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Abstract

In order to obtain some results in the theory of semigroups, the concept of regularity, introduced
by J. V. Neumann for elements of rings, is useful. In this work, all regular elements of semigroup
defined by semilattices of the class X, (X , 10) are studied. When X has finitely many elements, we

have given the number of regular elements.
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1. Introduction

Let D be a nonempty set of subsets of a given set X, closed under union. Such a set D is called a complete
X-semilattice of unions. For any map f from X to D, we define a binary relation.
a¢ = UX<{X}X f (X))
Xe
The set of all «,, denoted by B, (D) is a subsemigroup of B, semigroup of all binary relations on X.
(See [1]-[6].)
All notations, symbol and required definitions used in this work can be found in [7]. Recall the following

results.
Lemma 1. [1], Corollary 1.18.1. Let Y ={y,,y,,--, ¥} and D; :{Tl,n-,TjEJ be two sets where k >1
and j>1. Then the number s(k,j) of all possible mappings from Y to subsets Dj of D; such that
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T, eDj isgivenby s(k,j)=j“—(j-1)".
Theorem 1. [1], Theorem 1.18.1. Let D, :{Tl,TZ,n-,TJ.}. Let Y < X be nonempty sets. Then the number

of mappings from Xto D; such that f(y):Tj for some yeY isequalto s:j‘X\Y‘-(j‘Y‘—(j—l)‘Y‘).

2. Results
Let X be a nonempty set, D a X-semilattice of union with the conditions (see Figure 1);
Z,c2,c2,cD,ZycZ,cZ cD,
Z,cZ,cZ,cD,Z,cZ,cZ,cD,
Z,cZ,cZ,cD,Z,cZ,cZ,cD,
Z,cZ,cZ,cD;
Z\Z; #D(1<i=#j<3ord<iz j<8);
2,02,=2,02,=2,0U2,=2,UZ, (1)
=2,Vl,=2,07,=2,02,=2U1Z,
=2, 02, =2, 02,=2,02,=2,UZ
=7,ul,=2,02,=2,0Z,=D;
2,02, =2,02,=2,07Z,=1;
2, V2, =202, =2,012,=1,.
The class of X-semilattices where each element is isomorphic to D is denoted by X, (X ,10).
An element « e B, (D) is called regular if aofoa=a for some feB,. Ouraim in this work is to

identify all regular elements of B, (D) where D is given above.
Definition 1. The complete X-semilattice of unions is called an Xl-semilattice of unions if A(D, Dt)e D

and Z = UleZA(D, Dl) for any nonempty Z in D. Here A(D,D,) is an exact lower bound of D, in D where
D, ={Z'eD|teZ'}.

The following Lemma is well known (see [7], Lemma 3).

Lemma 2. All semilattices in the form of the diagrams in Figure 2 are XI-semilattices.

Figure 1. Diagram of semilattice of unions D.

ST

Figure 2. Diagram of all XI-subsemilattices of D.
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Definition 2. Let D' and D" be two X-semilattices of unions. A one to one map from D’ to D" is said

to be a complete isomorphism if
o(WDy)= Uo(T')
T'eD,

for D,c D"

Definition 3. [1], Definition 6.3.3. Let « € B, (D) We say that a complete isomorphism ¢:Q —> D’ isa
complete a-isomorphism if

a) Q=V(D,a);

b) ¢(D)=D for FeV(D,a) and ¢(T)a=T forany TeV(D,a).

The following subsemilattices are all XI-semilattices of the X-semilattices of unions D.

a) Q ={T},where TeD (seediagram 1 of the Figure 3);

b) Q,={T,T'}, where T,T'eD and T cT’ (seediagram 2 of the Figure 3);

c) Q={T,T"T"}, where T,T'.T"eD and TcT'cT" (see diagram 3 of the Figure 3);
d Q,=17Z,T.,T D}, where T,T'eD and Z,cT cT'cD (seediagram 4 of the Figure 3);
e) Q={T. T T"T'UT"} where T,T'"T"eD, TcT', TcT", T'"\T"2Q, T'"\T'=0, (see

diagram 5 of the Figure 3);

f) Q ={Z,T. T, TUT,D}, where T,T'eD, Z,cT, Z,cT', T\T'#@, T\T22, TUT'cD
(see diagram 6 of the Figure 3); ~

Q) Q7:ﬁZQ,ZG,T,T’,D}, where T,T'eD, Z,cT, Z,cT', T\T'#Q, T'\T=@, TUT' =D (see
diagram 7 of the Figure 3);

h) Q=1{z, T, T, TUT,Z,D}, where Z,cT, Z,cT'cZ, T\T'#@, T\T=J, (TUT')\Z=%Q,
Z\(TuT')z@, TUT'UZ =D (see diagram 8 of the Figure 3);

Foreach i=1,2,--,8 weset QJ,, ={D'cD|D'isisomorphictoQ,}.

One can see that

Qu9y :{{zg,zs,ze,zs,zz,D},{zg,zg,za,zs,zl,D},{zg,z7,za,zs,zz,D},
{24,2,.25,2,,2,,0},{2,,2,,25,2,,2,,0} {2, 2, 25,2,,2,, D},
{20,24,2,,2,,2,,0}.{2,,2,,2,,2,,2,,B}}.

Assume that D' € Q,9,, and denote by the symbol R(D’) the set of all regular elements « of the semigroup

TOUT D D )
T" D
T T T T rvr ot T TUT 7
: L i
: T i Z, T e
-
T i i Z" T Z<) Zo Zv
12 3 4 5 6 7 8

Figure 3. Diagram of all subsemilattices isomorphic to subsemilattices in Figure 2.
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B, (D), for which the semilattices D’ and Q, are mutually a-isomorphicand V (D,a)=D’ and
R'(Q)=_U R(D)
D'eQidx)

(see [1], Definition 6.3.5).

The following results have the key role in this study.

Theorem 2. Let R, be the set of all regular elements of the semigroup B, (D) Then the following state-
ments are true:

a) R(D')nR(D")=@ forany D',D"eX,, (D) and D'#D";

b) Rp = UD’EZH(D)R(D,);

c) if X is a finite set, then |R,|= ZD,€ZXI(D)|R(D’)| (see [1], Theorem 6.3.6).

Lemma 3. Let ¢ be isomorphism between Q, and D/ semilattices, TeQ;, T eD/ and ¢(T)=T.If
Xis afinite setand |Q%,|=m, (i=12,,8), then the following equalities are true:

a) R(Q)=%

b) [R(Q,)=m, (2" -1)-2";
¢) [R(Q)=m, '(Z‘ﬂﬂ —1)~(3‘f”‘f" —2m )~3‘Xﬂ;
( olMzg| _1) . (3\f'\ﬂ _ ™| ) . ( 4P 3\5\?\ ) ) 4\X\5\;
( ST _1) ) ( o] _1) ) 4\X\(f'uf~)\_
f) |R ( Qe)| —2.m, ( o™\ _1). (z\f"\f'\ _1) _ (5\5\(f'uf")\ 3 4‘5\(?@’")‘ ) S\X\D\;
9) |R(Q7 )| =2-m, .(Z\ZG\ZQ\ _1)'2\(%?')\26\ .(S‘f\f" _ 2‘17\17")' 3\T"\ﬂ B 2“?’\‘?‘).5‘X\5‘;

h) |R (Qs )| —2.m, .(Z\T’\z’\ _1) ) (Z\f'\ﬂ _1) ) ( 3\2\(fuf')\ B 2\2\(fuf')\ ) . G‘X\D‘I

Proof. The propositions a), b), ¢) and d) immediately follow from ([1], Theorem 6.3.5 and Theorem 13.1.2),
while the equalities e), f), g) and h) follow from ([1], Theorem 6.3.5, Corolaries 13.3.4-5-6 and 13.7.3). o

3. Regular Elements of the Complete Semigroups of Binary Relations of the Class
%,(X,10),When ¢ D and Z,#QJ

Theorem 3. Let D:{Zg,zg,Z7,Zs,Zs,Z4,Zs,Zz,Zl,5} €%,(X,10) and Z,# . Then a binary relation «

of the semigroup B, (D) whose quasinormal representation has the form « = UTE\/(DQ)(YT“ ><T), will be a

regular element of this semigroup iff there exist a complete a-isomorphism ¢ of the semilattice V (D,a) on
some subsemilattice D’ of the semilattice D which satisfies at least one of the following conditions:

a) a=XxT,forsome TeD;

b) o = (Y xT)u(Y xT%), for some T,T'eD, T<T' and Y, Y ¢{@} which satisfies the condi-
tions: Y 2o(T), Yy ne(T)=J;

