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Abstract 
Cosmological expansion or inflation is mathematically described by the theoretical 
notion of inverse gravity whose variations are parameterized by a factor that is a 
function of the distance to which cosmological expansion takes prominence over 
gravity. This assertion is referred to as the inverse gravity inflationary assertion. 
Thus, a correction to Newtonian gravitational force is introduced where a paramete-
rized inverse gravity force term is incorporated into the classical Newtonian gravita-
tional force equation where the inverse force term is negligible for distances less than 
the distance to which cosmological expansion takes prominence over gravity. Con-
versely, at distances greater than the distance to which cosmological expansion takes 
prominence over gravity. The inverse gravity term is shown to be dominant generat-
ing universal inflation. Gravitational potential energy is thence defined by the 
integral of the difference (or subtraction) between the conventional Newtonian gra-
vitational force term and the inverse gravity term with respect to radius (r) which al-
lows the formulation, incorporation, and mathematical description to and of gravita-
tional redshift, the Walker-Robertson scale factor, the Robinson-Walker metric, the 
Klein-Gordon lagrangian, and dark energy and its relationship to the energy of the 
big bang in terms of the Inverse gravity inflationary assertion. Moreover, the dynam-
ic pressure of the expansion of a cosmological fluid in a homogeneous isotropic un-
iverse is mathematically described in terms of the inverse gravity inflationary asser-
tion using the stress-energy tensor for a perfect fluid. Lastly, Einstein’s field equa-
tions for the description of an isotropic and homogeneous universe are derived in-
corporating the mathematics of the inverse gravity inflationary assertion to fully 
show that the theoretical concept is potentially interwoven into the cosmological 
structure of the universe. 
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1. Introduction 

The theoretical notion that cosmological expansion or universal inflation occurs due to 
inverse variations in gravitational force whose rate of change is regulated by a limiting 
factor or parameter is introduced. Thus, it is asserted that cosmological expansion or 
inflation is an inherent property of nature mathematically described by the difference 
between conventional Newtonian gravitational force and its inverse term which is mul-
tiplied by an inflationary parameter which regulates its rate of change. The inflationary 
parameter multiplied by the inverse term of Newtonian gravitational force is deter-
mined by (and is a function of) an astronomical distance to which cosmological expan-
sion over takes gravitational force on a cosmic scale. The establishment of the core 
concept of the inverse gravity inflationary assertion aforementioned is the foundation 
to describing the universe in terms of the new assertion. Thus, the aim of this paper is 
the incorporation of the inverse gravity inflationary assertion (IGIA) into proven and 
established mathematics describing cosmological inflation. 

A more detailed introduction is that this paper formulates the correction to the 
Newtonian gravitational force equation incorporating an inverse gravity term and its 
conditions. This permits the derivation of gravitational potential energy in terms of the 
IGIA. Resultantly, the relationship between gravitational potential energy, dark energy, 
gravitational redshift, the Klein-Gordon Lagrangian, the energy of the big bang, the 
Robertson-Walker scale factor, and the Friedman-Walker-Robertson metric in terms of 
the inverse gravity inflationary assertion (IGIA) is formulated and defined. The IGIA is 
then applied to the stress-energy tensor for describing the dynamic pressure of an ex-
panding cosmological fluid in a homogeneous and isotropic universe. Lastly, the IGIA 
is applied to Einstein’s field equations for the description of a spherically homogeneous 
isotropic universe which establishes the inverse gravity inflationary assertion. This will 
elucidate how the IGIA is interwoven into the cosmological structure of the universe. 

2. The Correction to the Newtonian Gravitational Force Equation 
and IGIA Inflationary Parameter 

To begin the heuristic derivation, mass values 1m  and 2m  are the combined masses 
of cosmological bodies (such as galaxies) evenly dispersed over an isotropic and homo-
geneous universe and G is the gravitational constant. The terms of gravitational force 
which are a function of radius r are given such that [1]: 

( ) ( )
2

1 2
02

1 2

, gg
Gm m rF r F r B

Gm mr
 

′= =  
 

                  (1.0) 

where ( )gF r  is the classical expression of Newtonian gravitational force and ( )gF r′  
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is the inverse term of Newtonian gravitational force, constant 0B  is the inflationary 
factor or parameter. Inflationary factor 0B  is stated such that: 

0 0 02
0

1 ;1 0; 1B B r
r

= > > >                        (1.01) 

The constant 0r  is the astronomical distance to which cosmological expansion takes 
prominence over gravity. The inverse term of gravity ( )gF r′  can be re-expressed in 
terms of distance 0r  such that: 

( )
2

2
1 20

1
g

rF r
Gm mr

   
′ =    

  
                       (1.02) 

The total gravitational force ( )TF r  or the Newtonian correction is stated as the dif-
ference between force values ( )gF r′  and ( )gF r  such that: 

( ) ( ) ( )gT gF r F r F r′= −                        (1.03) 

Therefore, 

( )
2

1 2
2 2

1 20

1
T

Gm mrF r
Gm mr r

   
= −   

  
                   (1.04) 

The direction (+ or −) of the value of total force ( )TF r  has relationships defined by 
the inequalities of radius r and distance 0r  given by the conditions below. 

