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Abstract

This paper presents a global optimization approach to solving linear non-quadratic
optimal control problems. The main work is to construct a differential flow for find-
ing a global minimizer of the Hamiltonian function over a Euclid space. With the
Pontryagin principle, the optimal control is characterized by a function of the adjoint
variable and is obtained by solving a Hamiltonian differential boundary value prob-
lem. For computing an optimal control, an algorithm for numerical practice is given
with the description of an example.

Keywords

Linear Non-Quadratic Optimal Control, Pontryagin Principle, Global Optimization,
Hamiltonian Differential Boundary Value Problem

1. Primal Problem.

In this paper, the notation |||| represents a norm for the specified space concerned.
The primal goal of this paper is to present a solution to the following optimal control

problem (primal problem (P ) in short).
(P) min [I[F(x)+P(u)]dt (1.1)
st Xx=Ax+Bu, x(0)=a,te[0,T],xeR", ueR", (1.2)
where F (X) is twice continuously differentiable on R", V2F (X) >0,vxeR", P (u)
is twice continuously differentiable on R", VZP(U) >0,YueR™. In the control

system, A, B are given matrices in R™ and R™™" respectively and a stands for a

given vector in R". We assume that

minfm>0. (1.3)

2
Jul->e "u"
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If P (u) is a positive definite quadratic form with respect to zand F (X) is a posi-
tive semi-definite quadratic form with respect to x, then the problem (P ) is a classical
linear-quadratic optimal control problem [1].

The rest of the paper is organized as follows. In Section 2, we focus on Pontryagin
principle to yield a family of global optimizations on the adjoint variable. In Section 3,
we deal with the global optimization for the Hamiltonian function. In Section 4, we
show that there exists an optimal control to the primal (P ) and present a mathe-
matical programming. In Section 5 and 6, we discuss how to compute the global
minimizer by a differential flow and present an algorithm for the numerical practice

with the description of an example.

2. Pontryagin Principle

Associated with the optimal control problem (P ), let’s introduce the Hamiltonian fun-

ction
H(x,u,2)=A" (Ax+Bu)+F(x)+P(u) (2.1)
with the state and adjoint systems
x=H,(x,u,1)=Ax+Bu, x(0)=a, (2.2)
A=-H,(xu,1)=-ATA-V'F(x), 4(T)=0. (2.3)

We know from Pontryagin principle [2] that if l]() is an optimal control to the
problem (P ), then it is an extremal control. Associated with the state variable )?()

and the adjoint variable A (.), we have
X=H,(%0,1)=A+Bi, %(0)=a2 (2.4)
A=-H (%0.1)=-AT2-V"F (%), i(T)=0, (2.5)

and

H(%(1),0(t),A(1)) = min H (R(t),u,A(1))
+P

= min[ A7 (t)(AR(t)+ Bu)+ F (R(1))+ P(u)], ae.te[0,T].

ueR™

(2.6)

Since in (2.6) the global optimization is processed on the variable u over R™ for a
given ¢, it is equivalent to deal with the optimization (for obtaining a global minimizer):

min| P(u)+ 4" (t)Bu 2.7)

ueR™

Therefore we turn to consider the following optimization with respect to a given

parameter vector AeR"

min[P(u)+/1TBu]. (2.8)

ueR™

In this paper, for a given adjoint variable, we solve the optimization (2.8) to create a
function u=h(4). Then in Hamiltonian boundary problem (2.2), (2.3) we replace the

variable u with the function h(Z) and solve the following equation
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x=H,(x,u,1)= Ax+Bh(4), X(0)=a, (2.9)

A=-H, (xu,A)=-A"A-V'F(x), 4(T)=0. (2.10)

3. Global Optimization

In this section, for a given parameter vector A e R", we deal with the following global
optimization problem Q [3] [4]

min[P(u)+/1TBuJ (3.1)

ueR™

to create a function U= h(l) eC (R",Cm).
It follows from (1.3) that there exist positive numbers £ and rsuch that

P(u)2 Aluff Jul> 62

It follows from (1.3) that there exist positive numbers [ and r, such that, when
Jul} >

P(u)zﬂ"u”z. (3.3)

Without loss of generalization, we assume that S < min {r’l, (|P (0)| +1)7l}.

1+(B"4
Lemma 3.1. For given AeR", let a, = 5 then the global problem QO is
equivalent to the the following global problem Q' :
min| P(u)+A"Bu |. 3.4
HUHSH;,[ (v) ] G4

proof: Let AeR" be given. Since min {r’l, (|P (0)| +1)_1} > >0, itis clear that
a, > |P(O)|+l and a, >r.Then, when |u|>a,, wehave
P (u)+(574)" w2 gl -5 2] - (1ol [&" 2l > ).
On the other hand, for ||u|| <a,,

P(u)+(BTﬂu)T u > min [P(u)+/1T Bu].