9) a:g‘YT"xT)u(YT‘f xT)U(Yg xT"), for some T,T'T"eD, TcT'cT", and YY",V g {D}
which satisfies the conditions:” Y" 2¢(T), YUY 20(T'), Yy ne(T) =D, Y ne(T") 2 J;

d) =Y xT)u(Y xT) (Y xT")u(Yy x D), forsome T,T'T"eD, TcT'cT"<D and
Y Y YE Y 2 {@) which satisfies the conditions: Y 2¢(T), YUY 20(T'), YUY UYS 2(T"),
YO no(T) =D, Yine(T) 2D, Y7 ne D);t@;

€) a =Y xT)U(Y xT ) U (Y xT") U (Y x(T'OUT")), where T T T"eD, TcT', TcT",

T\T"2@, T'\T'2Q, YY", Y ¢{D} and satisfies the conditions: Y;" LUY” 2 ¢(T'),

YUY oo(T"), YYne(T) 2D, Yine(T")=D;
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f) a=(Yg xZo) U (Y % Zs ) U (Y xT)u (Y7 xT")u(Ys" x D), where, Yo", Ys" Y, V" ¢ {D},
T,.T'€{Z,,2,,2,}, T=#T', TUT'=D and satisfies the conditions: Yy" 2¢(Z,), Yy VY 2¢(Zs),
Yo UYS U 20(T), Y uYy uYS 2o(T), Y& ne(Zy) =D, Y ne(T)=D, Y ne(T)=J;

) =Y xZg) U (Y xT)u (Y xT) U (Y x (T UT))U(Ys x D), where Y, Y72, Yy ¢ (O},

T e

Te{ZB,Z7,Ze,Z} {Z7,ZG,ZS,Z }, T=T', and satisfies the conditions: Yy* UY” 2¢(T),
Y OYE 20(T'), Y ne(T)23, Y ne(T)2D, Yy ne(D)=a;

h) a=(Y Z)u(Y"xT) (Yo x Zg ) (Y p x(T W Zg))U(Ye xT')U(Yg* x D), where
Yo Y2 Y Y e { D), T\Z, =D, Z\T =D, ZycZ =T’ and satisfies the conditions: Yy" 2 ¢(Z,),
Y“UY D(p( ) Yy UY“D;{)(T), Y“UY”UY"Q(/}(T'), Y ne(Zg) =D, Y ne(T );t@
Y“mgo( )

Proof. In thls case from Lemma 2 it follows that diagrams 1-8 given in Figure 2 exhaust all diagrams of
Xl-subsemilattices of the semilattice D. A quasinormal representation of regular elements of the semigroup
B, (D), which are defined by these XI-semilattices, may have one of the form listed above. Then the validity of
theorem immediately follows from ([1], Theorem 13.1.1, Theorem 13.3.1 and Theorem 13.7.1). o

Lemma 4. Let D:{29,28,27,25,25,24,23,22,21,Ij}eZl(X,lO) and Z,#@. Let R"(Q,) be set of
all regular eIements of B, (D) such that each element satisfies the condition of a) of Theorem 3. Then
R*(Q
| Proof| Let binary relation « of the semigroup B, (D) satisfy the condition a) of Theorem 3. Then
quasinormal representation of a binary relation « has a form a=XxT forsome T eD. Itiseasy to see that
aca=a forall TeD,ie. binary relation « is a regular element of the semigroup B, (D). Therefore

R*(Q)|=10. O

Now let binary relation ¢ of the semigroup B, (D) satisfy the condition b) of Theorem 3 (see diagram 2 of
the Figure 3). In this case we have Q, :{T,T’} where T,T'eD and T cT'. By definition of the semi-
lattice D it follows that

{ZS,D},{ZA,Z},{24,D},{Z3,D},{Zz,D},{Zl,D}}.

It is easy to see that there is only one isomorphism from Q, to itself. That is |cD Q,, Q2)| 1 and
2(Q,)|-24. 1
{29,5}, {z D},D; ={Z,,D},D; ={Z,,2,},D} ={Z,,2,},

{Z4,25},D; ={Z4,Z5},D5 ={Z4,Z,},Dy ={Z4,Z,},D}y ={Z,,Z,},
{Zglzl} Dl’Z {ZS’Z} D£32{2875}1D1’4:{szs}le's:{2715}7
{Zev 3} D; = {ZG,Z} D1'8={Z6’Zl}'D1,92{26’5}'D£O:{25’21}’
{Zo2.},

.},Dy, ={2,,D}, D}, ={Z,,D}, Dy, ={Z,,D}.

’

Dl 1
’

Dl6

z
D,, ={Z,,Z

then
24
R"(Q,)=UR(D)). )
i=1
Lemma 5. Let X be a finite set,
D:{zg,zg,z7,zs,zs,24,zs,zz,zl,f)} e, (X,10)

and Z,#Q. Let R*(Q,) be the set of all regular elements of B, (D) such that each element satisfies the
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condition b) of Theorem 3. Then

R'(Q)|= 24-(2‘5‘29‘ —1) 2,

Proof. Let Z,Z2'eD, ZcZ', D'={Z,Z'} and aeR(D’). Then quasinormal representation of a binary
relation o has a form & = (Y xT)u(Y,*xT’) for some T,T'eD, TcT', Y.V ¢{J} and by state-
ment b) of theorem 3 satisfies the conditions Y;* ©Z and Y;" nZ'#= & . By definition of the semilattice D we
have Z>Z, and DoZ',ie, Y22, and Y "D =@ . Itfollows that « e R(D;). Therefore we have

R'(Q,)=R(D)). ©)
From this equality and by statement b) of Lemma 3 it immediately follows that
R'(Q,)= 24-(2‘5‘29‘ —1)-2‘“5‘. .

Let binary relation « of the semigroup B, (D) satisfy the condition c) of Theorem 3 (see diagram 3 of the

Figure 3). In this case we have Q, :{T,T’,T”} ,where T,T'"T"eD and TcT'cT". By definition of the
semilattice D it follows that

Q% ={25.2,,0}.{Z,.2;.D}.{Z,.2,,D}.{Z,, 25, D},{Z,,2,, D},
{25,2,,0},{2,,2,,0}.{Z,.2,,0} {25, 25,2} .{Z,. Z;. 25},
(24,24,2,),{24,2,2,} 124,24, 2,) {25, 25, 2,},12,,2,, 2.},
{25,2,,D}.{2,,2,,D},{Z,.2,,D}.{Z,.2,.D}.{Z,.2,. D},
{2,2,,0}.,{z,,2,,D}.

Itis easy to see |@(Q;,Q;)| =1 and |Q(Q,)|=22. If
D}.D; ={Z,,Z,,D},D; ={Z,,Z,,D},D; = {Z,,Z;, D},

D, ={Z,.Z,,

D; ={2,,2,,D},D; ={Z,,2,,D},0; ={Z,,2,,D},D; = {2,,2,, D},

D} ={Zy,24, 25}, D}y = 1{Z4,2,,Z,},D}, ={Z4,24,25}, D}, =124, 2,2, },
Dy ={Z5.24.2,}, D}, ={Z5,25,2,}, D} = {Z5,2,,2,}, D} ={Z,.,Z,,D},
D}, ={Z,,2,,D},D}, ={Z,Z,,D},D}, ={Z.,2,,D}, D} ={Z,,2,, D},

D}, ={2,2,,0},0;, ={Z,,2,, D}

then
R (Q3) = UR(Di’)' (4)
Lemma 6. Let X be a finite set,
D =1{2,.24,2;,24,25.2,,25,2,,2,,D} € 3,(X,10)

and Z,#Q. Let R(Q,) be the set of all regular elements of B, (D) such that each element satisfies the
condition ¢) of Theorem 3. Then

(@)= ZIR - R(D5)~R(D;)

(i, k)eM (%)
where

M, (Q)={(2.6).(3.6).(3.7).(38),(4.8),(5.8).