( )0For ; Tr r F r> +                          (1.05) 

( )0For ; Tr r F r< −                          (1.06) 

Condition (1.05) describes cosmological expansion ( )TF r+  away from the gravita-
tional force center or gravitational source for distances 0r r> .Conversely, for condi-
tion (1.06), inverse gravity term  ( )gF r′  in total force ( )TF r  is negligible at distance 

0r r<  causing force direction ( )TF r−  toward the center of gravitational force. 
The value of the cosmological parameter of distance 0r  is determined where total 

force value ( )TF r  equals zero and radius r equals cosmological parameter 0r  ( 0r r=  
and ( )0 0TF r = ). Furthermore, this implies that for the condition of ( )0 0TF r = , the 
force terms ( )0gF r′  and ( )0gF r  in total force ( )0TF r  are equal ( ( ) ( )0 0g gF r F r′ = ). 
Therefore, total force ( )0TF r  can be presented such that: 

( ) ( )
( )

2
0 1 2

0 2 2
1 20 0

1 0T
r Gm mF r

Gm mr r

  
= − =  

    
               (1.07) 

This reduces to: 

( )
1 2

2
1 2 0

1 0Gm m
Gm m r
 

− = 
 

                     (1.08) 

Solving Equation (1.08) for the cosmological parameter of distance 0r  gives a value 
such that: 

0 1 2r Gm m=                           (1.09) 

Conclusively Equation (1.09) above, gives the value of distance 0r  to which cosmo-
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logical expansion takes prominence over gravity. In describing an isotropic and Ho-
mogeneous spherical universe, mass values 1m  and 2m  will be evenly (and uniformly) 
distributed about the spherical volume. Mass value um  denotes the total mass of the 
universe, therefore the dispersion of cosmological mass um  will be described via the 
function ( ), ,g m θ φ  at mass variable m and the spherical coordinates at θ  and φ  
[2]. Resultantly, mass цm′  (corresponding to each mass value of 1m  and 2m ) which 
represents a portion of cosmological mass dispersed about the sphere is set equal to 
function ( ), ,g m θ φ  as shown below. 

( )ц , ,m g m θ φ′ =                          (1.10) 

Function ( ), ,g m θ φ  takes on a value of [2]: 

( ) ( ) ( ) ( )
1 22 2 2, , cos sin sin sin cosg m m m mθ φ θ φ θ φ φ = + +         (1.11) 

The gravitational interaction of symmetric portions of cosmological mass цm′  and 

цm′  separated by distance 0r  is stated as the product between the two mass values 
such that: 

( )( ) ( )( ) ( )( )2
ц ц , , , , , ,m m g m g m g mθ φ θ φ θ φ′ ′ = =              (1.12) 

Thus, the continuous sums (or integration) of gravitational mass interaction ц цm m′ ′  
to whom are located on opposite sides of distance 0r  is taken to a value π and to the 
value of the mass of the universe um . Thus, the gravitational interaction of mass values 

1 2m m  in Equation (1.09) equals the triple integral shown below [2]. 

( )π π
1 2 ц ц0 0 0

d d dum
m m m m m m θ φ′ ′= ∫ ∫ ∫                    (1.13) 

As the continuous sums of the integrals in Equation (1.13) progress in concert with 
angles θ  and φ  and sum up to a value π , the interacting mass values of 1m  and 

2m  on opposite sides of distance 0r  sum up in concert with variable mass m to en-
compass both halves of the spherical volume, giving the gravitational interaction of the 
entire spherical volume. Thus, the integration of (1.13) gives the gravitational mass in-
teraction of the entire spherical volume. Therefore substituting the value of Equation 
(1.13) into (1.09) gives the proper mathematical description of distance r0 shown below. 

( )π π
0 ц ц0 0 0

d d dum
r G m m m m θ φ ′ ′=   ∫ ∫ ∫                 (1.14) 

The aim and scope of this paper is to introduce the notion and mathematics of the 
Inverse gravity inflationary assertion, thus we leave the calculation and value of Equa-
tion (1.14) as an exercise to the scientific community based on data obtained (The value 
of universal mass um ) by astronomical observations. 

3. The IGIA Mathematical Integration into Established 
Fundamental Concepts in Cosmology 

This section applies the mathematical concept of the inverse gravity assertion to gravi-
tational potential energy, gravitational Redshift, the Robertson-Walker scale factor, 
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Friedman-Walker-Robertson metric, the Klein-Gordon lagrangian, dark energy, and 
the energy of the big bang. Gravitational potential energy ( )TU r  describing the ener-
gy of inflation in terms of the IGIA is equal to the conventional integral of total force 

( )TF r  (Equation (1.04)) with respect to radius r (for the condition of 0r r> ) as 
shown below [1]. 

