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Abstract 
Investment decision is a traditional multi-attribute decision making (MADM) prob-
lem since it has many uncertainty factors and incomplete information such as in-
vestment value, cost, sales, etc. D numbers theory is a useful tool to deal with uncer-
tainty factors and incomplete information. In this paper, interval number and D 
numbers theory are revealed in the uncertain factor and incomplete information of 
investment decision. The weights of uncertain factors are calculated using entropy 
weight method. Thus, a new MADM model for investment decision based on D 
numbers theory is proposed. Numerical example is used to illustrate the efficiency of 
the proposed method. 
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1. Introduction 

The aim of investment decision is to make maximize gains and minimize risk under 
uncertain environment. Variance portfolio model was a powerful tool to handle in-
vestment decision and established by Markowitzin in 1952 [1] [2], which marked the 
beginning of the model securities portfolio investment theory. This model, Markowitz’s 
Portfolio theory [3] [4] [5] [6], was modified by Sharpes Capital Asset Pricing model [7] 
[8] and Rosss Arbitrage Pricing theory [9] [10] [11], then it was used to solve the in-
vestment decision making problem. In these methods, the factor of investment decision 
is usually represented by real numbers. However, indeed, the investment decision 
making is relative to many criteria, which are uncertainty. Investment decision making 
can be seen as a MADM problem. MADM has been studied by many researchers [12] 
[13] [14] [15] [16]. For MADM, two problems are key issues. One is that how to 
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represent uncertain factors and another is how to fuse these uncertain factors. Many 
methods are applied to reveal uncertainty factors such as fuzzy set method [17], rough 
set method [18], probability method [19] [20] and interval numbers [21] [22]. The in-
terval number is an effective way to solve the problem of uncertainty since its value 
range is bigger than real number, and that has simple forms. Thus, the interval num-
bers represented kinds of uncertain factors for investment decision making [23] [24]. 
For the second problem, Dempster-Shafer (D-S) theory was a useful tool to handle it. 
D-S theory was first proposed by Dempster in 1967, which was further developed by 
Shafer in 1976. The basic probability assignment (BPA) in Dempster-Shafer (D-S) 
theory represents the information of both certain or uncertain. Furthermore, the 
Depmster’s combination rule can combine multiple BPAs. Thus, Dempster-Shafer 
theory of evidence has been widely used in multiple criteria decision making [25]-[30]. 
However, D-S theory has some drawback, such as the completeness constraint and ex-
clusiveness hypothesis [31]. As improved D-S theory, D numbers theory is proposed in 
references [31] [32]. D numbers theory removes some strong hypotheses from Demp-
ster-Shafer theory of evidence. It enables the D numbers theory more powerful in deal-
ing with uncertainty as well as incompleteness. In D numbers theory, the elements may 
be compatible. Meanwhile, framework may be incomplete. D numbers theory is a po-
werful tool to handle incomplete and uncertainty information. Thus, D numbers theory 
is applied into many fields, such as environmental impact assessment [33] [34], bridge 
condition assessment [35] and curtain grouting efficiency assessment [36]. Our goal is 
to handle investment decision problem using D numbers method. In this paper, the 
uncertain information of investment decision is revealed using interval number and D 
numbers theory. Meanwhile, the weights of uncertain factors are calculated using entropy 
weight method. Thus, a new MADM model for investment decision is proposed. The 
paper is organized as follows. The preliminaries of interval number, D numbers theory 
and entropy weight method are introduced in Section 2. The proposed method and an 
illustrative example are given in Section 3. Some conclusions are drawn in Section 4. 

2. Preliminaries 
2.1. Interval Number Method 

Interval number is actual a collection of all real numbers on a closed interval. Interval 
number represents a kind of uncertainty, and it has a great potential for application in 
different fields, such as establish fuzzy portfolio model and multi-objective portfolio 
model [37] [38]. An interval number is denoted as x , which is defined as follows [37]. 