Proof. Let D/ ={Y;,Y,,Y"} (Y,<=Y/cY,") be arbitrary element of the set Q,9,, and « eR(D/). Then
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quasinormal representation of a binary relation o has a form o =(Y* xT )U(Y¥ xT")U (Y xT") for some
TT,T"eD, TcT'cT", Y,V .Y ¢{Q} and by statement c) of Theorem 3 satisfies the conditions
Y oY, YYuUYT oY, Y nY'=d and Y7 NY,"= . By definition of the semilattice D we have Y, oZ,,
D oV,". From this and by the condition Y 2Y,, Y“ UYZ oY/, YSAY/2D, Y% NY, =D we have

Y 2 Zo, Y OYE Y YE Y 2B, YEND £,

ie. aeR(D;), where D ={Zz,,Y/D}. It follows that R(D/)c= R DJY), From the last inclusion and by
definition of the semilattice D we have R(D;)< R(Dj) forall (i, j)e M, (Q,), where

M, (Q;)=1(9.2),(10,2),(11,3),(12,3),(13,3),(14,4),(15,5),
(16,6),(17,6),(18,6),(19,7),(20,8),(21,8),(22,8)}.

Therefore the following equality

8
R'(Q)=UR(DY) (5)
i=1
holds. Now, let Di':{ZQ,Yi,ﬁ},DJT ={Zg,Yj,I5}e{Dl',Dé,...,Dé}, D/# D] and «eR(D/)"R(Dj). Then
for the binary relation « we have
Y 2 Zy, Y UYE DY, Y AY, 2D, YEND =,
Y 2 Z,, Y UYE DY YA =D,V ND =@
From the last condition it follows that Y;* 2 Z,, Y, LY DY, UY;.
1) Y,uY;=D. Then we have that (Y LY )Y (Y, UY,)NY=DNY =@ . But the inequality
Y2 UYS )Y =@ contradicts the condition that representation of binary relation « is quasinormal. So, the

equality R(D/)n R(D}):@ is true. From the last equality and by definition of the semilattice D we have
R(D/)nR(Dj)=@ forall (i, j)eM,(Q,), where

M, (Q,)={(1.4).(15).(1.7).(L8).(2.4).(2.5).(2.7).(2:8),
(4,6),(4,7).(5.6).(5.7).(6.7).(6,8).(7.8)}.
2) D;:{zg,vi,f)},D;:{zg,Yj,D},Dk’:{zg,Yiqu,f)}e{D;,D;,--.,Dg}, D/#D|, D/#D,, Dj=D,
aeR(D))nR(Dj) and aeR(D/)nR(Dj)nR(D;) are true. Then we have
Y 2Z, YUY DY, YEAY, =B,V D =D,
Y D Z, YUY DY, YENY, 2B, YEND £ D,
and
Y 2Z, YUY DY, Y AY, =B, Y5 ND = &,
Y 2Zy, Y OYE DY, Y AY, 2B, YEND # 2,
Y 2 Zy, YUY DY, UYL Y A(YUY)) 2B, Y ND = D
respectively, i.e., aeR(D/)nR(Dj) or aeR(D/)nR(Dj)nR(D;) ifand only if
Y 2 Z,, YUY DY, UYL YYD YA 2D, Y NnD @

Therefore the equality R(D;)nR(Dj)=R(D)nR(Dj)~R(D;) is true. From the last equality and by
definition of the semilattice D we have R(D/)"R(Dj)=R(D/)nR(Dj)nR(D;) forall (i, j,k)eM;(Q;),
where

M, (Q,;)={(12,6),(13,6),(23,6),(3,4,8),(3,5,8),(4,58)}.

3) D;:{zg,Yi,f)},D;={zg,Yj,f)},D;:{zg,Yk,5}, D;:{zg,YiuYJ.qu,D}e{Dl’,Dg,---,Ds’},
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D, #D;, p.qelijkt}, p#q, aeR(D))nR(Dj)~R(D;) and
a €R(D/)"R(Dj)nR(D;)~R(D/) are true. Then we have
Y 2 Zy, YUY DY, YENY, =D, YEND £,
Y 2 Z, YUY DY, YA 2D, YEND = O,
Y 2 Zo, YUY oY, YE Y, 2B, Y5 ND =D
and
Y 2Zy, YUY 2V, YEAY, D, Y% D = I,
Y 2Ze, YUY DY Y NY, 2D, Y ND =D,
Y 2 Ze, YUY DY, YN, 2D, Y nD 2D
Y 2 Zg, YUY Y, OY UYL Y A (YUY LY, )£ Y ND = D
respectively, i.e., aeR(D/)"R(Dj)nR(D;) and aeR(D/)nR(Dj)R(D;)~R(D;) ifand only if
Y7 2 Z, Y OYT DY, UY, UYL Y NY 2D AY 2D NY, 2D, Y00 D=#@.
Therefore the equality R(D/)~R(Dj)~R(D;)=R(D/)"R(Dj)nR(D;)"R(D;) is true. From the last
equality and by definition of the semilattice D we have
R(D/)"R(Dj)nR(D;)=R(D))"R(Dj)"R(D;) " R(DY)
forall (i, j,k,t)eM,(Q,), where
M, (Q)={(12.36),(3.4,58)}.
Now, by equality (4) and conditions 1), 2) and 3) it follows that the following equality is true

(@)= Z|R | ) ‘R (D;)~R(D; )‘
where
Ms(Q:)=1{(2.6).(3.6).(3.7).(3.8).(4.8).(5.8)}. o
Lemma 7. Let D'={Z,Y,D}, D _{ZQ,Y D} where Y,Y'eD and Y'2Y . If quasinormal repre-

sentation of binary relation « of the semigroup B, (D) has a form o = (Y, xT)u(Y xT")u(Yy x D) for
some T,T'eD, TcT'cD and Y/, Y?,YS ¢{@}, then aeR(D')nR(D") iff
Y 2 Zo, Y OYE Y YEAY 2B, Y ND =D
Proof. If o eR(D")nR(D"), then by statement c) of Theorem 3 we have
Y 2Z, YUY DY, YENY 2D, Y D = T,

_ 6
Yy 2Zy, YUY DY, Y Y =B, Yy nD#d. ©)

From the last condition we have
YA 2Z, YUY Y Y AY =D, Y "D =3, @)

since Y'Y by assumption.
On the other hand, if the conditions of (7) holds, then (6) immediately follows, i.e. a € R(D')m R(D”).
Lemma is proved. a
Lemma 8. Let D’ = ZQ,Y,D},D":{ZQ,Y’, D}e{Dl', D;,--,D;}, Y'2Y and X be a finite set. Then the
following equality holds

|R(D') A R(D")| — 999"V _(Z\Y\zg\ _1).(3\@\(’\ 3 Z\D\Y'\).g\mﬁ\l

Proof. Let D’:{ZQ,Y,ﬁ},D"z{ZQ,Y’, E}e{Dl’,Dé,...,Dé},where Y’ oY . Assume that
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ae R(D’) NR D") and a quasinormal representation of a regular binary relation  has a form
a=(YxT)u(Y xT)u(Ys xD) for some T,T'eD, TcT'cD and YY" Yy ¢{D}. Then ac-
cording to Lemma 7, we have

Y 2 Zy, YUY DY YEAY 2B Y "D =D (8)

Further, let f_ be a mapping of the set X in the semilattice D satisfying the conditions f, (t) =ta for all
teX. f,, f,, f,, and f, are the restrictions of the mapping f, on the sets Z,, Y'\Z,, D\Y’,
X\ D respectively. It is clear that the intersection of elements of the set Zy,Y'\Z,, D\Y', X \D! is an
empty set, and Z, u(Y’\Zg)u(D \Y’)u(x \ 5) = X . We are going to find properties of the maps f,,, f,,,
fZa ' 3a "

1) teZ,. Then by the properties (1) we have Z, Y, ie., teY” and ta=T by definition of the set
Y, . Therefore f,, (t)=T forall teZz,.

2) teY'\Z,. Then by the properties (1) we have Y'\Z, cY'c YUY  ie, teY LY and
ta e{T,T'} by definition of the sets Y;* and Y,?.Therefore f_(t)e{T,T"} forall teY'\Z,.

By suppose we have that Y NY #J, ie. ta=T' for some t'eY. If t'eZ,, then t'eZ, Y/
Therefore t'a =T . That is contradiction to the equality t'a=T', while T=T' by definition of the se-
milattice D.

Therefore f,, (t')=T' forsome t'eY\Z,. B

3) te D\Y'. Then by properties (1) we have D\Y'cDc X =Y/ UY/ UY,, ie, teY UY  UY, and
tae{T T, D} by definition of the sets Y, Y/ and Y, . Therefore fa, (t )e{T T f)} forall teD\Y'.

