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Abstract

A new variational method has been proposed for studying the equilibrium states of the interacting
particle system to have been statistically described by using the density matrix. This method is
used for describing conductivity electrons and their behavior in metals. The electron energy has
been expressed by means of the density matrix. The interaction energy of two & electrons de-
pendent on their wave vectors k and k’ has been found. Energy &, has two summands. The first
energy I summand depends on the wave vectors to be equal in magnitude and opposite in direc-
tion. This summand describes the repulsion between electrons. Another energy /] summand de-
scribes the attraction between the electrons of equal wave vectors. Thus, the equation of wave-
vector electron distribution function has been obtained by using the variational method. Particu-
lar solutions of the equations have been found. It has been demonstrated that the electron distri-
bution function exhibits some previously unknown features at low temperatures. Repulsion of the
wave vectors k and -k electrons results in anisotropy of the distribution function. This matter
points to the electron superconductivity. Those electrons to have equal wave vectors are attracted
thus producing pairs and creating an energy gap. It is considered the influence of magnetic field on
the superconductor. This explains the phenomenon of Meissner and Ochsenfeld. We consider a
new possibility of penetration of the external magnetic field into the superconductor.
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1. Introduction

Kamerlingh and Onnes were those who could discover the phenomenon of superconductivity in 1911 [1]. Ac-
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cording to the results obtained in 1933 it was found out that when a specimen was put in a relatively weak mag-
netic field, the superconductivity vanished. Such phenomenon was discovered by Meissner and Ochsenfeld [2].
Magnetic field strength H. at which superconductivity is destroyed is known as the critical field. Temperature
dependence on the critical field is described by the following empirical formula:

H. (T) = H, (0)|1=(T/T.)’], @y

where H, (0) is the magnetic field strength at absolute zero of temperature T = 0; T is a critical temperature.
The dependence (1.1) is plotted in Figure 1.

The plane (H, T) is represented by a superconductive state phase diagram. The substance in superconductive
state S is found under the curve (1.1) and that to be in normal state N—above the curve. Any superconductor in-
troduced by such state diagram is known as the type-1 superconductor.

Brothers Fritz and Heinz London could develop the first macroscopic theory of superconductivity in 1935 [3].
They mathematically formulated the theory based on principal experimental factors: absence of resistance and
the Meissner-Ochsenfeld effect:

p=0, B=0. (1.2)
These facts were acknowledged a priori. For the superconductor magnetic field, the brothers obtained the fol-
lowing equation:
1
AB—?B =0, 1.3)

where

mc?

4nne®

Value A is called a London length of the magnetic field penetration in a superconductor.

Let us consider a superconductor occupying the half-space y > 0, then the region y < 0 is filled with vacuum
where a magnetic field B, can be found as directed along the boundary surface (see Figure 2). In this case, the
Equation (1.3) can be expressed as follows:

’B, 1
ayzx ~28=0. (1.4)
The Equation (1.4) may be expressed as follows:
B, (y)=B,exp(-y/4) (15)
H(T)
HO) +——_ N
S ,
0 T, T

Figure 1. The H-T type-I superconductive state phase diagram.
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Figure 2. The half-space filled by a superconductor in a
magnetic field.

It should be noted that such function does not agree with the Meissner-Ochsenfeld effect. When magnetic-
field strength produced on conductor surface exceeds its critical value H¢(T), the superconductivity vanishes.
But, on the whole, the function (1.5) does not depend on any critical field.

The Meissner-Ochsenfeld effect is an experimental fact. If the function (1.5) does not depend on the critical
field, then the Londons theory is not true. Moreover, the superconductivity shall be referred to equilibrium state
of any matter, i.e. all values are not to be dependent on time t. But the very dependences can be used for deriv-
ing the London’s equation.

2. Density Matrix

Any quantum mechanics system can be much closely described by using the density matrix [4]-[12]. The single-
particle density matrix g, meets the following normalizing condition:

20l =N, 2.1)

where p,, is the occupation probability for a particle to be in state a.
The two-particle density matrix ¢,,, with figures 1, 2, 1', and 2’ denoting states o, a,,0; and «;, asto
be referred to the fermion system, is an antisymmetric function, i.e.

Ory = ~Onry = ~On21r = Onov (2.2)

Taking into account the above equality let us use the following approximate expression named as the mean
field approximation for the two-particle density matrix:

Oy = 010 ~ 01y 0y (2.3)

3. Energy of an N-Particle Fermion System
Internal energy of the identical particle system may be exactly expressed through the use of the density matrices
oy and 9,4, as follows:

1
E= 21,1' Hipo + Ezm,z Hiro0rp (3.1)

where Hy, and H, 2 are matrix elements of the single-particle Hamiltonian H® and two-particle interac-
tion Hamiltonian H' respectively. Whereas the two-particle density matrix is antisymmetric, it follows from
the expression (2.2) that the matrix elements H,,,, are to be antisymmetric, as well:

H12,1'2' = _H21,1'2' = _H12,2'1' = H21,2'1'- (3.2)

The coordinate representation to which the Hamiltonians commonly assigned passes to a certain a-represen-
tation through the use of system of the orthonormal wave functions ¢, (q) , where q = {r, &}, £is a particle spin.
If we know these functions, we can calculate matrix elements for Hamiltonians by using the known formulas:
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Haa' = J.(pz: HA (l)¢a'dq’ (33)
Hippo = I(DIZ H (2)(D1'2'dchdq2 ' (34)

where the above sign of integration is a symbol of both the coordinate integration and spin variable summation;
®y, is a Slater two-particle wave function:

(D12 =%{¢1(q1)(/72 (qz)_¢1(q2)¢2 (ql)}' (3-5)

On substituting such function in the formula (3.4), we can obtain an antisymmetric matrix as follows:

1
H12,1'2' = Z(Vlz,l’Z’ _V21,1'2' _V12,2'1' +V21,2'1')v (3-6)

where

Viprz = |01 (6) 5 (0 )U (6,0, ) @0 () @, (4, ) dayda,. 3.7)

U(0,,0,) isa potential dual-fermion interaction energy.
With the expression (2.3) substituted in the formula (3.1), the following formula may be obtained:

E= 21,1' Hivo, + zl,z;y,zv H1,2;1',2'91'192'2 (3.8)

that agrees with the mean field approximation.