( ) ( )dT TU r F r r= ∫                         (2.0) 

Thus after evaluating the integral above, one obtains a value of potential energy 
( )TU r  such that: 

( )
3

1 2
2

1 20

1
3T

Gm mrU r
Gm m rr

   
= +   

  
                (2.01) 

As a photon propagates across the expanding cosmological expanse, its energy is af-
fected by the gravitational potential energy ( )TU r . Thus, photonic energy E is set 
equal to potential energy ( )TU r  in terms of the IGIA; this equivalence is displayed 
below [1]. 

( )T
g

hcE pc U r
λ

= = =                      (2.02) 

where gλ  is the photon’s wavelength influenced by potential energy ( )TU r , the 
photonic energy affected by the potential energy field of ( )TU r  can be expressed such 
that [1]: 

3
1 2

2
1 20

1
3g

Gm mhc r
Gm m rrλ

   
= +   

  
                 (2.03) 

Resultantly, wavelength gλ  affected by the potential energy field of ( )TU r  of the 
IGIA has a value expressed as [1]: 

13
1 2

2
1 20

1
3g

Gm mrhc
Gm m rr

λ
−

    
= +    

    
              (2.04) 

Energy 0E  is the initial energy value ( ( )0 0E hc λ= ) of the emitted photon prior to 
it traversing through a region of space-time under the influence of gravitational poten-
tial energy ( )TU r  in terms of the IGIA, thus redshift z is given such that [3]: 

( ) 0
0 0

0 0

1gT

g

hc E
U r E

z
E E

λ λ
λ

 
−  −  = = ≡ −               (2.05) 

This reduces to [3]: 

0

0

1 1 1
g g

hcz
E

λ
λ λ

 
= − ≡ −  

 
                   (2.06) 

Red shift value z can then be expressed in terms of the IGIA such that: 

3
1 2

2
0 1 20

1 1 1
3

Gm mrz
E Gm m rr

    
= + −    

    
               (2.07) 
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Thus, the photonic energy value ghc λ  is substituted by the value of potential 
energy ( )TU r  in Equation (2.06) giving the value of redshift z in Equation (2.07). 
Observe the expression below where 0a  is the scale factor of the universe as it is pre-
sently and ( )ema t  is the scale factor at the emission time emt  of the photon (or a 
scale factor of the universe as it was in the past as some authors state it) [4]. 

( )
01
em

az
a t

+ =                        (2.08) 

Substituting the value of redshift z of Equation (2.07) into (2.08) above gives [4]: 

( )
3

01 2
2

0 1 20

1 11 1
3 em

aGm mr
E Gm m r a tr

      
 + + − =             

          (2.09) 

This reduces to: 

( )
3

01 2
2

0 1 20

1 1
3 em

aGm mr
E Gm m r a tr

    
+ =    

    
              (2.10) 

The value of the scale factor at the time of the emitted photon ( )ema t  is given such 
that [4]: 

( )
1

3
1 2

0 2
0 1 20

1 1
3em

Gm mra t a
E Gm m rr

−
     

= +     
       

           (2.11) 

where Equation (2.11) is of the form ( ) ( )1 1a t z= +  [4] which implies that 0a  equals 
1 ( 0 1a = ). Equation (2.11) adequately shows the relationship of the Robertson-Walker 
scale factors and gravitational redshift to the IGIA. At this juncture, the IGIA connec-
tion to Friedman-Lemaitre-Walker-Robertson metric 2dΣ  is shown below [3]. 

( )
2

2 2 2 2 2 2 2 2
2

dd d d sin d
1

rt a t r r
kr

θ θ φ
 

Σ = − + + + − 
         (2.12) 

The scale factor ( )a t  in Equation (2.12) above is set equal to the scale factor ( )ema t  
of Equation (2.11) ( ( ) ( )ema t a t= ) giving Equation (2.12) such that (note: for our pur-
poses emt t= ) [3]: 

( )
2

2 2 2 2 2 2 2 2
2

dd d d sin d
1em

rt a t r r
kr

θ θ φ
 

Σ = − + + + − 
        (2.13) 

Substituting the value of scale factor ( )ema t  Equation (2.11) into Equation (2.13) 
above gives the Friedman-Walker-Robertson metric in terms of the IGIA such that: 

2 2

21
3 2

2 2 2 2 21 2
0 2 2

0 1 20

d d

1 1 d d sin d
3 1

t

Gm mr ra r r
E Gm m rr kr

θ θ φ
−

Σ = −

         + + + +         −         

 (2.14) 

This establishes the IGIA relationship to the Friedman-Walker-Robertson metric, 
where constant k in Equation (2.14) is equal to +1 ( 1k = + ) and 0r r>  for positive 
spherical curvature describing the expansion of the cosmological fluid [3]. 
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The inverse gravity inflationary assertion (IGIA) can be defined in terms of field 
theory via its relationship to the Klein-Gordon lagrangian. In formulating the expres-
sions describing this relationship, IGIA potential energy ( )TU r  is set equal relativistic 
energy denoted relE  as shown below [1]. 

