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ABSTRACT

This paper proposes recursive least-squares (RLS) I-step ahead predictor and filtering algorithms with uncertain ob-
servations in linear discrete-time stochastic systems. The observation equation is given by y(k)=y(k)z(k)+v(k),
z(k)=Hx(k), where {y(k)} is a binary switching sequence with conditional probability. The estimators require the
information of the system state-transition matrix @, the observation matrix H , the variance K(k,k) of the state
vector x(k), the variance R(k) of the observation noise, the probability p(k)= P{y(k) =1} that the signal exists
in the uncertain observation equation and the (2,2) element [P(k| j)} of the conditional probability of (k),

given ().

2,2
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1. Introduction

The estimation problem given uncertain observations is
an important research topic in the area of detection and
estimation problems in communication systems [1]. Nahi
[2], assuming that the state-space model is given, pro-
poses the RLS estimation method with uncertain obser-
vations, when the uncertainty is modeled in terms of in-
dependent random variables, and the probability that the
signal exists in each observation is available. The term
uncertain observations refers to the fact that some obser-
vations may not contain the signal and consist only of
observation noise. In Hadidi and Schwartz [3], Nahi’s
results are extended to the case where the variables mod-
eling the uncertainty are not necessarily independent.

In the above studies, it is assumed that the state-space
model for the signal is given. However, in real applica-
tions, the state-space modeling errors might degrade the
estimation accuracy. Nakamori [4] derived the RLS
Wiener fixed-point smoothing and filtering algorithms,
based on the invariant imbedding method, from uncertain
observations with uncertainty modeled by independent
random variables. In the derivation of such RLS Wiener
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estimators, the state-transition matrix ®, the observation
matrix H , the variance K(k,k) of the state vector
x(k), the variance R(k) of the observation noise
v(k) and the observed values y(k) are used. More-
over, Nakamori et al. [5], based on the innovation ap-
proach, proposed the RLS Wiener fixed-point smoother
and filter in linear discrete-time stochastic systems. Here,
the observation equation is given by
y(k)=y(k)z(k)+v(k), z(k)=Hx(k),where {y(k)}
is a binary switching sequence with conditional probabil-
ity. The innovation process is given by

v(s)=y(s)-Y(s.s-1),
y(s,s—1)=P,,(s)HDK(s—1,5-1)

in terms of the (2,2) element [P(k| j)]22 of the
conditional probability of y(k), given y(j) (see Na-
kamori et al. [5,6] for details).

In the current paper, under the same assumptions for
the observation equation as in Nakamori et al. [5], an
algorithm for the RLS Wiener |—step ahead predictor
is derived, based on the invariant imbedding method.
Thus, the observation equation is given by
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y(k)=y(k)z(k)+v(k), z(k)=Hx(k),

where { }/(k)} is a binary switching sequence with con-
ditional probability. The observation equation adopted in
this paper is suitable, for example, to model remote
sensing situations with data transmission in multichan-
nels, where the independence assumption of the variables
describing the uncertainty in the observations is not real-
istic.

The estimators require the information of the system
state-transition matrix @, the observation matrix H ,
the variance K(k,k) of the state vector x(k), the
variance R(k) of the observation noise, the probability

p(k)= P{y(k):l} that the signal exists in the uncer-
tain observation equation and the (2,2) element
[P(k \ j)]22 of the conditional probability of y(k),

given y(j). The RLS Wiener prediction and filtering
algorithms are summarized in Theorem 1 and its proof is
deferred to the Appendix. The main issues in this paper
which are different from those in Nakamori et al. [5] are
concerned with the algorithm derivation; namely:

1) The prediction estimate is given as a linear trans-
formation of the observed values.

2) The prediction algorithms are derived on the basis
of the invariant imbedding method.

The current paper’s main contribution is the derivation
of a recursive least-squares algorithm for the predictor
and filter design in systems with non-independent uncer-
tain observations, using covariance information. Without
making use of the state-space model, the algorithm is
obtained from the autocovariance functions of the signal
and the observation noise, the probability that the signal
exists in the observed values and the (2,2) element of the
conditional probability matrices of the sequence which
describes the uncertainty in the observations. This ap-
proach is suitable in many practical situations where the
equation generating the signal process is unknown, thus
being not possible to use the state-space model to address
the estimation problem. The deduction of the algorithm is
mainly based on an invariant imbedding method.