=2

But, since |P(0)|+l>|P(O)|2 P(0)=min . P(u),when |u|>a, wehave

ueR™
P(u)+(B"2) uz|u|>a, >|P(0)+1> P(0)=P(0)+(B"2) 0= min[P(u)+4"Bu].
U|<a,

Since we have shown above that, forall ueR",

P(u)+ (BTA)T uz minHUHStn [P (u)+4" Bu] , noting that {||u|| < al} < R™, we have
E]ggrm][P(u)+/1T Bu] = HLrulig[P(u)Jr/iTBu].

The lemma has been proved.

Consequently, by Lemma 3.1 we conclude the following lemma.

Lemma 3.2. Let U, bea minimizer of min,_,. [P(u) +A7 Bu] .Then u, isa mini-
mizer of P(u)+A'Bu over R".Moreover, VP(u,)+B'A=0 and
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Remark 3.1. Since V?P(u)>0, ueR", u, isthe unique minimizer of
P(u)+A"Bu over |u|<a,. Then, it follows by Lemma 3.2 that u, is also the unique
minimizer of P(u)+A'Bu over R".Therefor u, isuniquely determined by the equ-

ation
V(P(u)+A"Bu)=VP(u)+B"2=0.

By elementary calculus [5], the above equation defines an implicit function of the
variable A, denoted by u=h(4):=u, which is continuously dependent of the

parameter A.

4. Hamiltonian Boundary Value Problem

In this section we solve the following Hamiltonian boundary value problem:
x=H,(x,u,4)= Ax+Bh(1), x(0)=a, (4.1)
A=-H,(x,u,A)=-A"A-VF(x), A(T)=0. (4.2)
Equation (4.2) can be rewritten by the integral form
A(t) = [[e IV (x(v))dv, (4.3)
Substituting it into Equation (4.1), we have
X(1) = Ax(t) + B ([T OV (x(v)dv), x(0) =%, (4.4)
In the following we show that Equation (4.4) has a solution, then together with (4.3)

we obtain a solution to Hamiltonian boundary value problem (4.1), (4.2).

Since F(x) istwice continuously differentiable on R", we may define

K :HT‘S}Q VF(X)",
and
M :||A||(||a||+1)+@(1+||BT||eA’T KTj.
Let

X =C([0.T].R").

Consider the ball centered at ain X_ (regarding a as a function constantly equal to

the vector a):
Q={xeX:|x(t)-a|<1vte[0T]}.
For a real number ¢ suchthat 0<e<min {ﬁ,T} , define an operator

G:Q— X, which acts on each element X€Q to produce an image GX satisfying
(noting that the integral in (4.4) needs the information of X(v) on the whole interval

K2
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[0,T]), for te[0,e],
(Gx)(t)=a+ J';[Ax(s)+ Bh( [l vF (x(v))dv)}ds, (4.5)
while for te[e,T],
(Gx)(t)=a+ jg[AX(S) +Bh (J':eAT(H)VF (x(v))d v)} ds.
By an elementary estimation we have, for te[0,€],

Lo |87 el Ik

[(&x)(0)-a] < [, IAllx(s)] - 8] 5

ds<M(t-0)<Me<1, (4.6)

while for te [e,T] N
i

B

1+||BT| KT

ds<Me<1,

[(ex)(t)-a]<],

Allx(s)]+ el

which implies that Gx € Q. It is also clear that Gis a continuous and compact mapping.
Then by Schauder fixed-point theorem, there is an element XeQ such that GX=X.
It follows that X(.) is a solution to (4.4) for te[0,e].For te[0,¢],let

A(t)=[ " " IVF (%(v))dv. (4.7)

By a traditional approach in the classical theory of ordinary differential equation, we
see that the solution ()?(t),ﬂ.(t)),t IS [0,6] can be extended to [O,T]. Then by (4.4),
(4.3) we see that ()A((),}:()) is a solution to Hamiltonian boundary value problem
(4.1), (4.2). We conclude the following result.

Theorem 4.1. There exists a solution pair ()A((),}:()) to Hamiltonian boundary
value problem (4.1), (4.2).

Let h(l) =u, and ()A((),/i())T be a solution of the Hamiltonian boundary value
problem (4.1), (4.2). Then by the definition of the Pontryagin extremal control, we
conclude that l](t) = h(/i(t)),t € [O,T] is an extremal control to the primal problem
(P).