( )
1 22 4 2 4

T relU r p c m c E = + ≡                    (2.15) 

This can be expressed such that: 
3 1 22 4 2 41 2

2
1 20

1
3rel

Gm mrE p c m c
Gm m rr

    
 = + = +          

          (2.16) 

where ( )цxφ  is a scalar field function at Minkowski coordinates цx , the momenta p 
is expressed as a tangent vector on the Minkowski coordinates цx  which is a function 
of (or parameterized by) time t ( ( )ц цx x t= ) as shown below [3]. 

( ) ( ) ( )ц ц ц
ц ц

ц

1 1 1x x x
p x

c t c x t c
φ φ

φ
∂ ∂ ∂

= = = ∇
∂ ∂ ∂

             (2.17) 

Expressing Equation (2.16) in terms of field ( )цxφ  and substituting the value of 
momentum p (of Equation (2.17)) into Equation (2.16) gives [5]: 

( ) ( )( ) ( )( )( ) 1 23 2 22 41 2
ц ц ц ц2

1 20

1
3rel

Gm mrE x x m x c
Gm m rr

φ φ
      ≡ + = ∇ +           

 (2.18) 

where the relativistic energy relE  is expressed as a function of Minkowski coordinates 

цx  ( ( )цrelE x ) which gives a form of the Klein-Gordon equation. The speed of light c is 
set equal to unity ( 1c = ). A priori is that the differential momentum value ( )ц цxφ∇  
relates to the energy value of the IGIA such that (or solving Equation (2.18) for the dif-
ferential term ( )ц цxφ∇ ): 

( ) ( )( ) ( )( )( ) 1 22 22
ц ц ц цrelx E x m xφ φ ∇ = −  

              (2.19) 

Equation (2.19) can be alternatively expressed in terms of the IGIA such that: 

( ) ( )( )( )
1 22

3 221 2
ц ц ц2

1 20

1
3

Gm mrx m x
Gm m rr

φ φ
       ∇ = + −             

      (2.20) 

where r is a function of the Minkowski is coordinates ( { }ц 1 2 3, , ,x it x x x= ), distance r 
can be expressed such that [3]: 

( ) ( )
1 2232

ц ц1r t x r x = − + =
 ∑                    (2.21) 

Equation (2.19) can then be expressed in terms of radius ( )цr x  ( ( )цr r x= ) as 
shown below. 

( ) ( )( )
( ) ( )( )

1 22
3

2ц 21 2
ц ц ц2

1 20 ц

1
3

r x Gm mx m x
Gm mr r x

φ φ

         ∇ = + −             

      (2.22) 
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Therefore, we introduce momentum p′  expressed as the differential term ( )ц
цxφ∇  

(observe the superscript ц ) as shown below [3]. 

( ) ( ) ( )цц ц
ц ц ц

ц x
p x x

t
σ σ φ

φ η φ η
∂

′ = ∇ = ∇ =
∂

             (2.23) 

(Note: Recall thatthe speed of light c is set equal to unity ( 1c = )) Where the Min-
kowski metric цση  is expressed such that [ ]ц 1,1,1,1diagση = −  [3], relativistic ener-
gy ( )цrelE x′  corresponds to momentum p′  and the IGIA such that: 

( ) ( )( ) ( )
3 1 22ц 2 41 2

ц ц2
1 20

1
3rel

Gm mrE x x m c
Gm m rr

φ
      ′ ≡ + = ∇ +           

    (2.24) 

Equation (2.25) below is the Klein-Gordon equation expressed such that [3]: 

( )( ) ( ) ( ) ( )( )2 2ц 2
ц ц ц ц цKGE x x x m xφ φ φ φ= ∇ ∇ −              (2.25) 

Thus, as presented by Wald [3], the Klein-Gordon lagrangian is of the form shown 
below. 