2. Problem Formulation
Consider the following observation equation
y(k)=r(k)z(k)+v(k), z(k)=Hx(k), (1)

where z(k) is a signal, x(k) is the nxl zero-mean

state vector and H isthe mxn observation matrix.

e The sequence {V(k)} is a white noise with zero
mean and the variance of v(k) is R(k); that s,

E[v(k)V" (s)]=R(k) 5 (k-s), )
where & (-) denotes the Kronecker delta function.

e The random sequence {7(k)}, which describes the
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uncertainty in the observations, has the following

stochastic properties [3]:

(P-1) (k) is a discrete-time random variable taking
the values 0 or 1 with P{y(k)zl}: p(k). Therefore,
p(k) represents the probability that the observed value
y(k) contains the signal z(k); this probability is as-
sumed to be nonzero.

(P-2) The noise {y(k)} is a sequence of random
variables with initial probability vector
(1-p(0), p(O))T and conditional probability matrix
P(k|j). The (2,2) element of the conditional prob-
ability matrix of y(k) given y(j), is independent of
j,for j<k;thatis,

E[r()r(®0)] _,

[P(kIi)],,= o1 }—z,z(k)» 3
j=0,-,k—1.

e The state process {X(k)} and the sequences
{ }/(k)} and {V(k)} are mutually independent.

Let us introduce the system matrix @ in the state-
space model for the state vector x(k) and the variance
K(s,s) of the state vector X(s). Then the autocovari-
ance function K, (k,s) of the signal z(k) is factor-
ized as

K, (k,s)=HK (k,s)HT,
K(k,s)=AK)B'(s), 0<s<k @)
A(k) =", BT (s) =D °K(s,s).

The purpose of this paper is to design a covariance-
based recursive algorithm to obtain the |—step ahead
prediction estimate of x(k+1) from uncertain observa-
tions y(i), 1<i<k. Due to the presence of a multipli-
cative noise component in the observation Equation (1),
even if the additive noise is Gaussian, the conditional
expectation of x(k-+1) given y(i), 1<i<k, which
provides the least-squares estimator, is not a linear func-
tion of the observations and its computation can be very
complicated requiring, in general, an exponentially
growing memory. For this reason, our attention is fo-
cused on the least-squares linear estimation problem.
Specifically, we are interested in obtaining the least-
squares linear estimator of the state vector X(k+|)
based on the observations y(i), 1<i<k. This estima-
tor, X(k+1,k), is the orthogonal projection of x(k+1)
on the space of Nn—dimensional linear transformations
of the observations. So, X(k+1,k) is given by

R(k+1,k) = X h(k+1ik) y i) s)

as a linear transformation of the observed values y(i),
1<i<k, where h(k+Lik), 1<i<k, denotes the
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impulse-response function.
Let us consider the least-squares prediction problem,
which minimizes the criterion

3= €| (x(k+ )= &(k+ 1K) (x(k+1)=R(k+1,K)) |
(0)

The orthogonal projection lemma [7] assures that
X(k + I,k) is the only linear combination of the obser-

vations y(i) , 1<i<k such that the estimation error is
orthogonal to them,

x(k+1)-%(k+1,k)Ly(s), 1<s<k, @)
that is,
EKx(kJrl) Izkllh(k+l,|,k) ()]yT(s)}zo,
1<s<k.

This condition is equivalent to the Wiener—Hopf equa-
tion

E[x(k+1)y" (s)] = S h(k+LiK)E[ y(i)y" (s)]:

®)

1<s<k,

useful to determine the optimum impulse-response func-
tion h(k+1,i,k), 1<i<k, which minimizes the cost
function (6). From P { 7(k)= 1} =p(k), the left-hand
side of (7) is written as

E[x(k+|)yT(s)]=K(k+|,s)HTp(s). )

Let E,[-] denote the statistical expectation with re-
spect to y(+). Then, from the observation equation (1)
and the covariance function (2) for white observation
noise v(k), E[y(i) y' (S)] is reduced to

ELy(i)y"(s)]=E, [#(I)r(s)]HK (i.s)H (10
+R (i) 6 (i-s).
Substituting (9) and (10) into (8), we have
h(k+| s,k)R(s)=K(k+I,s)H p(s)
(1)

—Zh (k+1Lik)E,[7(i)7(s)JHK (i,s)H.