Definition 2.1. If Ux  is the upper bound of the range, Lx  is the lower range, we 
have: 

{ }, | , ,L U L U L Ux x x a x a x x x R = = ≤ ≤ ∈                  (1) 

Especially, the interval number x  is a real number when L Ux x= . 
For two interval numbers, ,L Ux x x =    and ,L Uy y y =   , they are some proper-

ties as follows, 
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1) x y=   if L Lx y=  and U Ux y= . 
2) ,L L U Ux y x y x y + = + +   . 

3) ,L Ux x xλ λ λ =   , and when 0λ = , 0xλ = . 
The interval decision matrix is key factors for investment decision. The interval deci-

sion is defined as below. 
Definition 2.2. A decision matrix ( )ijA a=  is composed of interval number ,L Ua a  , 

where 

( )
2

L U

ij

a a
a

+
=                           (2) 

In investment decision, the attributes can be divided into two types: benefit type and 
cost type. For example, profit is benefit type, while risk is cost type. To eliminate the in-
fluence of different physical dimension for the decision result, the standardized original 
decision matrix is denoted as ( )ijR r= , where ijr  is defined as below, 

( ) [ ] 1, 1, 2,3, , ,
max

ij
ij

iji

a
r i n j I

a
= = ∈                  (3) 

or 

( ) [ ] 2

min
, 1,2,3, , ,ij

ij
ij

a
r i n j I

a
= = ∈                  (4) 

where 1I  belongs benefit type, while 2I  belongs cost type. 

2.2. D Numbers Theory 

D numbers theory is proposed by Deng [31], which is the development of Dempster- 
Shafer theory of evidence. It is brief introduced as follows, 

Definition 2.3. Let Ω  be a finite nonempty set, D number is a mapping D: 
[ ]0,1Ω→ , it satisfied with 

( ) ( )1 and 0
B

D B D φ
⊂Ω

≤ =∑                       (5) 

where φ  is an empty set and B is a subset of Ω . From the definition, the elements of 
D numbers do not mutually exclusive and the sum of assessment can be less than one. 

Definition 2.4. For a discrete set ( )1 2 3, , , , nb b b bΩ =  , where ib  belongs to N +  
and i jb b≠  if i j≠ , for any 0iv ≥  and 1 1n

ii v
=

≤∑ , a special form of D numbers can 
be expressed by: 

( )
( )
( )

( )

1 1

2 2

3 3

n n

D b v

D b v

D b v

D b v

=

=

=

=



 

or be represented simply as: 
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( ) ( ) ( ) ( ){ }1 1 2 2 3 3, , , , , , , ,n nD b v b v b v b v=   

An example is given to describe the D numbers. For MADM, the set of { }1 2 3, ,a a a  is 
a frame of discernment. The assessment score belong the interval [ ]0,100 , an expert 
gives his evaluation in the frame of Dempster-Shafer theory, it is shown as below: 

( )2 0.1m a =  
( )3 0.7m a =  

( )1 2 3, , 0.2m a a a =  

where [ ]1 1, 20a = , [ ]2 21,64a = , [ ]3 65,100a = . The sum of im  equals to one, i.e., it 
means that information is complete. However, for another assessment, which is denoted 
as { }1 2 3, ,b b b . Some information is incomplete since an expert has not full realization 
for this assessment [31]. Thus, the assessment is given as follows by D numbers method: 

( )2 0.1D b =  

( )3 0.6D b =  

( )1 2 3, , 0.2D b b b =  

where [ ]1 1, 25b = , [ ]2 20,70b = , [ ]3 60,100b = , The set of { }1 2 3, ,b b b  are not a frame 
of discernment actually because the intersection between these elements is not empty. 
The sum value of iD  equals to 0.9, i.e. the information is incomplete. Some rules of D 
numbers theory are given as follows [31]. 