4. Unitary Transformation

Any single-particle density matrix may be represented by a diagonal element and, particularly, it can be formu-
lated as follows:

O = Wné‘nn’ (4 1)

where n is a set of quantum numbers that defines state of newly represented single particle; w, is a parameter
of diagonal density matrix elements; &, is a Kronecker symbol. Subject to the definition, function w, is the
probability that the state n can be occupied by one of the particles. Accordingly, function w, describes the pat-
tern applicable to distribution of particles over various states and meets the following normalizing condition:

> W, =N. (4.2)

The n-representation passes to the a-representation to which specific matrix elements of the Hamiltonians

HY and H® are assigned by means of the unitary transformation.

Opar = Znuanwnu;n’ (43)
where U, isa unitary matrix;
Zau;nuan’ = 5nn" (44)

Now, we transform the energy (3.8) by the formula (4.3) to obtain the expression below:

E = annwn +%Zn Zn'gnn’wnwn” (45)
where

E,‘n = Za Za'u;nHaa'Ua'n (46)

—n-state kinetic particle energy,
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gnn' = ZZ{Q}Ul*nU ;n'le,l’Z'Ul'nUZ’n' (47)
—double-particle interaction energy containing one n-state particle and another n'-state particle;
la} =ay, 05,0, 015

& Evns Emn =0. (4.8)

nn’ — “n'n?

5. Entropy

If to use the distribution function w, , the following well-known approximate expression may be applied for the
entropy of fermion systems:

S=—kg > {w, Inw, +(1-w,)In(1-w,)}. (5.1)

6. Variational Principle

For finding the fermion state distribution function w, , we can formulate a particular extremum functional of the
problem. And we can employ the Langrange method defined by its thermodynamic potential:

Q=E-ST—uN, (6.1)
where x is a chemical potential. The variational principle may be expressed as follows for the distribution func-
tion w, :

1-w _
In "= B8, —u), (6.2)
Wn
where &, is mean one-particle energy:
&, =6, + zn,gnn,wn,. (6.3)

7. Unitary Electron Matrix in the Crystal Lattice

The arrangement of atoms within a given type of crystal can be described in terms of the Bravais lattice with lo-
cation of the atoms in an isolated unit cell specified. We will determine position of one of the atoms in the unit
cell using vector R. Such description agrees with simple crystal lattices including those where type-I supercon-
ductivity can be observed. Let us consider s as a set of quantum numbers defining the wave function of one of
the states of a valence electron located within the neighborhood of the atom, the position of which is determined
by vector R. Now, we can write the orthonormal system of wave functions that describe localized electron states
by using the form shown below:

2, ()=0.(r-R) 7, (&), (7.0)

where q={r,&}, ¢ (r—R) isaWannier coordinate s-function; z, (&) is a spin function; « ={R,s,oc} —
is a set of quantum numbers defining state of an electron in the crystal lattice. The function (7.1) satisfies the
normalizing conditions as follows:

_[(0; (q)goa’ (q)dq = 5aa" (72)

The normalizing condition (7.2) may be expressed by:
[0 (r=R)p, (r=R')dr = 56z, (7.3)
Z};Z; (5)10’(5)250'0'" (74)

Should a system of electrons in metal be brought to a state of thermodynamic equilibrium, any of the States
o, (r —R) in site R may be occupied by an electron of equal probability and such electrons will be nearly un-
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iformly distributed among lattice sites. In this case, the density matrix will take the following form:
Ooar = QR—R’555’§JJ" (75)

The probability w, of the state ¢, (q) to be occupied by an electron is related to a diagonal matrix density
element by the ratio of w, =g, . In this case,

W, = Wg,, =Wy = Const, (7.6)
where w, is the probability of filling of one state in site R.

Let is assume that number of electron states localized in site R, as described by the Wannier functions
@, (r-R),isasfollows: s=1,2,---,n,. Asfaras a={R,s,o}, the normalizing condition

dw, =N

a

is formulated as follows:

2n,N, Wy =N,wg =v (7.7)
where N, is number of crystal lattice sites,
v=N/GN, (7.8)
—degree of state filling,
G =2n, (7.9)

—number of states within one site.
Let us assume the density matrix g, to be expressed in the form of complex Fourier series:

Orr = Nizk Wkeik(R_R,), (710)

L

where the summation is performed by using wave vectors k of the first Brillouin zone; w; is a wave-vector elec-
tron distribution function that satisfies the following normalizing condition:

G, w, =N or Nizkwk =v; (7.12)
L

It follows from the equalities (7.5) and (7.10) that the density matrix o, can be transformed to its diagonal
form by applying the unitary matrix as follows:

U, =uU 1 o5 5 (7.12)

ak Rso,ks'c’ = ss'Yooc'"
V NL

Thus, the density matrix o, is transformed to the following one:
O =W, Og OO (7.13)
where « ={k,s,o} . And the probability
W, = O
that the state «, as described by the wave function v, (r) x, (£), is occupied, may be expressed as:
W, =W,. (7.14)

8. Equation for the Electron Wave-Vector Distribution Function
Let us write the Equation (6.2) for the electron wave-vector distribution function w, :

"% - (5, - u), 61)
Wk
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where ¢, is a mean single electron energy to have the wave vector k:

& = & +Zk/€kk’wk" (8.2)

The expression for two-electron and wave vector k and k' interaction energy ¢,,. has been derived in the
paper [13]:

Ene = 1 Gae =3 e (8.3)

herein, we use | and J that have particular dimension energy. Let us substitute this expression in the formula
(8.2). Now, we will obtain as follows:

& =& +lw, —Jw,. (8.4)
Using the above formula (8.4) it is possible to transform the Equation (8.1) as follows:

1_
== = B (e, +Iw,, —Iw, — p1). (8.5)
Wk

This equation describes all superconductor properties [14]-[25].