By suppose we have that Y;* "D =@, ie. t"a=D forsome t” eD If t"eY', then t"eY' YUY, .
Therefore t"a e {T T } by defmltlon of theset Y and Y;7.We have contradiction to the equality t"a = D.

Therefore f,, (t")=D forsome t"eD\Y’.

4) te X \D. Then by definition of a quasinormal representation of a binary relation « and by property (1)
wehave te X\Dc X =Y U7 UY;", ie. tae{T,T',D} by definition of the sets Y*,Y;% and Y;*. There-
fore f,, (t)e{T,T’, [3} forall te X \D.

We have seen that for every binary relation o € R(D')nR(D") there exists ordered system
(four fiur T2u fsn ) - Itis obvious that for disjoint binary relations there exist disjoint ordered systems.

Further, let

fo1Zg > {T} f:Y\Zy > {T,T7,
f,:D\Y'—>{T,T',D}, f,: X \D —>{T,T',D}

be such mappings that satisfy the conditions:
o(t)=T forall tezg;
(t) {T,T'} forall teY'\Z, and f (t')=T" forsome t'eY\Z,;
(t)e{T,T’,f)} forall teD\Y’ and f,(t")=D forsome t"eD\Y’;
fo(t )e{T,T’,D} forall te X \D.
Now we define a map f from X to the semilattice D, which satisfies the condition;
( ) iftez,,
t),ifteY'\Z,,
ft)= (()) Ilftee %
fy(t ),ifteX\f).

Further, let g={J _ ({x}xf(x)), Y/ ={tltF=T}, ¥/ ={t|tf=T'"} and Y/ ={t[tp=D}. Then
binary relation £ may be represented by
B =Y xT)u(Y xT")u(Y{ x D)

and satisfies the conditions
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Y/ 272, Y OYE oY Y AY 2B, Y nD =D,

(By suppose f,(t)=T" for some t'eY\Z, and f,(t")= D for some t"eD\Y'), i.e., by lemma 7 we
have that e R(D')nR(D").

Therefore for every binary relation o eR(D')nR(D") and ordered system (f,,,f,,f,, f,,) there
exists one to one mapping.

By Lemma 1 and by Theorem 1 the number of the mappings f,,, f,,, f,,, fs,. T4

1 olY\Zg (V12 ,(Z\Y\Ze\ —l) 3‘5\” _ Z‘D\Y" 3‘X\D‘l

are respectively

a

Note that the number 2"(“%) -(2‘“29‘—1)~(3‘D\Y"—Z‘E’\Y")B‘X\ﬁ‘ does not depend on choice of chains

TcT' T (T,T,T"eD) of the semilattice D. Since the number of such different chains of the semilattice
D is equal to 22, for arbitrary T,T , T"eD where TcT'<T", the number of regular elements of the set
R(D')nR(D") isequal to

|R ('\R( )| 29. 2\\( VY| (Z\Y\zg\ _1).(3\5\\('\ _2‘5\Y")'3‘X\D‘. 5
Therefore we obtain
D/)NR D')| _ 22,2\23\28\ 2\28\29\ (S‘D\Z3‘ _2‘[3\23‘ ,3‘X\D‘7

D\Z D\z X\D
Pz _ gz | gl

AR(D} |=22,2\23\z7\ ozzsl _q).(3

{72 s
ol26\zs| _ 1) (3\D\z3\ _2\5\23\)'3%\5\’
oZ6\ze| _q ( )

3\D\zz\ _Z\D\zz\ _3\X\D\, )

(3\0\21\ —Z‘D\Zl‘)':g‘X\D‘,

30z _ 2\5\21\)'3\“5\]

)
b {
)= ()
AR(Dy)| = 22275l (2717 ).
D;)R(D; )| 22.2%%. (271 _1).
)= ( ) (3\0\21\ _2\5\21\).3\X\'5\_
Lemma 9. Let X be a finite set, D=1z,,2,,2,,2,,25,2,,2,,Z,,Z,,D} e, (X,10) and Z,#Q . Let

R"(Q;) be set of all regular elements of B, (D) such that each element satisfies the condition c) of Theorem
3. Then

R® (Q3 )| _ 22_(2\28\29\ _1)_(3\5\28\ _2\5\28\)_3\X\D\ +22.<2\z7\29\ _1)_(3\5\27\ _2‘5\27‘).3‘X\D‘

+ 22_(2\26\29\ _1).(3\5\25\ _2\5\26\ ).3‘X\I5‘ +22.(2‘Z5\Zg‘ _1).(3\5\25\ —Z‘D\ZS‘)G‘X\D‘

+ 22_(2\24\29\ _1).(3\5\24\ _2\0\24\)_3\X\5\ +22.(2\z3\29\ _1).(3\5\23\ _2‘5\23‘).3‘X\D‘

4 22.(2\zz\z9\ _1).(3\6\22\ _2\5\22\)_3\X\D\ +22.(2\zl\zg\ _1)_(3\5\21\ _2‘[')\21‘)'3‘X\I5‘

_22,2\23\28\ ,(2\28\29\ _ ) ‘D\ZS‘ _2‘5\23‘)_3‘“5‘ _22,2\23\27\ ,(2\27\29\ _1),(3‘5\23‘ _2"5\23‘ ),3‘“'5‘
_22,2\23\26\ ,(2\26\29\ _1) 3‘D\Z3‘ 2"3\23‘ 3‘X\D‘ _22,2\22\26\ ,(2\26\29\ _1),(3‘5\22‘ _2‘5\22‘ ),3‘“'5‘

(S‘D\Zl‘ ‘D\Zl‘),g‘x“j‘ _99. 94\ ,(2\25\29\ _1),(3‘5\21‘ _2‘5\21‘),3‘“'5‘

_22,2\21\26\ . 2\26\29\ _1)

2\24\29\_ 3\0\21\ Z\D\zl\ S‘X\D‘.

—922. 2\21\24\ .
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Proof. The given Lemma immediately follows from Lemma 6 and from the Equalities (5).
Now let a binary relation « of the semigroup B, (D) satisfy the condition (d) of Theorem 3 (see diagram 4

of the Figure 3). In this case we have Q, :{Zg,T,T', f)}, where T,T'eD and Z,cT cT'cD. By de-
finition of the semilattice D it follows that
Qe ={{Z5:25:2:,D},{24.2,.2,,0},{2,,2,,2,,D} {2, Z,,2,, D},
{24,25,2,,5},{2,.2,,2,,5},{Z,,2,,2,, B}}.
Itis easy to see |@(Q,,Q,)|=1 and |Q(Q,)|=7.If

D] ={Z,,25,2,,D}, D} ={2,,2,,2,,D}, Dy ={Z,,Z;,Z,, D},

D, ={Z,.Z;,2,,D}, D, ={Z,,2,2,,D}, D} ={Z,,2,,2,, D},

D; ={2,,2,,2,,D};

then
7

R"(Q,)=UR(D)). (10)

i=1
Lemma 10. Let X be a finite set,

D=1{2,.2,,2;,24,25.2,,2,,2,,2,,D} € 3,(X,10)

and Z,=@. Let R"(Q,) be set of all regular elements of B, (D) such that each element satisfies the
condition d) of Theorem 3. Then

R’ (Q4 )| _7. (2\23\29\ _1) ] <3\23\zg\ _ plza\zs| ) . (4\0\23\ B 3\0\23\ ) . 4‘X\D‘

754 ) (el g (40 o). 4o
+7:(2%%] 1) (3%l gl ). (4‘5‘23‘ 3Pl ) 4
+7. (2\26\29\ _1) ) (3\22\26\ _ lz2\74| ) . (4"5\22‘ _ 3"5‘22‘ ) ) 4‘“'5‘
+ 7 . (2‘26\Z9‘ _ 1) . (3‘21\Z6‘ _ 2‘21\25‘ ) . (4‘5\21‘ _ 3"5\21‘ ) . 4‘X\D‘
+ 7 . (2‘25\29‘ _1) . (3‘21\25‘ _ 2‘21\25‘ ) . (4‘5\21‘ _ 3‘5\21‘ ) . 4‘)(\5‘
+7-(24%] 1) (32— g (4‘5‘21‘ 3Pl ) 4

Proof. Let D;:{zg,vi,vi', D},D; :{zg,vj,vj',D}e{D;, D;,---,D;}, D/# D] and &< D/NDj.Then
a=(Yy x_ZQPU_(YT“ xT)U (Y xT)U (Y xD) , where Z,cT<T'eD, YY" Y Y ¢{@} and the
following inclusions and’inequalities are true

Y DZ, YUY DY, YUY UYS oY,
YA Y, 2B, YE Y 2B, Y D = T,
Yo' D Zy, YUY DY, YUY UYE oY,
YO 2, YNY 2D, Y "D =D
From this it follows that
Yo 2Zg, YUY DY VY YUY UYE DY UYS

We consider the following cases.