( )( ) ( ) ( ) ( )( )2 22
ц ц ц ц ц

1 1
2 2

ц
KG KGL E x x x m xφ φ φ φ = = − ∇ ∇ +  

      (2.26) 

Expressing the Klein-Gordon lagrangian (Equation (2.26)) above in terms of the 
IGIA, the value of Equation (2.23) is substituted into Equation (2.26) (where  

( ) ( )ц ц
ц ц цx xσφ η φ∇ = ∇ ) giving: 

( )( )
( ) ( )( ) ( )( )

2
3

2 2цц 2 21 2
ц ц2

1 20 ц

1 1
2 3KG

r x Gm mL m x m x
Gm mr r x

ση φ φ

           = − + − +                 

 (2.27) 

This implies that the product of differential terms ( ) ( )ц
ц ц цx xφ φ∇ ∇  takes a value 

incorporating the IGIA such that: 

( ) ( ) ( )( )
( ) ( )( )

2
3

2цц ц 21 2
ц ц ц ц2

1 20 ц

1
3

r x Gm mx x m x
Gm mr r x

σφ φ η φ

         ∇ ∇ = + −             

    (2.28) 

Solutions to Equations (2.27) and (2.28) pertain to mathematical methods of solving 
differential equations. Conclusively, Equation (2.28) is the IGIA correlation to various 
areas of field theory especially quantum energy fields describing vacuum energy (and 
the stress-energy tensor described in the next section). Lastly, dark energy darkE  in 
terms of the IGIA is given by the conditions shown below. 

3

2
1 20

1
3dark

rE
Gm mr

   
=    

  
                         (2.29) 

Thus, dark energy is interpreted according to the IGIA as the inverse term of potential 
energy ( )TU r  (of Equation (2.01)). An important consideration is that the energy of 
expansion or energy darkE  is different from the energy of the big bang which will be 
denoted energy BBE  for the purposes of this explanation. Thus energy BBE  is far 
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greater in magnitude than the energy of gravity at the big bang denoted ( )BB iU GMm r=  
(along with other elementary forces such as electromagnetism, the strong nuclear force, 
and the weak nuclear force opposing universal expansion) at the big bang where radius 

ir  is the infinitesimally small distance of the big bang ( BB BBE U> ). Where big bang 
energy BBE  is composed of kinetic energy and electromagnetic energy of the universe, 
this implies that energy BBE  is also sufficient for accelerating the total cosmological 
mass beyond the astronomical distance or radius 0r  to which cosmological expansion 
takes prominence over gravity and where energy darkE  can generate cosmological ex-
pansion. 

4. The Dynamic Pressure of an Expanding Cosmological Fluid in 
Terms of the IGIT 

This section mathematically defines the dynamic pressure of a cosmological fluid in a 
homogeneous isotropic universe in terms of the IGIA. The stress-energy tensor for a 
perfect fluid used to describe the expansion of the cosmological fluid is given such that 
[3]: 

ab a b ab KGT g L= ∇ ∇ +φ φ                        (3.0) 

where φ  is the field function of the space-time manifold [5] that the stress-energy 
tensor is defined on, abg  is the metric tensor, and KGL  is the Klein-Gordon lagran- 
gian such that [3]: 

2 2 21
2

c
KG cL m c = − ∇ ∇ + φ φ φ                     (3.01) 

The 4 space tangent vectors a b∇ ∇φ φ  in Equation (3.0) obey the geodesic rule such 
that [3]: 

( ) ( ) ( ) 0c
c a b c a b ab a b∇ ∇ ∇ = ∇ ∇ ∇ + ∇ ∇ ≡φ φ φ φ φ φΓ             (3.02) 

Thus showing the appropriate use of the Christoffle symbol c
abΓ  [3]. The partial 

derivative c∇  in Equation (3.02) is of the form ( )c cx∇ = ∂ ∂ . The tangent vector of 
the form µ∇ φ  is defined by the chain rule such that [2]: 

ц

ц

x
x tµ

∂∂
∇ =

∂ ∂
φφ                          (3.03) 

where the time coordinate has a value ct and the speed of light c is set to unity ( 1c = ) [5], 
the spatial coordinates цx  in 4R  are the Minkowski coordinates ( { }ц 1 2 3, , ,x it x x x=  
and ( )ц цx x t= ) [5]. Thus the tangent vector µ∇ φ  at time t is the 4-velocity of the 
cosmological fluid denoted цu  ( 4

цu R∈ ) as shown below [3]. 

ц
ц

ц

x
u

x tµ
∂∂

= ∇ =
∂ ∂
φφ                       (3.04) 

Therefore the product of tangent vectors a∇ φ  and b∇ φ  ( a b∇ ∇φ φ ) are given such 
that [3]: 

( )2
ццa b a bu u u∇ ∇ = ⋅ = ∑φ φ                    (3.05) 
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It must be noted that tangent vectors a∇ φ  and b∇ φ  are symmetric ( a b∇ = ∇φ φ ) 
which implies the fluid velocities au  and bu  are also symmetric ( цa bu u u= = ), 
therefore ( )2

ццa bu u u=⋅ ∑ . Total dynamic pressure abP  (where the subscripts ab per- 
tain to a 4 by 4 matrix) is given in terms of fluid 4-velocity цu  such that [1] [3]: 