Remark 4.1. Moreover, noting that V*F (x) > O(VX € R”) and
VZP(u)> O(Vu eR" ), by (2.1) we see that the Hamiltonian function is convex on the
state and control variables respectively. Meanwhile, noting that u=h(4) does not
depend on the state variable, by traditional optimal control theory, we know that the
extremal control 0(t)= h(/i(t)) is also an optimal control to the optimal control
problem (P ).

In other words, in the practice for solving (P ), we only need to compute a solution

of the following differential boundary value problem:

KD
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x(0)=a,A(T)=0, te[0,T]. (4.10)

We present a numerical method to deal with the differential boundary value Equation
(4.9), Equation (4.10) as follows. Define a mesh by dividing the time interval [O,T]

evenly

O<ty <o <ty <ty =T,

t, -t ==z, =0, N 1.
N

Consider solving for X,,X,---, Xy, with X the intended approximation of X(t;).
For the requirement on the adjoint variable A(t,)=0 (due to the boundary condition
of the differential boundary value Equation (4.9), Equation (4.10)), we consider the

following difference equation:

517X _ ax 4 Bz
T
A=k =-A"4 -VF(x);
T
z,=h(4);

X =2a; Ay =0;
i=012,---,N-1
Solving the differece equation above we can get the valyue A;. According to classical
numerical analysis theory, the solution of above difference equation will converge to

the solution of differential boundary value problem (4.8) - (4.10). Apparently, we need

to compute h(4) numerically. It will be given in next section.

5. Computing h(A) by a Differential Flow

In this section we study how to compute h(4)=u, . For a given parameter vector

A € R", we solve the following global optimization problem Q

min[P(u)+/1TBu] (5.1)

ueR™

to create a function U=h(1). In the following we will determine the value of h(4)
by a differential flow.

Since the Hessen matrix function of P(u) is positive definite, by the classical
theory of ordinary differential equation, for given A e R", the following Cauchy initial
value problem [3] [6] creates a unique flow &, (p) ,p20:

d -1
£+[V2P(§)+pl] £=0,£(0)=u,, pe[0,®), (5.2)
such that
VP(&,(p))+ BT+ p& (p)=0, (5.3)

noting that VP(u,)+B'A=0 since u, isthe minimizer of P(u)+A'Bu over R"
(Lemma 3.2). To explain the uniqueness of &, (p), we refer to the fact that
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VZP(U)+ pl>0,YueR" for pe [0,00). Thus, combining (5.3), &, (p) is the unique
solution of the equation VP (u)+B'A+pu=0.

In what follows we choose a real number p" >1 such that, on ||u|| <1,
_ _RT
|| VP(u)* B o
P

By Brouwer Fixed-Point theorem ([7]), there is a point u'e {||u|| < 1} , such that

* T
—VP(u *)— B 4 0 (5.4)
P
Moreover, we have
Juf<co™ (5.5)

where the positive constant Cis only dependent of the parameters A . In the following
there are several times of appearing the character Cwhich may denote different positive
constants only dependent of the parameters 4.

It follows from (5.4) that

VP(u*)+ B'A+pu =0. (5.6)
By (5.3) and the uniqueness of the flow &, (p),p >0, we see that
¢, (p*>=u*, (5.7)
and that the flow &, (p),p>0 can also be got by the following Cauchy initial value
problem
d—§+[vzp(§)+p|]’l§=o, £(p)=u", pe[0,). (5.8)
dp

Certainly, &, (0)=u,. Although it is hard to get u, and U" exactly, we can com-
pute numerically another vector instead of U~ by the following result.
Theorem 5.1. Let the flow & (p) be got by the following backward differential

equation
j—i+|:V2P(§)+pIJ1§=O, (5.9)
£(p’)=u=—(V?P(0)+ p'l) " (VP(0)+B'2), pe[0,). (5.10)

Then
Ju-d]|<cp™, (5.11)
[VP(£(@)+Ba<co™ [E(0)-u<Cp™ .12

where the positive constant C is only dependent of the parameters A and p  is
selected to be sufficiently large satisfying (5.4), (5.5).

Proof: When p” >1 is sufficiently large, U™ is near the origin. In a neighborhood
of the origin, by (5.4), we have
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VP (0)+V2P(0)u" + o(||u*||2) —VP(u')=-p'u" - B4,
and
(V*P(0)+ o'l )u" =—VP(0)~B A+ o(||u*||2).
Noting V2P (0)> 0, consequently, we have
i ==(V2P(0)+ 1) (VP(0)+ BT;L)+0(||u*||2).