9. Solution of the Equation for the Electron Wave-Vector Distribution Function
when J = 31

The Equation (8.5) contains two unknown quantities—i.e. w, and w_, . Let us interchange k and —k.
Taking into account that any kinetic energy is an even function: &, = ¢, , we can obtain the following equa-
tion:

In " == B(& + W — I, — p). 9.2)

As applies to the equations (8.5) and (9.1), the unknown functions w, and w_y are composite ones wherein the
kinetic electron energy & is used as an intervening variable:

W, =W, (&) and w, =w, (&) (9.2)
The functions
w,=w (¢) and w,=w, (&)

are solutions of the equations

1-w 2
In L="(2e+(1- f)w, —(1+ f)w, ),
W, r( e+( )W, = ( ) 1)
1-w, 2 ©3)
IN=—=2==(2¢+(1- f)w, —(1+ f)w,),
W, r( e+( Jw —( ) 2)
where
e ETH L _ 40 (9.4)
J+1 J+1
is expressed by the I and J energy relation as defined by the following parameter:
J—1
= . 9.5
J+1 ©5)

In this Section, we will consider the case when parameter J = 3I. Wherein f = 1/2.
Any solutions of the Equations (9.3) may be rapidly found by computation. A plot of the w(e, 7) distribution

OALibJ | DOI:10.4236/0alib.1102418 7 February 2016 | Volume 3 | e2418


http://dx.doi.org/10.4236/oalib.1102418

B. V. Bondarev

function is demonstrated in Figure 3 that satisfies = 0 and parameters J = 3I. Should the functions W, (s) and
W, (.9) be unequal, an anisotropic solution is required. With temperature being increased, an anisotropic solu-
tion starts decreasing and thereafter it disappears but should such temperature be rated as equal to a critical value,
than:

T:I+J

. 9.6
¢ dkg (9.6)

10. Electron Energy Computationat T=0

As shown in Figure 3, the wave-vector electron equilibrium distribution function may be both anisochromic and
multi-valued. The function with the electron energy to be of the least value may be only selected out of a num-
ber of other functions. Now, let us calculate the energy exhibited by electrons to be distributed both isotropically
and anisotropically. For this purpose, we shall use the normalizing condition that may be expressed as:

G, W =N. (10.1)

The electron system energy in approximation of a medium field takes the form as follows:
1
E :Ecszk(zgkwk + W W, — Jwg ). (10.2)

If the distribution function @ = w(e) is known, it is possible to find a chemical potential and electron energy at
T = 0. Such computation results have been demonstrated in the papers [13]-[25]. The macrostate in which elec-
tron energy is minimized can be actually applied. At T = 0, energy drops down to its minimum rate as specified
for the state formulated below:

1 atg <u,
wk—{ k=F (10.3)

0 atg >pu—1.

This function is featured with anisotropy at S ¢ -1 <&, < . A pattern of this function is plotted in Fig-
ure 4.

11. Electrons in the Superconductive State

Taking into account normalizing conditions, we can express the average electron travel velocity as follows:
Gh
v=——o> Kkw,. 11.1
mN Zk k ( )

If the distribution function is isotropic, the average velocity of electron v will be zero. As applies to some
anisotropic functions, the distributed formula (11.1) may produce nonzero electron directed motion velocity

i w(e, T=0)

Bzr 1 ) C,

- e e——— 7}/1 :

yan / !

v ‘ i

7 J 1

P Q 7 i !

Py Az ! i

e | i

- o ! 1

- - | i
B | ) " A= —— e,
-1 0 J-I J el

Figure 3. Anisotropic conduction electron energy distribution function in case
whenJ=3landatz=0.
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w(e, T=0)

Bli

-l 0 J-1 J e

Figure 4. Anisotropic conduction electron energy distribution function in case
when J=3land atz = 0.

values — i.e. such distribution functions are those that describe electric current. If current states are rather stable
and can exist even in the absence of any external fields such traveling electron system states are to be considered
as superconductive.

Let us view the state of electron gas to be described by the anisotropic distribution function (10.3). Any value
taken on by the average electron velocity function may be determined against the nature of initial electron gas
state. The average velocity will be zero when pairs of free and occupied states (with vectors k and —k) are dis-
tributed over the layer S randomly, i.e. no supercurrent flow will be induced in a conductor at T <T, . For ex-
ample, let us consider the probability w, =1 at k=k, when T = 0. Since vector k, is found in the region
Scu-1<g <u, the probability @, =0 at k=Kk,. This also holds true for the probability w, =1 and
w, =0 at k=Kk,. Should vectors k, and k, be randomly distributed over the region S, the average elec-
tron velocity will be zero:v,_,, =0. The wave vectors k; and -k, as randomly distributed over the region S,
are shown in Figure 5 with probabilities w, =1 and w, =0.

When all the states to be considered in one half of the layer S (e.g. at k, >0) are occupied and those in
another half (at k, <0) are free, the electron directed motion velocity will be brought to maximum v, . If the
anisotropic wave-vector electron distribution function remains stable against slight variation of external condi-
tions, the electron velocity value will be kept unchanged as long as it is can. This means that the metal becomes
a superconductor.

The distribution function should be single-valued. This means that a single distribution function value corre-
sponds to a single energy value. As concerns the anisotropic distribution function, it shall be a double-valued
one. It simultaneously defines two k and —k wave vector values that agree with two values of the distribution
function w, =w, (&) and w, =W, (g ). But the matter is that such vectors may also agree with
W, =W, (&) and w, =w, (& ). This may be to say that it is the very superconduction phenomenon.