Under these conditions, in Section 3 the RLS Wiener
prediction and filtering algorithms are presented.

3. RLS Wiener Prediction and Filtering
Algorithm

Nakamori et al. [5,6], based on the innovation approach,
proposed the algorithms for the fixed-point smoothing
estimate and the filtering estimate. These algorithms are
derived taking into account that the innovation process is
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expressed as

v(s)=y(s)-Y(s.s-1),

y(s,5-1)=P,,(s)HDK(s—1,5-1).

Under the preliminary assumptions made in Section 2,
Theorem 1 proposes the RLS Wiener algorithms for the
| —step ahead prediction estimates of the signal
z(k+1) and the state vector X(k+I). These algo-
rithms are derived, starting with (11), by iterative use of
the invariant imbedding method.

Theorem 1. Consider the observation equation de-
scribed in (1) and assume that the probability p(k) and
the (2,2) element P,,(k) of the conditional probabil-
ity matrix P(k|j) are given. Let the system state-
transition matrix @, the observation matrix H, the
autovariance function K(s,s) of the state vector X(s),
the variance R(k) of the white observation noise
v(k) and the observed value y(k) be given. Then the
RLS Wiener algorithms for the |—step ahead predic-
tion estimate 2(k+1,k) of the signal z(k+1) and the
| - step ahead prediction estimate X(k+I,k) of the
state vector X(k+1) consist of (12)-(17).

| — step ahead prediction estimate of the signal
z(k+1):2(k+1,k)

2(k+1,k) = HR (k +1,k) (12)

| —step ahead prediction estimate of the state vector
x(k+1):%(k+1,k)

R(k+1,k)=@%(k+1-1k-1)
+®'h(k,k,k)(y(k)—P,, (k) HDR
%(1,0)=0

Filtering estimate of z(k):

(k=Lk=1)), (13)

2(k,k)

2(k,k)=H&(k,k) (14)
Filtering estimate of x(k):%(k,k)
%(k,k)=®%(k-1,k-1)
+h(k.k,k)(y(k)-P,, (k) H®R
£(0,0)=0

(k=1k=1)), (15)

Filter gain: h(k,k,k)
h(k.k.k)=(K(k.k)H"p(k)
Py, (k)®S (k1)@ HT)
x(R(K)+ p(k)HK (k,k)HT

—P2, (K)H®S (k—1)®"H' )’1

(16)
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S(k)=®S(k-1)®" +h(k,k,k)
x(HK (k,k) p(k) =Py, (K)H®S (k=1)@),  (17)
$(0)=0

Proof of Theorem 1 is detailed in the Appendix.

Clearly, the algorithms for the filtering estimate are the
same as those proposed in Nakamori et al. [5]. From
Theorem 1, the innovation process u(k) is represented

by
o(K)=y(k)-P, (K)HOR (k-Lk=1). (I8

4. A Numerical Simulation Example

In order to illustrate the application of the RLS Wiener
prediction algorithm proposed in Theorem 1, we consider
a scalar signal Z(k) whose autocovariance function
K,(m) is given as follows [8]

K,(0)=0",

—a, (0{12 —l)a;]/[(az - )(azal +1):|},

0<m,

with «,a, :(—a1 +,a’ -4a, )/2,

wherea, =-0.1, a,=0.8 and o=0.5.

The covariance function (19) corresponds to a signal
process generated by a second-order AR model. There-
fore, according to Nakamori [4], the observation vector
H, the variance K(k,k)=K(0) of the state vector
x(k) and the system matrix @ in the state equation
are as follows:

H=[1 o] K(k,k){Kz(O) Kz(l)},
(20)

d)z{ 0 : } K,(0)=0.25, K,(1)=0.125.
-8 -4

As in Nakamori et al. [5], we consider that the signal
Z(k) is transmitted through one of two channels, char-
acterized by its observation equation as follows:

Channel 1: y(k)=z(k)+v(k),

Channel 2: y(k)=U (k)z(k)+v(k),
where {V(k } is a zero-mean white observation noise
and {U (k){ is a sequence of independent random
variables taking values 0 or 1 with

P{U(k)=1}=p=0.8, forall k.
We assume that channel 1 is chosen at random with
probability 1-gq=0.7 and, hence, channel 2 is selected

with probability g =0.3. Then, the observation equation
is described by
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y(k)=y(k)z(k)+v(k), (1)

where y(k)=(1-a)l+aU (k) and « is a random
variable, independent of {U (k)}, taking values 0 or 1
with P{a=1}=q=03. Clearly, {y(k)} isa sequence
of random variables which take values 0 or 1 with

p(k)=P{r(k)=1}
=P{a=1U(k)=1}+P{a=0}
= pa+(1-0q)=0.94

for all k,and conditional probability matrix

1-p p
P(kli)=| gp(1-p) 1-a(1-p")
1-q(1-p) 1-q(1-p)

3 0.2 0.8
10.0510638 0.9489362 |

forall k,j=0,---,k—1.