1) YUY, =D or YUY/=D. Then we have (Yy"UYy UYS)NY, DAY, =@, But the inequality
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(Yg" uYS uYs ) NYy =@ contradicts the condition that representation of binary relation ¢ is quasinormal. So,
the equality R(D/) R( ) @ holds. From the last equality and by definition of the semilattice D we have

R(D/)nR(Dj)=2 forall (i,j)eM,(Q,), where
M, (Q)=1{(1.4).(15).(16).(L7).(2.4).(2.5).(2.6).(2.7), (100
(3,4).(3,5),(3.6).(3.7).(4,5).(4.6).(4.7)}.
2) Y,uY;=Z,e{Y\Y]} or Y,uY, =Z {Y.Y/} Thenwehave (Y, UYS)NY 2Z,NYE =B or
(Y OV )Y 22, "y =@ Butthe inequality (Y LY, )Y =@ or (YUY )Y = D

contradicts the condition that representation of binary relation « is quasinormal. So, the equality
R(D/)NR =@ holds. From the last equality and by definition of the semilattice D we have
R(D/)nR D’ =g forall (i,j)eM,(Q,),where

M2 (Q:)={(2.2).(13),(2.3).(5.:6).(5.7).(6.7)} (10b)
By conditions (10a) and (10b) it follows that

Q)= 3IR(o0)

From the last equality we have that the given Lemma is true. |

Now let a binary relation ¢ of the semigroup B, (D) satisfy the condition €) of Theorem 3 (see diagram 5 of
the Figure 3). In this case we have Q; ={Z,,T,T’, ToT ", where T,T'eD and T\T'#@ and T'\T=J.
By definition of the semilattice D it follows that

Qs =126.25,2,,2,)1Z5,25,2,,2,} 124,24, 25,2,} {24, 2,,24,Z,} (24, 24,25, Z, ),
{24,24,2,.2,},{2,.2,.2,,D}.{25,24,25,D},{2,,2,,2,,0},{2,,2,,2,, D},
{24,2,.2,,0},{2,.2,,2,,D}.{Z,,2,.2,,D}.{Z,,2,,2,,D},{Z,.,2,,Z,,D},
{24,2.2,,0},{2,.25,2,,D}.{2,,2,,2,,D}.{Z,,2,,2,,D}.,{Z,,Z,,Z,, D},
{24,2,,2,,0},{Z.2,,2,,0},{Z;.2,,2,,D}.{Z,.2,,2,,D}.

Itiseasy tosee |®(Qs,Q;)|=2 and |Q(Q;)|=24.If
D ={Z4,24. 27,25}, D} ={Z4, 2,24, 2.}, D} = {24, 25, 25, 5}

D’={Z Z5.24,25},0; ={2,,24,25,D}, D; ={2,,25,2,,0},D; ={2,,2,,2,,D},
s ={Z5.2,.2,,D},0; ={2,,2,,2,,D},D}, ={Z,.,2,,2,,D},D}, ={Z,.2,.2,,D},
Dl'2 Z,,2,,24,0},D}, ={Z,.2,,Z5,2,}, D}, = {Z5,24,2,. 24}, D)5 ={Z,,2;,Z5,D},

D}, ={Z,,2..2,, D1'7 -{2,.2,,2,,0},0},={2,.2,,2,,D},D}, ={Z,.2,,Z,,D},

D},
Dy = } Dy ={ZQ,Z7,21, D}’Dz’z ={Zg,Zl,Z7, D}’ Dz ={ZQ’ZG'ZS'21}’
D}, = It
D}, = It

Z,,2,,Z,,D
2,,2,2,,2,
2,,2,,25,2,

Dy =1Z4,24,24,2,), Dy ={Z4,2,,24,Z,}, Dy ={Z4,25,2,, 2},
Do ={Z5.25,25,D}, Dy ={Z,.2;.,Z5,D}, Dy, ={Z,,25,2,,D},
{2,.2,,2,,D},Dy, ={2,.2,,2,,D}, D} ={Z,,2,.,Z,,D},

D}, ={Z,.,2,,2,,D}, Dy ={Z,,2,,2,,D}, Dy ={Z,,2,,2,, D},

Z,2 D, ={Z,.2,,2,,D},D}, ={Z,,2,,2,,D},

Djs ={Z¢,2,,2,D}, D}, ={Z,,2,,2,,D},

!
f

O
w ~
N
Il
N\—\ﬂ\-—\ﬂ\-.\,—",—"‘,-/\—\ﬂ“\ﬂb\/—"t—’\‘
N
[{=]
N
N
(421
O
M
w
Il

878
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then

48
R*(Q,)=R(D)). (11)
i=1
Lemma 11. Let X be a finite set,
D ={2,,24,2;,24,25,2,,25,2,,2,,D} € 2,(X,10)

and Z,#@. Let R'(Q;) be set of all regular elements of B, (D) such that each element satisfies the
condition e) of Theorem 3. Then

(@)= Z|R ‘R mR(D)‘

(k DeMy
where

( ):{( ,9),(311),(4,10),(4,12),(5,11),(5,30),(5,39),(6,12),(6,29),
( ,40), (7,11),(7,34),(7,39),(8,12),(8,33),(8,40),(9,37),
(10,38),(11,39),(12,40),(13,19),(13,21),(14,20),(14,22),
(15,21),(15,30),(15,39),(16,22),(16,29),(16,40),(17,21),
(17 34), 17,39),(18, 22),(18,33),(18,40),(19, 37) (20,38)
(
(

21, 39),222,40) (23,30),(23,32),(23,39),(23,41),(24,29)
24,31),(25,34),(25,36),(26,33),(26,35),(29,40),(30,39),
(31,42),(32,41),(33,40),(34,39),(35,42),(36,41)}.
Proof. Let D={Z,Z',2",Z2'UZ"} be arbitrary element of the set {D;,D;,--,D;} and «R(D’). Then
quasinormal representation of a binary relation « of the semigroup B, ( ) has a form
= (Y xT) O (Y xT YO (Y xT) (Y < (TMOT"),
where T, T T"eD, T<T', TcT", T'\T"=2&, T"\T'# & and by statement e) of Theorem 3 satisfies
the following conditions
AV) AR VAR V) Ale VAR ANaVAE IR SN aVAE ()
From this we have that the inclusions
R(Dz;3)§ R(Dgl)’ R(D£4)C R(D4 ) R(ngs)
R(ngs)g R(Dz;o)’ R(Dz'17)c R(D; ) R(D3'7)
are fulfilled. Therefore from the Equality (1) it follows that

R'(Q,)= QR(D{). (12)

Let D/={Y,Y\Y Y/UY/} and D;={y,Y/,Y/,Y/UY/} be such elements of the set {D],D;, -, Dj,} that
D/#D; and aeR(D/)n R(D;). Then quasinormal representation of a binary relation « of the semigroup
By (D) hasaform

a =Y xT)o (Y xT) O (Y xT") (Y x (T UT")),
where T, T T"eD, T<T', TcT", T'\T"=2@, T"\T'# & and by statement e) of Theorem 3 satisfies
the following conditions
YPOUYS 22, YUY 22", Y nZ' D and Yo nZ"#D.
Then by statement e) of Theorem 3 we have
YUY oY Y OYS oYY Y =S Y NY = D,
Y OYE DY Y UYE DY YE AY] =B, YEAY] = D



Y. Diasamidze et al.

From this conditions it follows that
Y7 OYE DY UYL Y OYE oY OY
For D/ and Dj we consider the following cases.
1) YUY/=D or YUY/=D.Then (Y7 UY )Y 2DNY: Y NYi =D or
(Y uY"i?mY"f SDNYI DY/ Y =D
respectively. But the mequalltles (Y uY")mY =@ and (Y, UYS )mY # @ contradict the condition

that representation of binary relation « is quasinormal. So, the equallty R(D/)n R(D ) @ holds. From the
last equality it follows that R(D;)~R(Dj)=@ forall (i, j)e U M, , where