( )2
цц

2ab

u
P

ρ
=

∑                        (3.06) 

This implies that [1]: 

( ) ( )
2

цц

2 2
a b

ab

u
P

ρ ρ ∇ ∇
= =

∑ φ φ
                 (3.07) 

In the task of defining the expansion of the cosmological fluid in terms of the IGIT, 
consider the unit vector û  in 4R  ( 4û R∈  and 4x Rµ ∈ ) shown below [2]. 

such thatˆ ˆ ˆ 1u u
x

u
x
µ

µ

= ⋅ =                    (3.08) 

Multiplying unit vector û  to the IGIT force value ( )TF r  of Equation (1.03) gives 
vector valued force ( )( )TF r

µ
 in 4R  ( ( )( ) 4

TF r R
µ
∈ ) such that [2]: 

( )( ) ( )( )ˆT TF r ru F
µ
=                       (3.09) 

This can be expressed such that: 

( )( ) ( ) ( )gT g

x
F r F r F r

x
µ

µ
µ

′ = −                   (3.10) 

where A′  ( 24πA r′ =  [3]) is a spherically symmetric area, the sum or superposition of 
4 pressure components is as expressed below [3]. [Where pressure = force ÷ area 
( P F A= )][1] 

( )( )
( ) ( )T

gg

F r x FF r F r
A AA x

µ µ
µ µ

µ

 
′ =  −  → ′ ′  

∑ ∑ ∑          (3.11) 

(Note: that the pressure component 00P  of the 4 by 4 matrix of the stress-energy ten-
sor has a value of energy density Eρ  ( 00 EP ρ= ) [3]) This is set equal to total dynamic 
pressure abP  of Equation (3.07) as shown below [1]. 

( ) ( )( )2
цц

2
T

ab

F ru
P

A
µ

µ

ρ
= =

′
∑ ∑                 (3.12) 

This implies that [1]: 

( ) ( )( ) ( )
2

цц

2 2
T a b

ab

F ru
P

A
µ

µ

ρ ρ ∇ ∇
= = ≡

′
∑ ∑

φ φ
          (3.13) 

which also implies the equivalence of: 

( )( )2 2T
a b ab

F r

A
Pµ

µρ ρ′
∇ ∇ = ≡∑φ φ                (3.14) 

Therefore this can be expressed such that: 
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( ) ( )2 2
a b gg ab

x
F r F r P

A x
µ

µ
µρ ρ

 
′ ∇ ∇ =  −  ≡ ′  

∑φ φ          (3.15) 

Now substituting the value of force term ( ) ( )ggF r F r′ −  into Equation (3.15) gives: 

2
1 2

2 2
1 20

2 1 2
a b ab

x Gm mr P
Gm mr rA x

µ
µ

µρ ρ

     
∇ ∇ =  −  ≡    ′      

∑φ φ     (3.16) 

Thence, substituting the value of a b∇ ∇φ φ  (shown above) for the value of Equation 
(3.15) into the stress-energy tensor abT , the stress-energy tensor can be expressed such 
that: 

( ) ( )2
ab g ag b KG

x
T F r F r g L

A x
µ

µ
µρ

 
′ =  −  − ′  

∑           (3.17) 

which is equivalent to the stress-energy tensor such that: 

2
1 2

2 2
1 20

2 1
ab ab KG

x Gm mrT g L
Gm mr rA x

µ
µ

µρ

     
=  −  −    ′      

∑        (3.18) 

Equation (3.18) can be expressed in matrix form such that: 

01 02 03

10 11 11 12 13

20 21 22 22 23

30 31 32 33 33

2

2

2

E

KG

ab
KG

KG

T T T

T P g L T T

T
T T P g L T

T T T P g L

ρ

ρ

ρ

ρ

 
 

  −    
=   −    
  

−  
  

 

The correlation of the stress-energy tensor abT  formulated in terms of the IGIA to 
Einstein’s field equations describing an isotropic and homogeneous universe is given in 
the conclusion. Thus, we conclude with the formulation and incorporation of the IGIA 
in Einstein’s field equation in its entirety. 

5. Conclusions: Einstein’s Field Equations Describing an 
Expanding Homogeneous and Isotropic Universe in 
Terms of the IGIA 

In describing an expanding homogeneous isotropic universe in terms of the IGIA, it is 
of great importance that the IGIA is fully incorporated to Einstein’s field equations as a 
whole. Thus, we began the heuristic derivation according to Wald [3] with expressions 
of Einstein’s Field equations such that: 

8π 8πtt ttG T ρ= =                         (4.0) 

** **8π 8πG T P= =                         (4.1) 

The expressions of the stress-energy tensor in Equations (4.0) and (4.10 ( ttT  and **T ) 
are related the average value of cosmological mass density ρ  and to pressure value P 