From (3), [P(k|])],, =P, (k)=0.9489362, for all
k,j=0,---,k—1. ‘

Substituting H, K(k,k) and @, given by (20),
into the prediction algorithm of Theorem 1, the predict-
tion estimate of the signal has been calculated recur-
sively.

Figure 1 illustrates the signal z(k) and its prediction
estimate 2(k+3,k) for zero-mean white observation
noise with variance 0.3”. Figure 2 illustrates the mean-
square values (MSVs) of the filtering and prediction er-
rors for zero-mean white observation noises with vari-
ances 0.1, 0.3°, 0.5° and 0.7%, comparing both the
uncertain and certain observations cases (the latter cor-

3

T T
— Signal
~ -~~~ Linear prediction estimate

Signal and prediction estimates

20 40 60 80 100 120 140 160 180 200
time k

Figure 1. Signal z(k) and its prediction estimate
2(k +3,k) for the zero-mean white observation noise with
the variance 0.32
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responds to the case p(k)=P,,(k)=1). The MSVs of
the filtering and prediction errors are evaluated by

2000

> (z(i)-2(i+Li)) /2000, 1=1,2,---5.
i=1

Here, =0 corresponds to the calculation of the
MSVs of the filtering errors.

From Figure 2, it is deduced that, as | becomes lar-
ger, the prediction accuracy worsens for both the uncer-
tain and the certain observations cases, with each differ-
ent observation noise. It might also be noticed that the
MSVs with uncertain observations are almost equal to
those with certain observations except for the observation
noise with variance 0.1°. For the observation noise with
variance 0.1>, the MSVs of the prediction errors with
the certain observations are smaller than those with the
uncertain observations, particularly for the 2 and 4-step
ahead predictions.

For reference, the autoregressive (AR) model used to
generate the signal process in the simulations, is given by

z(k+1)=-az(k)-a,z(k—1)+w(k+1),
E[w(k)w(s)]=075 (k-s5).

5. Conclusions

(22)

Under the preliminary assumptions of Section 2, for the

0.8

0.7

o
=3

o
o

o
=

o
w

MSVs of predition errors

— (a) MSV for 0,01, uncertain observations
—— (b) MSV for 0,08, uncertain observations
—— (o) MSV for 0.25, uncertain observations
— (d) MSV for 0.49, uncertain observations
-~ (e) MSV for 0.01, certain observations
-~ (P MSV for 0.09, certain observations
=~ (g) MSV for 0.25, certain observations
-~ (h) MSV for 048, certain observations

o
>

0.1

1] 1 2 3 4 5
Prediction time |

Figure 2. Mean-square values (MSVs) of the filtering and
prediction errors for the zero-mean white observation
noises with the variances 0.1, 0.32, 0.52 and 0.72 for both the
uncertain and certain observations.
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observation Equation (1), the RLS Wiener algorithms for
the |-step ahead prediction estimates 2(k+1,k) of

the signal z(k+I) and X(k+1,k) of the state vector

x(k+1) are derived by iterative use of the invariant

imbedding method. The prediction algorithms take into
account the stochastic properties of the random variables

{ 14 ( k)} in the observation Equation (1) such as the
probability p(k)=P {y(k) = 1} that the signal exists in
the uncertain observation equation, and the (2,2)
element [ P(k| J)]

2,2

7(k), given y(j).

A numerical simulation example in Section 4 shows
that the prediction algorithm proposed in this paper is
feasible.

of the conditional probability of
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Appendix A. Proof of Theorem 1

Let us introduce the equation concerned with the function

J(k,s) as
J(k,s)R(s)=p(s)B" (s)HT
_zk:J DE, [ 7()y(s) JHK (i,s)HT.
From (11) and (A-1) it follows that
h(k+1,s,k)=A(k+1)J (k,s).