For detecting any superconductivity, low current flow is supplied along a conductor. Then, temperature is de-
creased. A circuit should be closed when temperature drops below a specified value. Steady current is conserved
and keeps flowing as long as it can. Let us consider that current flows along axis x. The pattern of the k
wave-vector space electron distribution function at T = 0 is shown in Figure 6.

12. Mean Electron Energy

Dependence ¢ = E(s) of the electron mean energy ¢ on the kinetic energy ¢ can be found by the formula
(8.4):
g(e)=e-(I-1)w(e) ate<g,e2¢, (12.1)

g(e)=¢e+lw(e)-dw, (&) ate <e<e,. (12.2)

Such dependence, as rated at various temperature 7 values, is graphically represented in Figure 7.

The above curves are featured with the following specific characteristics. A “well” is demonstrated on each
curve of the dependence ¢ = 5(5) at T <T, wherein it agrees with values of the kinetic energy ¢ that satis-
fies the following inequalities:
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i
=1 at k=k,

Figure 5. Average electron velocity is zero when wave vec-
tors k, and k, are randomly distributed over the region

p—l<g <u.
k
.,
I =1
) ,'. .“'\\‘
k N\
/ / N \
r'! / \ \
| ||
| . I / .
\ k L / x
\ N/
N\, \\ ;‘j
X %
DU ,»/ y ok
®,= s
’-/‘

Figure 6. Electron distribution function for a substance sub-
ject to current flow.
& <& <E&,. (12.3)
Value ¢ is specified as the least one of those of the kinetic electron energy ¢ wherefrom the functions
w, (&) and w, (&) can be determined. Value &, satisfies the condition:
g(&)=¢2(s) (12.4)

according to which borders of the “well”, as demonstrated on the curve of dependence ¢ = 5(5) , are brought to
the same level. The function is broken off at the right-hand border of the above well. This means that there is a
certain “gap” in the spectrum of values of the electron energy & . The gap width A is extended from zero to
value J when temperature falls down from T, to zero. With the temperature decreased, the well width

oE=¢,—& (12.5)
is also extended from zero to value | at T = 0.

13. Magnetic Field-Induced Behavior of the Wave Function

Let us find the wave function ¢, (q) from the Schrddinger equation:
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Figure 7. Dependence of the mean electron energy &
on the kinetic energy & at various temperature values z:
1—7=0; 2—7=0.75; 3—7 = 0.95.

HY%, (a)=E"g, (q), (13.1)

where HY isa single-particle Hamiltonian that describes motion of one electron less interaction with other
electrons. As for us, we are interested in motion of a valence electron in the metal.
Since an electron has a spin, the Hamiltonian H @ ina magnetic field will be formulated as:

2v72
A =V G (r) - uH, (13.2)
2m
where = & is a spin magnetic moment of an electron; g, =en/2m is a Bohr magneton; ¢ = £1/2 is an
electron spin; U(r) is potential electron energy; H is magnetic-field strength.

¢.(9)=4.(r-R) 7, (£), (13.3)

where q={r,&}, ¢ (r—R) isa coordinate function; R is a vector that defines an ion around which an elec-
tron moves; . (£) isaspin function, & ={R,s,o}.
Let us write the Schrodinger equation for the wave function ¢, (q) :

vt o
~S U (1)-wHE o, =ET,, (13.4)

and on substituting the product (13.3), we will obtain:
n’v?
X (5)(—

2m
If the coordinate function satisfies the equation

n <r>j¢s(r>—¢s(r)uBHéxg<f>= £V, (1) 7, (€)

2m

TR YRG! 135)
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than a spin function shall be used for solving the following equation:
~ueH &, (£)=E 7, (&), (13.6)
where
Et=EY +EV. (13.7)

As follows from the Equation (13.6), the proper value Egl) will take up:

EY = —u HE. (13.8)
As a result, we will obtain:
E'=EY -y HE (13.9)
Now, we will accept the functions ¢ (r) as equal to each other:
¢, (r)=¢(r), (13.10)
where s=1,2,---,n, . The spin functions are different only. Therefore, we well have two functions:
. (4)=¢(r-R) 7, (), (13.12)

where a ={R,s,0}.
Let us consider the energies possessed by an electron when its spin is valued differently. As follows from the
formula (13.9), when an electron spin is equal to -1/2, its energy is taken as

EY(-y2)=EY + yzH/2,
and when an electron spin is equal to 1/2, its energy is taken as
EY(1/2) = EM + H /2.
Thus,
E® (12) < E¥ (-1/2).

Therefore,zthe probability | X2 (],/2)|2 when an electron has the spin taken as 1/2 exceeds the probability
| pan (—1/2)| when an electron has the spin taken as —1/2:

i (V2)] > |14 (-1/2)]

14. Kinetic Energy of Electrons in the Crystal Lattice

Let us consider that two values of electron energy, as determined by the formula (13.9), correspond to each of
the states specified in site R. So, matrix elements of the single-particle Hamiltonian may be expressed as:

Haa’ = J'(D; HA (l)(ﬂa'dq
h2y2 (14.1)

= ;I@(r— R) %, (5)[— o

‘U (r)—yBHquﬁ(l’—R')Z(,f(ﬁf)dwssc

As a result, we will obtain:
How = 2[#(r=R) 2, (£)(EY - 11sHE)$(r —R') 1, (£)drs,,
¢

Since
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[#(r=R)EPg(r—R)dr = &¢ ¢, (14.2)

here ¢y 5 Iis the particle energy produced when passing from site R to site R'. As applies to spin functions, the
normalizing condition will take up the following form:

2 X (6) 2 (§) =6, (14.3)
In this case
ZIW— (&)(-uHE)H(r —R") 2, (&) dr
=I¢ PRI R)Ar Tz, (€)(mH £) 2, (¢)
=5RRfZ§:za(§)(—uBH§)Zar(r§),
where