E. A. Walker 
 

1773 

[3]. The two expressions of Einstein’s tensor ttG  and **G  are given such that [3]: 
a b

tt abG G u u=                           (4.2) 

**
a b

abG G s s=                           (4.3) 

where цu  and цs  are contra variant unit tangent vectors of homogenous surfaces of 
the isotropic and expanding universe [3]. Thus as depicted by Wald, the Robertson- 
Walker metric for describing a flat spatial geometry is expressed such that [3]: 

( ) ( )2 2 2 2 2 2d d d d ds t a t x y z= − + + +                  (4.4) 

The scale factor at time t denoted ( )a t  in the metric above is equal to the value of 
scale factor ( )ema t  of Equation (2.11) ( ( ) ( )ema t a t= ) in terms of the IGIA. This equi- 
valence can be stated such that: 

( ) ( )
1

3
1 2

0 2
0 1 20

1 1
3em

Gm mra t a t a
E Gm m rr

−
     

= = +     
       

           (4.5) 

Recall that for our purposes emt t= . Substituting the value of Equation (4.5) into 
Equation (4.4), the flat space Robertson-Walker metric of equation of (4.4) can be 
stated in terms of the IGIA (similarly to Robertson-Walker metric of Equation (2.14)) 
such that: 

( )
21

3
2 2 2 2 21 2

0 2
0 1 20

1 1d d d d d
3

Gm mrs t a x y z
E Gm m rr

−       = − + + + +              
     (4.6) 

Thus solving Equation (4.6) for the value of scale factor ( )ema t  in Equation (4.6) 
gives the equivalence of values: 

( ) ( ) ( )
11 31 22 2 2 2 2 1 2

0 2
0 1 20

1 1d d d d d
3em

Gm mra t s t x y z a
E Gm m rr

−
−       = + + + = +               

(4.7) 

The time derivative of scale factor ( )ema t  is denoted a  (and a is simply ( )ema a t= ) 
and can be expressed such that [3]: 

( )ema t
a

t
∂

=
∂

                               (4.8) 

The coordinate цx  represent the Minkwoski coordinates ( { }ц , , ,x it x y z= ) [5]. 
Where the time coordinate has a value of ct and the speed of light c is set to unity 
( 1c = ) [5]. The question in reference to calculations is “how does the scale factor 
( )ema t  in terms of the IGIA (Equation (2.11) or (4.5)) relate to the time va-

lued-derivative a  of Equation (4.8) shown above?”. The radius r is defined on the 
Minkowski coordinates ( , , ,it x y z ), thus the value (or magnitude) of radius r (where 

2 2r s= ∆ ) is expressed such that [5]: 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 22 2 2 22 2

1 22 2 2 2
i i i i

r s t x y z

it it x x y y z z

 = ∆ = ∆ + ∆ + ∆ + ∆ 

 = − + − + − + − 

            (4.9) 



E. A. Walker 
 

1774 

Distance r is measured from the center of expansion (or the center of the universe), 
thus the initial values of ti, xi, yi, and zi equal zero. Therefore substituting zero for all in-
itial values ti, xi, yi, and zi ( ( ) ( ), , , 0,0,0,0i i i it x y z = ) and solving for radius r in Equation 
(4.9) gives (Similarly to Equation (2.20)): 

1 22 2 2 2r t x y z = − + + +                        (4.10) 

Substituting the value of Equation (4.10) into Equation (2.11) (or Equation (4.5)) 
gives the IGIA scale factor as a function of the Minkowski coordinates ( ( ), , ,a t x y z ) 
such that: 

( ) ( )

( )
1

3 22 2 2 2
1 2

0 2 1 22 2 2 2
0 1 20

, , ,

1 1
3

ema t a t x y z

t x y z Gm ma
E Gm mr t x y z

−

=

   − + + +    = +        − + + +        

   (4.11) 

Thus pertaining to the time coordinate ( 0x it= ), the scale factor ( )ema t  in terms of 
the IGIA is now differentiable to the time valued derivative of Equation (4.8), therefore 
permitting the continuation of the formulation without ambiguity. Equation (4.11) af-
fords the opportunity to briefly present Hubble’s constant in terms of the IGIA such 
that [3]: 

( ) ( )
( )d , , ,1

, , , d
a t x y zaH t

a a t x y z t
 

= =  
  



                (4.12) 

In continuing the IGIA’s incorporation to Einstein’s field equation, the scale factors a 
(keep in mind that ( ) ( ) ( ), , ,ema a t a t a t x y z= = = ) relate to the symmetric Christoffel 
symbols such that [3]: 

t t t
xx yy zz aaΓ = Γ = Γ =                                (4.13) 

x x y y z z
xt tx ty yt zt tz a aΓ = Γ = Γ = Γ = Γ = Γ =                  (4.14) 