Subtracting the equation obtained by putting
k— k-1 in (A-1) from (A-1) yields

(J(k,5)=J(k—1,5))R(s)
)E,[7(k)7(s)JHK (k,s)H'

—E(J(k,i)—\](k—l,i))

xE, [;/(i))/(s)} HK(i,S)HT.

From (A-1), (A-3) and the relationship
E [;f(k)y(s)] =P,, (k) p(s), it follows that

3(k.5)-3 (k1)
=-3(k.K) Py, (k) HA(K) I (k- Ls),

1<s<k.

(A-1)

(A-2)

(A-3)

(A-4)

Putting s=k in (A-1) yields
p(k)B" (k)H'
—izk;J(k,i)Ey[;/(i)y(k
=p(k)B" (k)HT
=J(KKE, [ 7(K)7
S (ki)E [

=p(k)BT (k ) —p(k)JI(k.k)HK (k,k)HT

(
3 (I (K=Li) =3 (kK)o (k) HA(K)3 (k-L))

Ik, KR (K) =

) |HK (i,k)HT

(k) JHK (k,k)HT

)HK (i,k)HT (4-5)

xp(i)szz(k)HB(i)AT (K)H.

(K)]=p(k

(A-4) are used. Let us introduce a ﬁlnCthIl

r(k)=>J3(k,i)p(i)HB(i).

Here, the relationship E, [7/( , (4) and

(A-6)

Hence,
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(A-T)

-1

Subtracting the equation obtained by putting
k > k-1 in (A-6) from (A-6) yields

r(k)—r(k—1)= (k.k) p(k)HB (k)
+.: > (I(ki)=I(k=Li))p(i)HB(i)
I(k.k )p( JHB (k)

(A-8)
k—

—J (kK)o (K)HA(K) 2,3 (k= Li) p(i) HB (i)

3 k(OB (k) Py () HAO (k1)

Here, (A-5) and (A-7) have been used. Clearly, from
(A-6), the initial condition for the recursive Equation
(A-8)of r(k) at k=0 isgivenby r(0)=0.

The |-step ahead prediction estimate X(k+1,k) of
x(k+1) is given by (5). From (5) and (A-2), it follows
that

Ak+1)S 3 (ki) (i)

)?(k+|,k): (A-9)
i1
Let us introduce a function
K
e(k)=3 3 (k.i)y(i). (A-10)
i1

Hence, the |- step ahead prediction estimate
R(k+1,k) of the state vector X(k+1) and the filtering
estimate )?(k, k) of the state vector X(k) are given by

R(k+1,k)=A(k+1)e(k),x(k.k)=A(k)e(k) . (A-11)
Subtracting the equation obtained by putting
k > k-1 in (A-10) from (A-10) yields
e(k)—e(k-1)
k-l . . L (A-12)
=J(k.k)y(k)+ (3 (k,i)=I(k=Li))y(i).
From (A-4) and (A-10), we get

i=1

e(k)—e(k—1)=J3(k,k)y(k)
I K)P () HAK) S (-Li)y(i) (A1)
=J(k.K)(y(k) =P, ((k)HA(k)e(k—1)).
From (A-2), (A-11) and (A-13), it follows that
JSIP
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R(k,k)=o%(k-1,k-1) S(k)=A(k)r(k—=DAT (k)+A(k)I(k,k)

+h(k,k,K)(y(k) =Py, (K)HOR (k- 1,k -1)), x(p(K)HB (k)= Py, (K)HA(K)r (k—1)) A" (k)

2(0,0)=0, (A-14) =PS(k-1)®" +h(k,k,k)

R(k+1.k) = OR(k+1-1k-1) %(P(k)HK (k.k)~P,, (K)HOS (k~1)®")

+@'h(k,k,k)(y (k) =Py, (K)HOR(k-1k-1)), 5(0)=0.

%(1,0)=0. Finally, the filter gain h(k,k,k)=A(k)J(k,k) is

Introducing expressed as follows

s(K)=A(K)r(k)AT (k), (A-15)  h(kkK)=(p(k)K(kk)HT =P, (k)@S (k-1)®"HT)
it follows, from (A-8) and (A-15), that x(R(K)+ p(K)HK (k,K)HT P2, (k) H®S (k~1)®7 ).
(QED.)
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