Definition 2.5. For a given D numbers, the overall assessment is defined as: 

( )
1

n

i i
i

I D b v
=

= ∑                             (6) 

In Dempster-Shafer theory of evidence, two BPAs can be fused into a BPA. Similarity, 
in D numbers method, the fusing rules of two D numbers have been proposed [31]. It is 
defined as below, 

Definition 2.6. Let 1D  and 2D  be two D numbers, 

( ) ( ) ( ) ( ){ }1 1 1 1 1 1 1 1
1 1 1 2 2 3 3, , , , , , , ,n nD b v b v b v b v=   

( ) ( ) ( ) ( ){ }2 2 2 2 2 2 2 2
2 1 1 2 2 3 3, , , , , , , ,n nD b v b v b v b v=   

The combination of 1D  and 2D  denoted by 1 2D D D= ⊕ , we have: 

( )D b v=                              (7) 

with 

( )1 1

2
i jb b

b
+

=                            (8) 

( )1 1

2
i jv v

v
C

+
=

×
                           (9) 

where: 
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1 2
1 2

1 1 1 1

1 2 1 2
1 2

1 1 1 1 1

1 2 1 2
1 2

1 1 1 1 1

1

1 and 1;
2

1 and 1;
2 2

1 and 1;
2 2

 
m n n n

i j
i j

j i i j

m n m n n
i j c j

i j
j i j i j

m n n n n
i j i c

i j
j i i i j

i

v v
v v

v v v v
v v

C
v v v v v v

v v

= = = =

= = = = =

= = = = =

 +
= =  

 
   + +

+ < =      
   =
 +  +

+ = <       

+

∑∑ ∑ ∑

∑∑ ∑ ∑ ∑

∑∑ ∑ ∑ ∑
2 1 2 1 2

1 2

1 1 1 1 1 1
1 and 1;

2 2 2
 

m n m n n n
j c j i c

i j
j i j i i j

v v v v v v
= = = = = =












    +  + + + < =             
∑∑ ∑ ∑ ∑ ∑

 

where 1 1

1
1

n

c i
i

v v
=

= −∑  and 2 2

1
1

m

c j
j

v v
=

= −∑ . 

2.3. Interval Numbers Decision Based on Entropy Weight 

According to the basic principle of information theory, information is the orderly degree 
of a measurement system. The entropy is a measurement of disorder degree in a system. 
The absolute value of them is equal, while their symbol is inverse. Therefore, many 
scholars use Entropy weight method to measure the weight. The smaller information 
entropy is, the higher weight is [8] [9]. Entropy weight method is introduced as below. 

Definition 2.7. For MADM, any solution set ( )1 2, , , nX x x x=  , ( )1 2, , , nU u u u=   
is a property set. Information entropy is defined as: 

1

1 ln
ln

n

i i
i

E x x
n =

= − ∑                          (10) 

Using the formula (2) (3) (4), we have the standardized matrix ( )ijR r= . The matrix 

( )ijR r=  is normalized as ijR r
∗ ∗ =  

 
, where 

1

ij
ij n

ij
i

r
r

r
=

∗
=
∑

                             (11) 

Then, attribute ju  has information entropy 

1

1 ln
ln

n

j ij ij
i

E r r
n

∗ ∗

=

= − ∑                         (12) 

Specially, we have: ln 0ij ijr r
∗ ∗

=  when 0.ijr
∗
=  

According to information entropy, the attribute’s weight vector can be calculated as 
follows, 

( )1 2, , , nω ω ω ω=   

with 

( )
1

1

1

j
j m

k
k

E

E
ω

=

−
=

−∑
                           (13) 
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The comprehensive attribute values can be obtained as below, 

1

m

i j ij
j

z rω
=

= ∑                              (14) 

According to the value of iz , the rank of investment decision is given. Finally, the 
MADM problem is solved according to the ranking. 

3. Proposed Method 
3.1. A New MADA Based on D Numbers Methods 

In this section, a new MADA model for investment project is proposed. In this model, 
firstly, the uncertain information of investment decision is represented by using inter-
val number and D numbers theory. The uncertain information is given as follows, 

( )T
1 2, , , nA D D D=   

where 

( ) ( )1 1
1 1 1, , , , , ,i iL UL U

i i iD a a v a a v  =                     (15) 

where ,i iL U
i ia a    is an interval number, iv  is real number for the interval number of  

the uncertainty information. We have: 0 1iv< <  and 1i
i

v ≤∑ . According to Equa-  

tion (2), the decision matrix of uncertainty factors A is obtained. Secondly, using Equa-
tion (6), the corresponding matrix is obtained. Considering type of factors, the corres-
ponding matrix must change into the standard matrix R. Thus, the standard matrix R is 
obtained according to Equations (3), (4) and (11) at third step. Lastly, the weights of 
uncertainty factors are calculated by using entropy weight method. According to Equa-
tion (14), the value of each decision is calculated. So, we make decision according to the 
value of each decision. 