Let
wi=—(V2P(0)+ 1) (VP(0)+B2),
we have
u -T= O( ) 2).
Thus, by (5.5),
||u* —U” <Cp2. (5.13)

where the positive constant Cis only dependent of the parameters A . By the way, we
deduce that ||U|| < ||u*|| + ||u* - lT" <1+C,noting that p >1.

In the following we need to keep in mind that
VP(u*) +pu +B"A=0. (5.14)
By (5.13), (5.14), for sufficiently large p°, we have
[vP(@)+pu+8"4]
~|vP(@)+ T (VP(u)+ o))

< *||u*—U||+ max
P Ju|s1+C

vep(u)] o] (515)
<pCp2+C ||u* —U”
<Cpt+Cp P <Cp,

noting that in the inequality process the value of the constant C has been changed
several times but only dependent of given information like A,P,B.

Since VP(Z(p))+pE(p) is a constant along the flow &(p), noting that (5.9)
(5.10) we have

VP(E(p))+pE(p)=VP(T)+pT.
Consequently for p=0 we have
VP(£(0))=VP(T)+ T,
Thus, by (5.15),
[VP(&(0)+B" 4 <cp™ (5.16)

Further, noting that VP (u,)+B'2 =0, we have

K2
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|€(0)-u,|<c|vP(Z(0))-VP(u,)|
~C|vP(£(0))+B"2-VP(u,)-B"/
-C va(f(o))+ BT/1“ <Cp,

noting that VP(u,)+B'A=0 and also noting that in the inequality process the value
of the constant C takes different positive values which are only dependent of given
information like A, P,B . The theorem has been proved.

Remark 5.1. Comparing with VP (u, )+ B'"A=0, in the computation practice, we
can solve the Cauchy initial problem (5.9) (5.10), instead of (5.8) to get 6?(0) as an
approximation of U, .

In what follows, we give an algorithm to compute h(4)=u, numerically in finding
a discrete solution to Hamiltonian boundary value problem (4.1), (4.2).

Algorithm 5.1.

1) Given AeR";

2) Given € > O,p* >1;

3) Get the flow & (p) by solving the following Cauchy initial problem

%+[V2P(§)+p|]l§ =0, £(p7)=—(V2P(0)+ 1) " (VP(0)+B"4), pe[0,07];

4) if “VP(E(O)) + BT/i“ <e h(1)=u, ~ £(0), stop; Otherwise, go to 5);

5) p =10p", go to 3).

Remark 5.2. For the step 3) of above algorithm, we present a numerical method to
deal with the Cauchy initial problem as follows. Define a mesh by dividing the time
interval [0,T] evenly

0<p < <Ppys<pPu=p,

*

Pia— P, :%:: s, j=01-,M -1,

Consider solving for &,,&,--+,&,,, with &; the intended approximation of & ( P ) .
We deal with the following difference equation.

Q_TSH:_|:V2P(§J—1)+pj-1|Iléj-ll i=12,-,M,
& ==(VP(0)+ 1) (VP(0)+BT2).

6. A Description of an Example
Let’s consider to solve the following optimal control problem numericaly:
Yog2 4,2
[ (% +ut +u?)dt
st. x=x+u, x(0)=a,

where state and control variables all take values in R'. Let P(u) =u*+u?. We have
P'(uy=4u’+2u, P"(u)=12u+2, H(xu,2)=A(x+u)+x*+u’+u’. We have

the following Hamiltonian boundary value problem and a global optimization problem:
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x=x+u, x(0)=a;
A=-(2+2x), 4(1)=0, te[0,1].
u(t)=arg {[2:3 [u*+u?+ ﬂ(t)u}} , ae.te[0,1].

We need to solve the following differential boundary value equation:

x=x+h(1), x(0)=a;

A=-(2+2x), 4(1)=0,

which yields the corresponding difference equation:

X =X 4

T

A _/7“|-1

=X, + h(ﬂu)!

==Ay— 2%,
T

i=12,---,N,
X =a, 4y =0.
Noting that P"(u)+ p=12u®+2+p, p>0, and P’(0)=0, by Algorithm 5.1 and

Remark 5.2, given positive integers N, M (properly large) and positive real numbers

¢ (properly small), p >1, we consider solving the following difference equation:

Xiqg—X

Li:Xi‘i‘zi;
T
ﬂ’Hl_ﬂ'l :_ﬂfl_ZXI,
T
() _ £(i) Y i
QEJT‘;Jl:_(lz(g}'}l) +2+(J'—1)5j &

&) =—(2+0") &

Z :gc()i);
X =a; 4y =0;
i=012--,N-1 j=12,---,M.
If |AN | <€, then the discrete solution of an optimal control
G, ~z,i=0,12,---,N —1. Otherwise, let p =10p" and N=2N,M =2M and do the

above difference equation again.
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