M, (Qs)={(15),(L6),(L7),(18),(19),(110),(111),(112),(115),(1,16),(1,17),
(118),(1,19),(1,20),(1,21),(1,22),(1,23),(1, 24),(1,25),(1,26) (1, 27),
(1,28),(1,29),(1,30),(1,31),(1,32),(1 33),(1,34),(1,35),(1 36),(1,37),
(1.38),(1,39),(1,40),(1,41),(1,42)};

(

M, (Qs)={(2.5).(2.6).(2.7).(2.8).(2,9).(2,10),(2.11),(2.12),(2,15),(2.16),
(2,17),(2,18),(2,19),(2,20),(2,21),(2,22),(2,23),(2,24),(2,25),
(2,26),(2,27),(2,28),(2,29),(2,30),(2,31),(2,32),(2,33),(2,34),
(2,35),(2,36),(2,37),(2,38),(2,39),(2,40)(2,41),(2,42)};

M;(Q) = {(3 6).(3.8),(310),(3,12),(3,16),(3,18),(3,20),(3,22),(3,24),(3,26),(3,27),
(3,28),(3,29),(3,31),(3,32),(3,33),(3,35),(3,36),(3,38),(3,40),(3,41),(3,42) |;

A(Q )ZQ

M (Q;)=1(5.6).(5.8).(5.9).(5.10),(5,12),(5.14),(5,16),(5,18),(5,19),(5,20),
(522), (5 24) (5,26),(5,27),(5,28),(5,29),(5,31),(5,32),(5,33),
(5.35).(5.36),(5,37),(5.38),(5,40),(5,41),(5,42)};

M, (Qs)={(6.7).(6,9).(6,10),(6,11),(6,13),(6,15),(6,17),(6,19),(6,20),(6,21),
(6,23),(6,25),(6,27),(6,28),(6,30),(6,31),(6,32),(6,34),(6,35),
(6,36),(6,37),(6,38),(6,39),(6,41),(6,42)};

M, (Q) = {(7.8),(7.9),(7.10),(7.12).(7.14),(7,16),(7.18),(7.19).(7.20), (7. 22),
(7,24),(7,26),(7,27),(7,28),(7,29),(7,31),(7,32),(7,33),(7,35),
(7.36),(7,37),(7,38),(7,40),(7,41),(7,42)};

M, (Q;)=1(8,9),(8,10),(8,11),(8,13),(8,15),(8,17),(8,19),(8,20),(8,21),
(8,23),(8,25),(8,27),(8,28),(8,30),(8,31),(8,30),(8,32),
(8,34),(8,35),(8,36),(8,37),(8,38),(8,39),(8,41),(8,42)};

M, (Qs)={(9.10),(9,11),(9,12),(9,14),(9,15),(9,16),(9,17),(9,18),(9,20),(9,21),
(9,22),(9,23),(9,24),(9,25),(9,26),(9,27),(9,28),(9,29),(9,30),(9,31),
(9,32),(9,33),(9,34),(9,35),(9,36),(9,38),(9,39),(9,40),(9,41),(9,42)};

My, (Qs) = {(10,11),(10,12),(10,13),(10,15),(10,16),(10,17),(10,18),(10,19),
(10,21), (10 22),(10,23),(10, 24),(10, 25),(10,26),(10,27),(10,28),
(10,29),(10,30),(10,31),(10,32),(10,33),(10,34),(10,35),(10,36),
(10,37),(10,39),(10,40),(10,41),(10,42)};

880
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My, (Qs) ={(11,12),(11,14),(11,16),(11,18),(11,19),(11,20), (11, 22), (11, 24),
(11,26),(11,27),(11,28),(11,29),(11,31),(11,32),(11,33),(11,35),
(11,36),(11,37),(11,38),(11,40), (11,41) (11, 42)};

My, (Q)={(12,13),(12,15),(12,17),(12,19),(12,20), (12, 21),(12,23) (12, 25),
(12,27),(12,28),(12,30),(12,31),(12,32),(12,34),(12,35),(12,36),
(12,37),(12,38),(12,39),(12,41),(12,42)};

My; (Qs) ={(13,16),(13,18),(13,20),(13,22),(13,24),(13,26),(13,27),(13,28),
(13,29),(13,31),(13,32),(13,33),(13,35),(13,36),(13,38),(13,40),
(13,41),(13,42)};

M., (Q:) ={(14,15),(14,17),(14,19),(14,21),(14,23),(14,25),(14,27),(14, 28),
(14,30),(14,31),(14,32),(14,34),(14,35),(14,36),(14,37),(14,39),
(14,41),(14,42)};

My (Qs) ={(15,16),(15,18),(15,19),(15,20),(15,22),(15,24),(15, 26),(15,27),

(15,28),(15,29),(15,31),(15,32),(15,33),(15,35)(15,36),(15,37),
(15,38),(15,40), (15,41),(15,42)!;

M, (Qs) =1(16,17),(16,19),(16,20),(16,21),(16,23),(16, 25),(16,27),(16, 28),

(16,30),(16,31),(16,32),(16,34),(16,35),(16,36),(16,37),(16,38),

(16,39),(16,41),(16,42)};

M,; (Q;)={(17.18),(17,19),(17,20),(17,22),(17,24),(17,26),(17,27),(17,28),
(17,29),(17,31),(17,32),(17,33),(17,35),(17,36),(17,37),(17,38),

(17,40),(17,41),(17,42)};

M, (Qs) =1(18,19),(18,20),(18,21),(18,23),(18,25),(18,27),(18,28),(18,30),
(18,31),(18,32),(18,34),(18,35),(18,36),(18,37),(18,38),(18,39),
(18,41),(18,42)};

Mo (Qs) ={(19,20),(19,21),(19,22),(19,23),(19,24),(19,25),(19,26),(19,27),

19,28), (19, 29)7, (19,30),(19,31),(19,32),(19,33),(19,34),(19,35),
19,36),(19,38),(19,39), (19,40),(19,41), (19, 42)};
),

M (Qs) ={(20,21),(20,22),(20,23),(20,24),(20,25),(20, 26),(20,27),(20, 28),

20,37),(20,39),(20,40),(20,41),(20,42)};

), (
21,33),(21,35),(21,36),(21,37),(21,38),(21,40), (21, 41),(21,42)}

M, (Qs)={(22.23),
),

22,25),(22,27),(22,28),(22,30),(22,31),(22,32) (22,34
22,35 )

b

(
(
(
(
(
{(21,22),(21,24),(21,26),(21,27),(21,28),(21,29),(21,31),(21,32),
(
(
(
M, (Q) = {(23,29),(23,31),(23,33),(23,35),(23,37),(23,38),(23,40), (23, 42)

M21(Q5):

(
(22,36),(22,37),(22,38),(22,39),(22,41), (22,42
(
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2) Y\YIYIYelZ,,24,2,,2,)

LR R L |

M., (Q;) =1{(24,30),(24,32),(24,34),(24,36),(24,37),(24,38),(24,39),(24,41)};

M, (Qs) ={(25,29),(25,31),(25,33),(25,35),(25,37),(25,38),(25,40),(25,42)};

M, (Qs ) ={(26,30),(26,32),(26,34),(26,36),(26,37),(26,38),(26,39),(26,41)};

M, (Qs)=1{(27,29),(27,30),(27,31),(27,32),(27,33),(27,34),(27,35),(27,36),
(27,37),(27,38),(27,39),(27,40),(27,41),(27,42)};

M, (Qs) =1{(28,29),(28,30),(28,31),(28,32),(28,33),(28,34),(28,35),(28,36),
(28,37),(28,38),(28,39),(28,40),(28,41),(28,42)};

M, (Qs) =1{(29,30),(29,31),(29,32),(29,34),(29,35),(29,36),(29,37),(29,38),
(29,39),(29,41),(29,42)};

M, (Qs) =1(30,31),(30,32),(30,33),(30,35),(30,36),(30,37),(30,38),(30,40),
(30,41),(30,42)};

M, (Qs)=1{(31,32),(31,33),(31,34),(31,36),(31,37),(31,38),(31,39),(31,40),
(31.41)};

M., (Qs) =1{(32,33),(32,34),(32,35),(32,37),(32,38),(32,39),(32,40),(32,42)};

M.; (Q,;) ={(33,34),(33,35),(33,36),(33,37),(33,38),(33,39),(33,41),(33,42)};

M, (Qs) ={(34,35),(34,36),(34,37),(34,38),(34,40),(34,41),(34,42)};

M, (Qs) ={(35,36),(35,37),(35,38),(35,39),(35,40),(35,41)};