3.2. A Numerical Example 

In this section, a numerical example is introduced for describing the proposed method. 
Supposing for promoting a new product, a company plans to choose a project from the 
four investment projects. These investment projects are denoted as 1A , 2A , 3A  and 

4A , respectively. Four attributes are considered in evaluating the four choices, they are 
amount investment (million dollar) denoted as 1u , the expected net present value (mil-
lion dollar) denoted as 2u , the risk profit value (million dollar) denoted as 3u  and the 
risk loss value (million dollar) denoted as 4u . In uncertainty theory, uncertain factors 
in many fields is determined by expert assessment measures. Then the company invites 
ten experts to give the assessments. In many previous studies, ib  is a definite value, but 
in the study of uncertain information, mostly is blurred, so using interval number to re- 
present by ib . In D numbers, the value of iv  is depended on the percent of experts who 
agree with ib . For example, for the attribute 1u  in investment project 1A , seven ex-
perts think that the value of it is [ ]5.00,5.40  and two experts think that is [ ]5.20,5.50 . 
Another one don’t give any value. So we have [ ]( ) [ ]( )( )1 5.00,5.40 ,0.7 , 5.20,5.50 ,0.2u = . 
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Similarly, all assessment are given by the combination of interval number and D num-
bers, which are shown as below, 

[ ]1 2 3 4A A A A  
where 

[ ]( ) [ ]( ){ }
[ ]( ) [ ]( ){ }
[ ]( ) [ ]( ){ }
[ ]( ) [ ]( ){ }

1

5.00,5.40 ,0.7 , 5.20,5.50 ,0.2

4.80,5.20 ,0.7 , 5.00,5.60 ,0.3

4.72,4.74 ,0.9 , 4.73,4.77 ,0.1

0.45,0.47 ,0.6 , 0.44,0.46 ,0.4

A

 
 
 
 =  
 
 
  

 

[ ]( ) [ ]( ) [ ]( ){ }
[ ]( ) [ ]( ){ }
[ ]( ) [ ]( ){ }

[ ]( ) [ ]( ) [ ]( ){ }

2

10.02,10.10 ,0.6 , 10.08,10.12 ,0.3 , 10.10,10.12 ,0.1

6.50,6.90 ,0.8 , 6.60,6.70 ,0.1

5.70,5.74 ,0.9 , 5.72,5.76 ,0.1

1.58,1.62 ,0.8 , 1.59,1.63 ,0.1 , 1.60,1.64 ,0.1

A

 
 
 
 =  
 
 
  

 

[ ]( ) [ ]( ){ }
[ ]( ) [ ]( ) [ ]( ){ }
[ ]( ) [ ]( ) [ ]( ){ }

[ ]( ) [ ]( ){ }

3

5.20,5.30 ,0.9 , 5.30,5.40 ,0.1

4.00,4.40 ,0.8 , 4.20,4.40 ,0.1 , 4.30,4.50 ,0.1

3.80,3.84 ,0.7 , 3.84,3.86 ,0.2 , 3.86,3.88 ,0.1

0.47,0.49 ,0.8 , 0.48,0.52 ,0.2

A

 
 
 
 
 
 

 

=




 

[ ]( ) [ ]( ){ }
[ ]( ) [ ]( ){ }

[ ]( ) [ ]( ) [ ]( ){ }
[ ]( ) [ ]( ){ }

4

9.60,9.80 ,0.7 , 9.70,9.90 ,0.3

5.00,5.40 ,0.9 , 5.20,5.62 ,0.1

5.45,5.55 ,0.7 , 5.50,5.54 ,0.1 , 5.52,5.58 ,0.1

1.30,1.40 ,0.7 , 1.36,1.42 ,0.2

A

 
 
 
 
 
 
 
 

=



 

For calculating the weight of each attribute, the process can be divided into four 
steps. 