Thus we acknowledge that the Christoffel symbols a
bcΓ  is of the form [3]: 

1
2

a ad cb ca bc
bc b c cd

g g g
g

x x x
∂ ∂ ∂ Γ = + − 
∂ ∂ ∂ 

∑                 (4.15) 

The components of the Ricci tensor are calculated according to the equation of [3]: 

cab c acb
R R= ∑                          (4.16) 

This can alternatively be expressed such that [3]: 

( ) ( ),
c c d c d c

ab ab cb ab dc cb dac ac c d c

yR
x x
∂ ∂

= Γ − Γ + Γ Γ −Γ Γ
∂ ∂∑ ∑ ∑        (4.17) 

The Ricci tensor is then related to the scale factor a (or ( )ema t  in terms of the IGIA) 
by the equations of (where ( )( )2 2d , , , da a t x y z t= ) [3]: 

3ttR a a= −                                (4.18) 

( )2
2

** 22xx
aaR a R

a a
−= = +





                    (4.19) 
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As stated by Wald, the value of Ricci tensor xxR  in Equation (4.19) above relates to 
the Christoffel symbol such that [3]: 

( ) ( ),
c c d c d c

xx xx cx xx dc cx dxc xc c d c

yR
x x
∂ ∂

= Γ − Γ + Γ Γ − Γ Γ
∂ ∂∑ ∑ ∑       (4.20) 

Therefore the value of the scalar curvature R is given such that [3]: 

**3ttR R R= − +                        (4.21) 

Substituting the value of Equation (4.18) and (4.19) into Equation (4.21) give a value 
such that [3]: 

( )2

** 23 6tt
aaR R R

a a

 
 = − + = +
 
 





                   (4.22) 

Conclusively, the values of Einstein tensor values ttG  and **G  are given such that 
[3]: 

( )2

2

31 8π
2tt tt

a
G R R

a
ρ= + = =



                    (4.23) 

( )2

** ** 2
1 2 8π
2

aaG R R P
a a

= − = − − =




               (4.24) 

As stated by Wald, using Equation (4.23), Equation (4.24) can be rewritten such that 
[3]: 

( ) ( )
2

2

3
4π 3

a
P

a
ρ= − +



                     (4.25) 

Due to the fact that the description of the IGIA is defined in reference to a homoge-
neous and isotropic universe, the general evolutions for isotropic and homogeneous 
universe are given such that [3]: 

( )2

2 2

3 38π
a k

a a
ρ= −



                       (4.26) 

( )3 4π 3a P
a

ρ= − − +
                      (4.27) 

where scale factors a and their corresponding time derivatives ( a  and a ) can be de-
fined in terms of the IGIA of Equation (4.10) ( ( ), , ,a a t x y z= ), constant k is equal to 
+1 ( 1k = + ) and 0r r>  for positive spherical curvature describing the expansion of 
the cosmological fluid in an homogeneous isotropic universe [3]. At this juncture, the 
relationship of the scale factor of Equation (4.5) (and Equation (2.11)) in terms of the 
IGIA to Einstein’s field equation have been formulated. 

Equation (4.1) ( ** **8π 8πG T P= = ) shows the relationship between pressure P and 
the stress-energy tensor abT  of Equation 3.18 [3]. This implies that P can be minimally 
substituted for the stress-energy tensor ( abP T→ ). Thus, the pressure term P relates 
the IGIA stress-energy tensor of Equation (3.18) (of the previous section) such that: 

2
1 2

2 2
1 20

2 1
ab ab KG

x Gm mrP T g L
Gm mr rA x

µ
µ

µρ

     
→ =  −  −    ′      

∑        (4.28) 



E. A. Walker 
 

1776 

Resultantly, this can be expressed such that: 

2
1 2

2 2
1 20

2 1
ab KG

x Gm mrP g L
Gm mr rA x

µ
µ

µρ

     
=  −  −    ′      

∑           (4.29) 

Spherically symmetric area A′  is equal to a value of 8π ( 8πA′ = ), therefore Equa-
tion (4.29) can be stated such that: 

2
1 2

2 2
1 20

2 1
8π ab KG

x Gm mrP g L
Gm mr rx

µ
µ

µρ

     
=  −  −    

      
∑           (4.30) 

Substituting the value of pressure P presented above into Equation (4.27) gives a val-
ue such that: 

2
1 2

2 2
1 20

3 2 14π 3
8π ab KG

x Gm ma r g L
a Gm mr rx

µ
µ

µ

ρ
ρ

         = − +  −  −              
∑



    (4.31) 

Equation (4.31) gives an additional incorporation of the Mathematics of the IGIA 
showing that the theoretical concept is well ingrained to the cosmological structure of 
the universe. The incorporation of the IGIA mathematics to Einstein’s field equations 
gives a complete description to validate the concept and convey a new theoretical pos-
sibility to the physics community. 
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