Y X (&) (—ugHE) 2, (£) = Ll (2 (-Y2) 2, (-Y2)- 2, (V2) 2. (12)).

z 2

Thus, the following formula is obtained:
H
Haa' = gR—R'5cro"5ss' +IUBT§RR’ (Zo‘ (_]/2)/’{0" (_]/2) ~—Xs (1/2)10" (]/2))555’ (144)

15. Magnetic Field-Dependent Unitary Transformation

As applies to the coordinate function (13.11) the normalizing condition will take up the following form:
Yoo Jo" (r=R)p(r - R')dr =658, (15.)

when a system of electrons in metal is at the state of thermodynamic equilibrium, any of the states ¢, (r - R)
in site R may be occupied by an electron of equal probability and such electrons will be nearly uniformly distri-
buted among lattice sites. Need to say that this is not absolutely true. As follows from the formula (14.4), the
probabilities, as referred to those intended to occupy any states with various spin orientation, are different from
each other. But we will ignore such differences. As a matter of fact the density matrix will take the following
form:

Oue = OO 00 (15.2)

ss'~ oo’

As such, the density matrix o, is transformed to take the diagonal form through the use of the unitary ma-
trix:

Uy =V o = L s s (15.3)

ax [ ss'Y oo’
NL

where x ={k,s',0'} and the density matrix o,, pass to the matrix as follows:

=W 8,0, (15.4)

ss'Y oo’

The probability w,_ =g, that state x—i.e. that one described by the wave function v (r)z, (£)—is oc-
cupied can be expressed as:

W, =W,. (15.5)

16. The Energy of Electrons in the Wave Vector Space

Let us substitute the formula (14.4) in the following expression for noninteracting electron energy:

OALibJ | DOI:10.4236/0alib.1102418 13 February 2016 | Volume 3 | e2418


http://dx.doi.org/10.4236/oalib.1102418

B. V. Bondarev

El = ZZHaa’Qa'a
H 1 ik(R_R’
= ZZ |:gRR' + lUBTdRR' (/1/0' (_]/2)10" (_]/2) —Xs (]/2)10" (]/2)) 538':|N_;Wke KRR )50'0"555'
a o L

Upon simple transformation we can obtain the formula shown below:

E, =G, &W, —%G,uBH YW > (22 (12)- 22 (-1/2)). (16.1)
Now, we write:
A :% LM (7). (16.2)
where
f()=2, (7 (2)- 7 (-y2)) (16.3)

Let us write the energy E; as follows:
E, =G). (& —A)W,. (16.4)

The interacting electron energy will take up the below form:

1
Eint =52k zk'gkk’wkwk” (16.5)

where an appropriate electron interaction energy will be formulated as:
e =100 =30

On summing up the energies (16.4) and (16.5), we will obtain the following electron energy expression:

E= sz{(gk —A)w, +%(Iwkwfk -} )} (16.6)

17. Equation for the Electron Wave-Vector Distribution Function

On minimizing the thermodynamic potential Q, as referred to the energy (16.6), we obtain the following nonli-
near equation to be applied for finding the distribution function w, of wave-vector conduction electrons:

1-w,
Wk

In =B(& —A+ W —Iw, —u). (17.1)

Let us consider
& =& —A. (17.2)
than the Equation (17.1) will take up its previous solution:

1-
In=—% = (sl +Iw., —Iw, — ) (17.3)
W

Let us consider, for example, &, = x. As follows from (17.2), we will obtain the expression ¢, = A+ u.
This means that a curve of the electron wave-vector distribution function is displaced on its right by value A
as compared with the graphical representation without a magnetic field. As follows from the Equation (17.3), the
critical temperature is equal to:
I+

T =
4k
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18. Electron Energy Calculationat T=0

As provided by computational results, the equilibrium distribution function applicable in a wave-vector region is
multiple-valued. For selecting a real distribution function, it is necessary to find the least electron energy. Now,
we shall consider the case when a magnetic field destroys the superconductivity at T = 0. Let us

A=1. (18.1)

The graphical representation of the distribution function is displaced on its write by the above value (see Fig-

ure 8).
We can bring the upper integration level to oo since the probability of occupancy of states with the energy ¢ to
be at a ceiling of the conductivity zone is virtually equal to zero. Now, the normalizing condition (10.1) may be

expressed as:
Al w(e)Veds =1. (18.3)
In such a case any energy of electrons (10.2) distributed isotropically may be expressed as:
ED = AN J?(g+%(l -J )w(g)jw(a)\/gde
The superconductivity disappears when the distribution function is taken as:

1 atg <y,
w, = (18.4)
0 atg, > p

As a result, we can obtain the following normalizing condition:

Ajo“ Jede =1, (18.5)
Thus
H =&, (18.6)
where ¢ is a Fermi energy. Any valence electron energy specified at J = 31 may be calculated as:
E™ = AN["(2-21)Vede, (18.7)

On calculating the above integral we will obtain:

EM — AN (%gz & —%Ig«/zjk;.