Step 1. Using the formula: 
( )

2

L U

ij

a a
a

+
= , all the assessment are given by D num-

bers and shown as follows, 

( ) ( ){ }
( ) ( ){ }
( ) ( ){ }
( ) ( ){ }

1

5.20,0.7 , 5.35,0.2

5.00,0.7 , 5.30,0.3

4.73,0.9 , 4.75,0.1

0.46,0.6 , 0.45,0.4

A

 
 
 
 
 
 
 

′ =  

( ) ( ) ( ){ }
( ) ( ){ }
( ) ( ){ }

( ) ( ) ( ){ }

2

10.06,0.6 , 10.10,0.3 , 10.11,0.1

6.70,0.8 , 6.65,0.1

5.72,0.9 , 5.74,0.1

1.60,0.8 , 1.61,0.1 , 1.62,0.1

A

 
 
 

′ =  
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( ) ( ){ }
( ) ( ) ( ){ }
( ) ( ) ( ){ }

( ) ( ){ }

3

5.25,0.9 , 5.35,0.1

4.20,0.8 , 4.30,0.1 , 4.40,0.1

3.82,0.7 , 3.85,0.2 , 3.87,0.1

0.48,0.8 , 0.50,0.2

A

 
 
 
 





=



′



 

( ) ( ){ }
( ) ( ){ }

( ) ( ) ( ){ }
( ) ( ){ }

4

9.70,0.7 , 9.80,0.3

5.20,0.9 , 5.41,0.1

5.50,0.7 , 5.52,0.1 , 5.55,0.1

1.35,0.7 , 1.39,0.2

A

 
 
 

′ =  
 
 
 

 

Step 2. We replace the D numbers in the matrix by ( ) ( )
1

n

i i
i

I D b v
=

= ∑  the corres-

ponding matrix is obtain as follows, 

( )
4.710 5.090 4.723 0.456

10.077 6.025 5.722 1.630
5.260 4.230 3.831 0.484
9.730 5

 

  .221 1.2234.957

ijR D

 
 
 
 




=



=



             (16) 

Step 3. The expected net present value and risk profit value are the benefit type. 
Amount of investment and risk loss value are the cost benefit attributes. Using the  

formula (3) (4) (11), we can get the normalized matrix ( )ijR r
∗∗

=  

0.351 0.247 0.246
0.164 0.293 0.297 0.108
0.315 0.206 0.199 0.364
0.170 0

  
  
   

.254 0.258

0.38

.

6

0 43 1

ijrR
∗∗

 
 

   = =   
 
 

              (17) 

Step 4. Using the formula (12) obtains the output information entropy of attribute 

ju . 

( )0.959,0.994,0.993,0.904E =  

According to Equation (13), the attribute’s weight vector can be calculated as follows, 

1 2 3 40.275, 0.037, 0.048, 0.640ω ω ω ω= = = =  

Using Equation (14), each value of scheme jx  can be obtained as follows, 

1 2 3 42.003, 4.312, 2.097, 3.896z z z z= = = =  

So, we have 2 4 3 1z z z z> > > . The rank of investment projects is 2 4 3 1x x x x> > > . 
Thus, the second investment project is the best choice in four plans for company. In 
our methods, every uncertainty factor is represented by interval number. Furthermore, 
incomplete information is revealed D numbers method. For compare with previous 
methods, our proposed method is more flexible. It is accord with the actual circums-
tance in investment decision. 
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4. Conclusion 

Although there are many methods to deal with investment decision problems, no me-
thod represents the uncertainty and incomplete information in investment project. In 
this paper, the combination of interval number and D numbers method is used to deal 
with investment decision problems. All the assessments are represented by the combi-
nation of interval number and D numbers. Meanwhile, the weights of uncertainty fac-
tors are calculated using entropy weight method. Thus, a new MADM model for in-
vestment decision is proposed. A numerical example is used to illustrate the efficiency 
of the proposed method. 
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