M, (Qs) ={(36.,37),(36,38),(36,39),(36,40),(36,42)};

Mg, (Qs) ={(37.38),(37,39),(37,40),(37,41),(37,42)};

M. (Q;) ={(38,39).(38,40),(38,41),(38,42)};

M. (Qs) ={(39,40),(39,41),(39,42)};

M, (Qs) ={(40,41),(40,42)}; M, (Q; ) ={(41,42)}.

or Y Y Y.TY! e{Z 2,242 } Then by definition of the semilattice D it

LR R L |

follows that the inequalities (Y LY/ ) Y% 22, A Y2 YN Y = D,

(Y OYE)AYE 2Z,AYE YA =@ or (YT" uYT”f)mYTi‘ DZ,NYE DY NS =D,

(Y OV )Y 2Z,nYE DY/ N Y =@ are true respectively. But the inequalities (Y, YY) Yy: = &
and (YT“ uYT‘f)mYT‘f = contradict the condition that representation of binary relation « is quasinormal. So,

the equality R(D/)n R(D;): @ holds. From the last equality, by definition of the semilattice D it follows
that R(D/)R(Dj)=2 forall (i,]j)eMy,, where

M/ (Qs) ={(1, (2.4)
(3,13),(3,14),(4,13),(4,14),(13,14),(23,24),(23,25),(23,26),
(23,27),(23,28),(23,39),(23,41),(24,25),(24,26),(24,27),
(24,28),(25,26),(25,27),(25,28),(26,27),(26,28),(27,28)}.

(
2),(13),(1,4),(1,13),(1,14),(2,3),(2,4),(2,13),(2,14),(3,4),
)
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3)If aeR(D;)NR(Dj), then
Y7 OYr 22, Y UYS 22, Yy N2y # D, Y N Z, =D,
Y OYy 22, YUY 2 Z, Y N2, =D, YN L, =D
Then by definition of the semilattice D it follows that the inequalities
(Y OYE )Y 2(Z,WZ, )Y =Z,AYE D Zg A Y = D

are true. But the inequalities Y"uY“ NYS% =@ contradict the condition that representation of binary
relation « is quasinormal. So, the equallty R D mR D’ = holds. From the last equality it follows that
(3,15) e M,, where

M; (Qs)=1{(3.15).(3.17),

3,39),(4,16),

4,40),(5,13),
(

(

(

(4,40)
(8,24),(9,13),
(

(

(

3,19),(3,21),(3,23),(3,25),(3,30),(3,34),(3,37),
4,18),(4,22),(4,24),(4,26),(4,29),(4,33),(4,38),
5,25),(6,14),(6,24),(6,26),(7,13),(7,23),(8,14),
10,14),(11,13),(12,14),(12,26),(13,23),(13,25),
13,30),(13,34),(13,37),(13,39),(14,24),(14,26),(14,29),(14,33),
14,38),(14,40),(15,25),(16,26),(17,23),(18,24),(21,23),(21,25),
22,24),(22,26),(23,34),(23,36),(24,33),(24,35),(24,40),(24,42),
(25,30),(25,32),(25,39),(25,41),(26,29),(26,31),(26,40),(26,42)}.

o~ —~ T

_ —

By similar way one can prove that R(D;) R(D’) @ forany (i,j)eM; \{( )}

4) D/ ={V, Y\ YUY}, D)= {Y YL uY”} and D] = iv YUY YOYY oY oY Oy are
such elements of the set {Dl’,Dg, : D42} that D/ =D}, D’;t D;, Dj ;tDk, aeR(D)mR(D; and
aeR(D))N R(D’ ) N R(Dy), then by statement e) of theorem 3 satlsfles the following conditions:

YA OYE DY Y OYE YIS AY % B, YE AY = D,
Y OYE DY YE OYE DY Y AY] %D, YE Y] =D
and
YUY DY YUY DYIYE AY D, Y AYE D YUY DY,
Y2 OYE DY\ Y Y] DY Y] 2D, Y OYE DY UY],
Y UYE DOV Y A Zg = (YOY]), Y (oY) = @
respectively, i.e., aeR(D;)nR(D;) or aeR(D;)nR(D;)nR(D}) ifand only if
YUY YUY YUY DY OY,
Yy Y =B Y= DY mY.’ =Y mYJ.”;t Q.
Therefore, the equality R(D/)R(Dj)=

R(D
finition of the semilattice D it follows that R(D;)n (
where

la) (D )m R(Dy) is true. From the last equality by de-
j R(D))~R(Dj)~R(Dy) forall (i,jk)eM;,

)=1{(35.11),(3,7,11),(4.6,12),(4,8,12),(4,20,38),(5,7,11),(5,15,30),(5,17,39),
(5,24, 39) (5,23,30),(5,34,39),(6,8,12),(6,16,29),(6,18,40), (6,22, 40),
(6,33,40),(7,15,39),(7,17,34),(7,21,39),(7,25,34),(7,30,39), (8,16, 40),
(8,18,33),(8,22,40),(8,26,33),(8,29,40),(9,19,37),(10,20,38),(11,15,39),
(11,17,39),(11,21,39),(11,23,39), (11, 25,39),(11,30,39),(12,16,40), (12,18, 40),
(12,22,40),(12,24,40),(12,29,40),(12,33,40),(13,15,21),(13,17,21),(14,16,22),
(14,18,22),(15,17,21),(15,23,30),(15,34,39), (16,18, 22), (16, 24, 29),(16,33,40),
(17,25,34),(17,30,39), (18, 26,33),(18,29,40),(21,30,39),(21,34,39),( 22, 29, 40),
(22,33,40),(29,33,40),(30,34,39),(31,35,42),(32,36,41)!.
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From the equalities R(D/)R(D})=@ ((i,j)e M;uUM;) and
R(D{)mR(D}):R(Di’)ﬁR(D})ﬁR(Dé) ((i,j.k)eMj) given above it follows that

R (QI=ERE)- 3 [R(E)AR(D),

(ki J)eM3(Qs)

where

M;(Qs)={(3.9).(3,11),(4,10),(4,12),(511),(5,30),(5,39),(6,12),(6,29),
(6,40),(7,11),(7,34),(7,39),(8,12),(8,33),(8,40),(9,37),
(10,38),(11,39),(12,40),(13,19),(13,21),(14,20),(14,22),
(15,21),(15,30),(15,39),(16,22),(16,29),(16,40), (17, 21),
(17,34),(17,39),(18,22),(18,33),(18,40),(19,37),(20,38),
(21,39),(22,40),(23,30),(23,32),(24,29),(24,31),(25,34),
(25,36),(26,33),(26,35),(29,40),(30,39),(31,42) (32, 41),
(33,40),(34,39),(35,42),(36,41)!.

Lemma 12. Let D/={Z,Y,Y\Y,UY,} and Dj={z,Y,Y/Y, qu’} be arbitrary elements of the seDt
{D],D;,---,D,,}, where D/=Dj, Y, 2V, and Y/2Y/. If quasinormal representation of binary relation
of the semigroup B, (D) has a form o =(Y* xT)u(Yf xT') U (Y xT") (Yo p x(T'UT")), for some
T,T\T"eD, T<T', TcT” and Y7,V Y ¢{D}, then a eR(D))nR(D)) iff

Y OYE YL YUY DY Y Y 2D Y Y = D

Proof. If « e R(D/)~R(Dj), then by statement ) of Theorem 3 we have

VARV A0 A0 ARV) A A ANa ) AL R ANal AL S ON

13
Yo OYE YL Y OYE DY YT NY =D, Y NY] = D (13)

From the last condition we have
YUYy ;Yj,YT“ Y ;Yj’,YT‘f NY, =3, Y5 NY/ =D, (14)

since Y; 2V, and Y/2Y, by supposition.
On the other hand, if the conditions of (14) hold, then the conditions of (13) follow, i.e. « e R(D/) R(Djf) .
[m]
Lemma13. Let D/ ={Z,,Y,.Y;"Y, uY and D)= {z9 Y[, Y; Y/t be arbitrary elements of the set

{D},D;,--,D,} , where D/ =Dj, Y, DY and Y oV, . Then thefollowmg equality holds:
R(D, mR(D’)‘
_oa. z\v\vuv ) (2\viwj'\_1)'2\Yi'\(vi'uvj)\.(Z\Yi'\vj\_ ) 4‘><\Y 4