Lo

1

|

0

~ fm—————-

et

Figure 8. Real conduction electron distribution over ener-
gies at = = 0. The superconductivity-affected magnetic
field is in active state.
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As a result, the following formula is derived:

EM™ =Ne, (E—Z—'j. (18.8)
5 &
But such superconducting state may in any way survive and the distribution function takes up the form as:
1 atg <y,
1 atu<eg <u+l,k >0
W, = H=bcsH (18.9)
0 atu<eg <u+lk <0;
0 atg 2pu+l.
As applies to the normalizing condition, the equation takes up the form as:
Al Vede +1Aj”+1JEdg -1, (18.10)
0 2 u
The equation gives the following chemical potential:
N P S S (18.11)
oo\ 2e, 182 ) '
An electron energy may be calculated by the formula:
(s) _ H 1 1 p+l 1
E® = AN|! [5—A—E(J - I)jx/gdg+EANL (S—A—EJJ«/Edg.
Let us suppose that J = 3l and A = 1. And the following form will be obtained:
(s) _ u 1 u+l 5
E® = AN[ (e—ZI)\/Ed£+EA NJ! (5—Elj\/gde. (18.12)

As provided by the above equation, we can obtain:

2
£ — N, §_(2_1)L_E£LJ | (18.13)
5 20 ) e 16\ &

Now, we can find the difference in energy:

£ _E®) :_2_3; NI (1_%L+...)<o_ (18.14)
Er

(m

As we can see, the energy of state E ) to be induced under the superposition of the superconductivi-
ty—affected magnetic field occurs to be less than the superconductivity state energy ES):

EM < E®), (18.15)

This means that the superconductivity can vanish under magnetic field effect when its strength, as defined on
a surface of a superconductor, is equal to a critical field. This condition meets Meissner-Ochsenfeld effect.

19. Meissner-Ochsenfeld Effect

Let us consider that parameter A is equal to I. In this case, the distribution pattern is displaced on its right. Now,
we can find the critical magnetic-field strength, as rated at T = 0, through the use of the formulas (16.2) and
(18.1):

= ugH (0) F(0)=1. (19.1)
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If temperature T exceeds zero, the critical magnetic-field strength subject to the formula (16.2) is formulated
as:

SR ()T (7) =05 (7). (192)

where 5g(r) is a width of the potential well (12.5) on the mean electron energy dependence of its kinetic
energy.

With the graphical representation of the mean electron energy dependence applied against its Kinetic energy
shown in Figure 7, it is possible to plot the critical magnetic-field dependence of temperature. For the above
graphical representation (refer to Figure 1). If to compare the plots demonstrated in Figure 1 and Figure 9 with
the dependence of the critical-field strength considered against that of the theoretical one it can be seen that they
match to each other.

By what way does the width of the energy well behave at constant temperature (z = const), provided that the
external magnetic-field strength jumps from zero to value H? In case of absence of the magnetic field, the width
of a well will be rated at Sg(r) . When the magnetic field of the strength H is produced on a superconductor
surface, the kinetic energy (17.2) is displaced on its right by a certain value. In this case, energy wells are not
subject to variation but displaced on their right. It is possible to assume that the electron energy will take up the
least value when some portion of a well is displaced by value uzH f (z’)/4. Thus, the superconducting well
width is represented by the formula;

Ae(r) = 55(7)—%;18H (2) (19.3)
Let us substitute ¢ (z) in the Equation (19.3) by using the formula (19.2). Now, we will obtain:
1
Ag(r)zz,uBf(r)[Hc(T)—H]. (19.4)

When the magnetic-field strength H is equal to the critical value H, (), the superconducting well width will
be brought to zero.

20. Supercurrent

Any superconductor current flow is featured with its density matrix shown in Figure 6. Mean electron velocity

is:
v—iz kw, (20.1)
mN &k '
9e(@) _ 1 (0f7)
I 47
1 —.—
0.5 4 *
i N
\\
\’\
0 : e
0 0.5 1 T

Figure 9. Meissner-Ochsenfeld effect.
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Now, we substitute the sum (20.1) for the following integral:

VLA —— [kw, d%. (20.2)
8r°mN

Using the above formula, we calculate mean velocity for T = 0 with the formula (18.2) considered as true.
This formula makes it possible to find radii k; and k, of the spheres shown in Figure 6:
n’k? n°k?

= U, =u+l.
2mﬂ2m H

As a result, we will obtain as follows:
K _szlu K _,¢2m(/1+|)
1~ ' 2 '
h h

The layer thickness, as specified in Figure 6, will be approximately equal to:

| m
ok =k, -k, =— . 20.3
k=, (203)

In case of absence of external magnetic fields, when an electron distribution pattern is described by the for-
mula (18.9), the largest value of mean electron velocity produced in the flow of supercurrent will be formulated

as:
36¢(0
Vi I Vi =&. (20.4)
4./2me; 4,/2me,
As it is follows the respective electric current density vector can be expressed as:
Jmax = €NV - (20.5)

With the external magnetic field applied while its strength is kept on the level of less than the critical value,
the following mean electron velocity can be obtained:

3A8( )
(T) \2me

If to substitute the formula (19.4), we will obtain the expression shown below:

v(r) 13:\7?[ (7)-H]. (20.6)

Now, the current flowing along the superconductor will have the density determined by the current velocity
(20.6):

j(7)=env(z).

As a result, we obtain the formula expressed as:

e _ Benu, f(7) o
(@)= o T [He(z)-H], (20.7)

where H <H, (z') When the external field strength exceeds its critical value, the superconductivity vanishes
and the density vector will be determined by the substance conductivity p.

21. Magnetic Field in the Superconductor

It is need to remind that we investigate equilibrium state of the superconductor. Time independent functions are

OALibJ | DOI:10.4236/0alib.1102418 18 February 2016 | Volume 3 | e2418


http://dx.doi.org/10.4236/oalib.1102418

B. V. Bondarev

to be considered only in this state. These functions satisfy the equations expressed as:
rotH =4—7r i, (21.1)
c

divB =0. (21.2)

Let us consider the magnetic field effect produced on a planar border of the superconductor, provided that the
magnetic field vector H runs parallel to the border. We arrange axes x lengthwise the conductor border and pa-
rallel to vector H and axis y—perpendicularly to the border (see Figure 10).

In this case, the Equation (21.1) takes up the form as:

_dH, 4n

=20, 21.3
dy ok (21.3)

Since any superconducting current is produced by a negative component j, of vector J:

jz = _jv
substituting the value (20.7) in this equation we will obtain the formula expressed as:
dH
dy* =g(7)[H.(r)-H, ], (21.4)
where
3meny, f (7)
(1) =——F—7—> (21.5)

4c\/2me '

In view of the superposition principle, the magnetic field vector H can be considered as equal to the sum of
the external and magnetic fields to be created by supercurrents:

H = H(external) +H (c). (21.6)

Let us consider that any supercurrent flowing along axis z, as demonstrated in Figure 10, is produced in a
substance with the external magnetic field absent:

H (external) _ 0.

