D we

G
show that T’l(é) is fuzzy open in A.Since @ and A
suppose that T’l(é) #J and T’l(é) #A.

Let X, eT™ (é) then T (Xﬁ) €G.Since G is fuzzy open, then thereis 0<e&<1
such that E(T (X ﬁ.),g) < G, since T'is fuzzy continuous at X, by proposition 4.5 for
this & thereexist 0<8 <1 such that E(Xﬂ,é‘)T_l c [B(T (Xﬁ),gﬂ cT™ (G)

Thus, every fuzzy point X; of T’l(G) is an interior fuzzy point and so T G)

are fuzzy open, we may

ifa fuzzy openin A.
Conversely, suppose that T’l(é) is fuzzy open in A for any fuzzy open G of

D. Let X, € A for each 0<e&<1, the fuzzy ball Ig(T (Xa),g) is fuzzy open in A
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since x, eT™ [LS) (T (%,), 5)] it follows that there exist 0 <& <1 such that
B(x,,8)cT™ [EN', (T(x,), g)] by proposition 5.5, it follows that 7'is fuzzy continuous.

Theorem 5.7:

An operator T:A— D is fuzzy continuous on A if and only if Til(E) is fuzzy
closedin A for all fuzzy closed E of D.

Proof:

Let E be a fuzzy closed subset of D then D—E is fuzzy open in D
T" ED— E} is fuzzy open in A by theorem 4.6 but T~ [D— EJ -T"
T
Conversely, suppose that Til(E) is fuzzy closed in

so that
(E) so

for all fuzzy closed subset

E) is fuzzy closed in A.

A
E of D.But the empty fuzzy set and the whole space A are fuzzy closed fuzzy set.
Then A—T’l(ﬁ) is fuzzy open in A and T [D EJ A-T- (E) is fuzzy in A.
Since every fuzzy open subset of D is of the type D—E, where E is suitable fuzzy
closed fuzzy set, it follows by using theorem 5.6, that T'is fuzzy continuous.

Theorem 5.8:

Let (A, FA, ) and ( D, FD, ) and (Z, FZ, ) be three fuzzy length spaces let
T:A>D and S:D—Z be fuzzy continuous operator. Then the composition
SoT is a fuzzy continuous operator from A into Z.

Proof:

Let G be fuzzy open subset of Z. By theorem (5.6), S~ (G) is a fuzzy open sub-
set of D and another application of the same theorem shows that T (S é)) is a
fuzzy open subset of A, since (SoT )_1 (G) =T’1(S’l (G)) it follows from the same
theorem again that ( SOT ) is a fuzzy continuous.

Theorem 5.9:

Let (A, FA, ) and ( Fs, ) be two fuzzy length spaces let T: A— D, then the
following statements are equivalent.

(i) Tis fuzzy continuouson A.

Gi) T ( )CT_l(E) Forall subset E of D.

(iii) T ( )CT_l (G) For all subset G of A.
Proof: (i) = (ii)

Let E beasubsetof D,since E isa fuzzy closed subset of D, T_I(E) is fuzzy

closedin A . Moreover T_l(E)gT_l(E) and so T_I(E)QT_l(E).

[Recall that T ( E) is the smallest fuzzy closed fuzzy set containing T ( E) 1.
Proof: (ii) = (iii)

Let G be a subset of A, then if EzT(G), we have GgT’l(E) and

GT(E) thus T(é)gT(T’l(E))= E=T(G).
Proof: (iii) = (i) )

Let S be a fuzzy closed fuzzy set in D and fuzzy set T’l(S~ ) =S,. By theorem
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(4.7), it is sufficient to show that §1 is a fuzzy closed in A, that is, S,=S, Now

T(Sl)gT(T’l(g))gstzsj so that STlgT’l(T(STl))gT’l(S~):S~1.

6. Conclusion

In this research the fuzzy length space of fuzzy points was defined as a generalization of

the definition of fuzzy norm on ordinary points. Based on the defined fuzzy length,

most of the properties of the ordinary norm were proved.
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