Such current may flow along the superconductor as long as it can. As concerns to electrons, they achieve their
mean velocity. The supercurrent produces am self-magnetic field featured with the strength of H£°) that satis-
fies the equation as:

superconductor superconducting
currents

H©

vacuum

Figure 10. Layout of the coordinate axes lengthwise the planar
border of the superconductor. Currents produced by supercon-
ducting electrons are graphically represented here.
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dH 5
W:g(r)[Hc(r)—HQ]. (21.7)

Any strength produced by the supercurrent will be equal to zero at the superconductor border:

H(© (0)=0. (21.8)

X

Since the strength satisfies the very condition it can be expressed as:
H (y) = H (7)[1-e " . (21.9)

For the graphical representation of this function (see Figure 11).

Now, we create the external magnetic field running lengthwise axis x with its strength represented by
(external

H (exem) (y). Itis evident that the above field strength may have any alternate mark: H ™™ (y)<0 or

X

 (extemal) (y)>0. The self-magnetic field of the superconductor is added to a just created field as specified by

X

the principle of superposition. Therefore, the complete field will be formulated as:
H, (y) = H™ (y)+HE (). (21.10)

Let us substitute the complete field (21.10) in the Equation (21.4). We will obtain the formula shown below:

dH (external) dH (c)
M + X _ O H (2)= H(extemal) _H(c) i 21.11
e ~9[H()-H ] (21.17)
We subtract the Equation (21.7) from the Equation (21.11). And the following external field equation is ob-
tained:
(external)
ded - g (T) H )((external)l (2112)
y

The external field strength, as determined at the border of the superconductor, will be equal to the given value
+H, to be subject to change throughout an experiment:

H)((external) (O) — iHO. (21.13)

Since the function H®*™ (

y) satisfies the starting condition it can be formulated as follows:

HZ™) (y) = tHge ", (21.14)
This function is graphically represented in Figure 12. Here the value (21.14) is positive:
H (external) (y) > 0.

X

Thus, we could obtain the strength of the external magnetic field going down inside the superconductor. The
tHS ()

H (t=const) it

vacuum / superconductor
—

0 y

Figure 11. The self-magnetic field produced by supercurrent.
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l} H(ix(emal) (y)
|
|

H (t=const) ‘1
|

— HO
vacuum \ superconductor

0 y

Figure 12. External magnetic field penetrating inside the superconductor.

complete field (21.10) is equal to the magnetic field produced by supercurrent and to the external field, provided
that H'®“"™ (y)>0 takes up the form as follows:

H, (y)=Hoe ° +H, (r)[l—e’g(’)y]. (21.15)
When the external field strength takes up the following form
H, = H, (1), (21.16)
the function (21.15) will be equal to the critical field:
H.(¥)=H. (7). (21.17)

With H, subsequently increased, the self-magnetic field vanishes and the complete field strength will be
equal to that of the external field:

H, (y) =H,. (21.18)
So, it is proved that when value Hy belongs to the interval
0<H,<H, (r) (21.19)

the superconductivity will be applicable in the conductor under the Meissner-Achsenfeld effect. But if value
H, exceeds the critical one:

Ho > H, (7), (21.20)

the superconductivity vanishes.

We have viewed in details the case when the strengths H ™ and H® of the external and self-magnetic
fields runs in the same direction. And this is time to consider the strengths being directed differently. So we can
obtain the following formula:

H, (v)=—Hoe *" +H, (r)|1-e*7" |, (21.21)
At Hy=H_(r), this function will take up the form:
H, (v)=H,(7)[1-2¢ 7 ].

As follows from the above, the Meissner-Ochsenfeld effect cannot be applicable. To remedy such condition,
it is necessary to specify the external field as that changing direction of supercurrent flow. Thus, the direction
of the superconductor self-magnetic field vector is considered as that matching the direction of the exter-
nal magnetic field strength. As provided by the given calculations, the external magnetic field goes down in-
side the superconductor thanks to presence of the magnetic field produced by supercurrent.
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Using the formula (20.7), let us find the supercurrent density as dependent on coordinate y. We substitute the
formula (21.15) in the formula (20.7). As a result, we will obtain the following formula:

(¥, 7. Hy) =K (2)[H, ()~ H, ]2, (21.22)
where

K ()= 3eny, f (r)
16,2me,

As follows form the above formula, the density of current goes down from the superconductor border to an
exponent. In case when the external magnetic field is absent (H, = 0), the density will be equal to

i(v,7,0)=K(z)H, (z)e . (21.23)
At H, =H,(), the supercurrent density vanishes:

i(y.z.H.(r))=0. (21.24)

22. Magnetic Field in the Spherical Superconductor

Let us now consider behavior of the magnetic field both inside and outside a spherically shaped superconductor.
The superconductor at T > T, in case of absence of the superconductivity, is demonstrated in Figure 13.

In case when the temperature is brought to the level of below the critical value —i.e. T < T,, superconductivity
is created in the superconductor. This very case is shown in Figure 14. Such a pattern exists till an external field
has the strength less than that of the critical field. If the strength exceeds that of the critical field, the supercon-
ductivity vanishes and the pattern shown in Figure 13 is applied. Both the self-magnetic field and external
field vectors have the same orientation.

Now, we will deactivate the external magnetic field in the state when temperature is less than the critical one:
T < T.. In this case, the superconductivity it is not vanished. The supercurrent is not changed but remains the
same as before. And the structure of self-magnetic field lines is to be changed just a little (see Figure 15).

23. Quantum Capture and Quantum Levitation

Let is consider the quantum capture effect. Such capture effect is produced by any permanent magnet fixed at
the constant height level. A disk-shaped superconductor is positioned below it less any supports. For a graphical
layout (see Figure 16).

Let us assume that the external field vector H®®™ superconductor self-magnetic field vector H® and su-
perconductor magnetic moment vector P, have the same orientation. According to the physical theory it is

)i

;\\
( | ‘| |

Figure 13. External magnetic field produced in the
superconductor at T >T,.
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H(external)

| |

Figure 14. Magnetic field in the conductor at T < T;
the external magnetic field is forced out of the su-
perconductor and its strength gets less than that of

the critical field: H©®“™ <H_ .

Figure 15. Self-magnetic field in the conductor pro-
duced by supercurrent at T < T¢; no external mag-
netic field is applied.

Permanent
magnet H(exlemal)
pm
lo : |
H©
superconductor
X

Figure 16. Quantum superconductor capture at T < T.

known that in this case the potential superconductor energy produced in an external field will be equal to the
following:
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U gextenral) (X) =—p, B(external) (X) (231)
The superconductor obtains the capacity to move in the space. The strength that makes effect on the super-
conductor is coupled with its potential energy formulated as follows:

du E)extenral) (X)
F.(x) i . (23.2)

The external magnetic field is not homogeneous by nature and it has excess magnetic induction near a per-
manent magnet. Any force acting on the superconductor will make it move to those space regions wherein the
energy (23.1) is reduced. If we direct the external magnetic field oppositely, it makes the supercurrent flow be-
ing reoriented to another direction along with the self-magnetic field. Thus, the external magnetic field, self-
magnetic field and vector Py, will have the same orientation with the strength remained unchanged.

As provided by (23.1), the superconductor has the energy reduced at those areas where magnetic induction is
exceeded. Therefore, the superconductor will be pulled into the region where an external field is stronger than
that in other regions at x > x,, where x is a distance from a permanent magnet to the superconductor, X, is an
equilibrium position of the superconductor.

According to the formula (21.22) the supercurrent density will be approximately equal to as follows:

j(rz Hy (X)) =K (2)[ He (7) = Ho (X) Jexp[ -9 () (r, 1) ]. (23.3)

where 1, is a distance from the superconductor center to its edges; r is a radial coordinate; H,(X) is a exter-
nal magnetic field strength on the superconducting disk surface edge. The external field strength H, (X) is in-
creased while approaching to the permanent magnet till to the condition when it may be even equal to the critical
field H, (r) . In this case, the current density will be equal to zero. As a matter of fact, the superconductivity
vanishes, the superconductor self-magnetic field is also brought to zero, and the superconductor fails pulling to
the magnet but falls down. Therefore, the potential superconductor energy U(x) may have the approximate pat-
tern demonstrated in Figure 17. While the superconductor is spaced off the permanent magnet, its potential
energy exhibits an increasing function. On approaching it the permanent magnet its potential energy exhibits a
decreasing function. The dependence of strength on the distance is graphically represented in Figure 18.

The graph in Figure 18 explains thequantum trappingof the superconductor. As can be seenfrom Figure 18,
the strength of the superconductorreturnsto the position where x = x,. This is thepositionof stable equilibrium
superconductor, when heis in a stateof quantumtrapping.

Now consider thequantumlevitation, when the superconductoris located above thefixedpermanent magnet (see.
Figure 19).

The potential energy when x > x,, which has a superconductor in an external field is determined by formula
(23.1). The graphpotential energy are shown in Figure 20. Now let’s see how it will behave in a superconductor,
when x < x,. Superconducting current is equal to (23.3). When the superconductor close to a permanent mag-

U(x)

T~

Ulgxtemab () \\

\\;
\||

Wy x

Figure 17. Potential superconductor energy.
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F®)

F.>0 F(x)=0
at
x<x0

F(x>x)<0

X

Figure 18. Superconductor acting force.

X

H®©
P,
Superconductor
i &
Permanent H(external)
magnet

D) ®

Figure 19. Quantum levitation of a superconductor at T < T..

X

(]( }:Jxlemal) ( )C)

U(x)

0

Figure 20. The potential energy of a superconductor.

net, the value of H,(x) decrease of xincreases and tends to the critical value of the H (7). But until the
moment when the current is zero, the magnetic moment of the superconductor p,, decreases. Consequently,
the potential energy is the largest magnitude and becomes an increasing
function (see Figure 20).

Differentiating the potential energy in xand from (23.2), we construct a graph of the power of location. The
graphpower is shown in Figure 21. The strength of the superconductor is always striving to return to the position
X, » Where the force is zero. This is the position of stable equilibrium.

24. Conclusions

The electron model in metal, as described in this paper, may be used as a basis of an alternative superconductiv-
ity theory. Such model significantly varies from those ones applied in the modern superconductivity theory.
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at
xX>X
o

F(x<x)>0

Fx) = 0‘}

g F(x)

Figure 21. The force acting onthe superconductor.

Here, the superconductivity is caused by repulsion of k and —k wave vector electrons but electron pairs and
energy gap—by attracting of equal wave vector electrons. Such electrons are statically described in scope of a
particular density matrix formalism featured with its simplicity typical for the appearance of mathematical for-
mulas and their physical content. The problem under consideration demonstrates advantages of the density ma-
trix method.

Influence of magnetic field effects on the superconductor has been studied in the context of this theory. The
following aspects have been proved:

1. Any magnetic field is able to displace the electron wave vector distribution function pattern towards in-
creased kinetic energy values.

2. The critical magnetic field H_(7) is directly proportional to the energy well width J e.

3. It has been found that there are dependences on penetration of the supercurrent external field strength and
self-magnetic field strength into the superconductor.

4. The dependence of the supercurrent density on the depth of penetration, temperature, and strength of ex-
ternal and critical fields has been found.
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