Proof. Let D/ ={Z,,Y;,Y,\)Y; UY/} and Dj={z,Y, Y}y, UY/} bearbitrary elements of the set

{D,D;,++, Dy}, where D/=Dj, Y, oY, and Y/2Y/. If «eR(D/)nR(D;). Then quasinormal repre-
sentation of a binary relation « of semigroup By (DB has a form

a =Y xT)O (Y xT Yo (Y xT") U (Y x(T'UT”))
forsome T,T.T"eD, T<T', TcT", Y7 Y{ Y ¢{&} and by the lemma 12 satisfies the conditions
YO UV DY, YE OYE DY YEAY, %D, YE AY =D, (15)

Now, let f_ be a mapping from X to the semilattice D satisfying the conditions f, (t) =ta forall teX.

fo,» T, T, and f, are the restrictions of the mapping f, on the sets
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1’ J J

{ijvj',vj\vj',v;\vj,x (Y.qu')} is an empty set and

Y, Y Y \Y Y X \(Y. uY.') respectively. It is clear that the intersection of elements of the set
\
]

(Y, YO (YY) O (Y VY o (XA (Y 0Y])) = X,

We are going to find properties of the maps f,,, f_,, f,
(1) teY;nY;. Then by the properties (1) we have

teY; nY/ (YUY ) (Y uYE) =Yy,

and f,, .

o

since Y OUYS DY, Y UYS DY), ie, teY” and ta=T by definition of the set Y;* . Therefore
fo, (1) =T forall teY, nY/.

(2) teY;\Y,/. Then by the properties (1) we have Y,\Y/cCY, YUY’ ie, teY UY and
ta €{T,T'} by definition of the set Y,” and Y”.Therefore f, (t)e{T,T'} forall teY,\Y/.

By suppose we have that Y" NY, #J, ie. t'a=T' for some t'eY,. Then t'eY since Y/cY/. If
t'eY/, then t'eY/ <Y UY. Therefore t'a e{T,T"}. That contradicts the equality t'e=T', while
T'#T and T'=T" by definition of the semilattice D.

Therefore f,, (t')=T' forsome t'eY,\Y/.

(3) teY/\Y;. Then by the properties (1) we have Y'\Y,cY'cY UY", ie, teY UY and
ta e {T,T"} by definition of the set Y;* and Y;%.Therefore f,, (t)e{T,T”} forall teY/\Y;.

By suppose we have that Y>NY/#J, ie. t"a=T" for some t"eY,. Then t"eY/ since Y'cY/. If
t"eY, then t"eY, <Y UY . Therefore t"a e{T,T'}. That contradicts the equality t"a=T", while
T"#T and T"=T' by definition of the semilattice D.

Therefore f,, (t")=T" forsome t"eY/\Y,.

4) teX \(Yj qu’) . Then by definition quasinormal representation of a binary relation « and by property (1)
we have X \(Y,UY/)c X =Y  UY? UYZ UYL, e tae{T, T T"T'UT"} by definition of the sets
VY, Y and Yoo Therefore f,, (1) e{T, T T"T'UT"} forall te X \(Y,UY]).

Therefore for every binary relation « e R(D/)n R(SD}) there exists ordered system ( fy,, f,,, f,,. fy, ). It
is obvious that for disjoint binary relations there exists disjoint ordered systems.

Further, let

fo:Y,NY/ > {1},
foY\Y > {T,T7,
f, oY\, > {T,T7},
fo: X\(Y, OY)) > {T, T, T T UT"}

be such mappings, which satisfy the conditions

fo(t)=T forall teY, nY/;

f,(t)e{T.T'} forall teY,\Y/ and f (t/)=T" forsome t/eY,\Y/;

f,(t)e{T,T"} forall teY/\Y, and f,(t;)=T" forsome t, eY/\Y;;

foo () e{T, T T"T'UT"} forall teX\(Y,UY/).

Now we define a map f from X to the semilattice D, which satisfies the condition
fo(t),ifteY, Y],

(1), if teY;\Y],

(1), if teY/\Y,,

(t),if te X \(Y; LY]).

fl
=1
f3

Further, let g={J _ ({x}x f(x)), Y ={tltp=T}, YW ={t[tg=T"}, Y ={t[tf=T"} and
Y/ . ={t|tB=T'UT"}. Then binary relation S may be represented by
B=(YXT)U(YE T ) U (YEXT) U (Yo x(T'UT"))
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and satisfies the conditions
YOV DY Y OYE DY Y AY, B, Y A= 2.

(By suppose f(t/)=T' forsome t/eY,\Y/ and f,(t;)=T" forsome t,eY/\Y,), ie. by lemma 12 we
have that 3 < R(D;)R(Dj). Therefore for every binary relation o< R(D/)~R(Dj) and ordered system
(fous fiur F20s fs, ) there exists one to one mapping.

The number of the mappings f f f,, and f,, (a eR(D/)n R(DJC )) are respectively

Oca !

1 Z‘Y W) .(Z‘Y,\Y ) Z‘Y\Y (vivvy)| .(Z‘Yi’\Y ) 4‘X\Y uY§) \

la?

Note that the number 2‘ i) ~(2‘Y‘W”— ) Z‘Y\YUY ) ( ‘W" ) ‘X\YUY ) does not depend on choice of

elements T,T, T"eD of the semilattice D, where TcT', TcT", T'\T"#@ and T"\T'#J. Since
the number of such different elements of the form (T’,T") of the semilattice D are equal to 24, the number of
regular elements of the set R(D/) N R(Djf) is equal to

R(D))"R(D;)

4. 2‘\(\‘{Ju\(J ) (2‘\('\\{ ) Z‘Y\Y,UY ) (Z‘Y'\Y ) 4‘X\Y uYj ‘

Lemma 14. Let X be a finite set,
D ={2,,24,2;,24,25,24,25,2,,2,,D} € 2,(X,10)
and Z,#@. Let R'(Q;) be set of all regular elements of By (D) such that each element satisfies the
(Q5)|: i=l|R i |_z(kJeM4 (D )mR Dj |,Where

§|R(Di')|:48.(223\27 ) olz0\ze| _q )4\X\23\+48_(2\z8\zs\_1)_(2\z6\z8\_1)_4\x\z3\

+48- 2\28\25\ 1) 2\25\28\ ) 4‘X\D‘ 48,(2\28\24\ _l)_(z\zzz\za\ _1),4‘“'5‘
+48. 2\23\22\ 1) 2\22\23\ 1 4‘X\D‘ 1+ 48. (2\28\21\ ) (2\21\28\ _1),4‘“5‘
2\25\27\ 1 4\><\23\ 48-(2‘27\25‘ _1).(2\25\27\ _1).4‘X\Ij‘

)
)

olza\zr| _q ) \X\ﬁ\ +48~(2‘Z7\ZZ‘ _1).(2\22\27\ _1)‘4\><\D\
B)

+48- (277 1)
+48. (272l 1)

_1).4*\0 +48,(2\Zs\25\ _1)_(2\25\26\ _1),4\“21\

+

+48. 2\26\24\ 1) 2\24\26\ 4\X\Zl\+48 (2\25\24\ ) (2\24\25\_1),4\“21\

)
+48.(2%5\%l _ 1) olz3\zs| _q )4\X\D\ 48. (2\25\22\ )(2\22\25‘_1).4‘X\5‘

2\22\23\ -1

+48- (2% -1}
+48- 2‘23\22‘ 1)

2\23\24\ 1) 4‘X\D‘+48 ( \ZA\ZZ\_l),(z\Zz\Z4\ _1),4‘“5‘
)4

‘X\D‘ (2\23\21\ _1),(2\21\23\ _1),4‘“5‘

( (
( (
( (

( (
48-(2‘27‘21\ 1) (2\21\27\
( (

( (

( (

( (

( (

+48.(27'%1 1) (277 1) 47

and
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(kij)E:Mh‘R(D;)mR(D})‘
8. (2% _1).2 25 (2755 _1).44 45 (25 _1). 25 (e ). 40
+48- (27091 1) (2% 1) 4% 1 4. (270 1) (277 1)
) (277 ~1)-4*"®l 4 48 (2707 1) (2%4%] 1) 4*°
+48- (2% 1) (275 1) 4 1 4g. (299 1) (277 _1). 40
)

( .4‘X\I5‘
(
(
+48. (2\28\22\ -1 2\22\23\ l) . 4‘“5‘ + 48_(2\28\21\ _1),(2\21\23\ _1),4‘“'5‘
(
(
(
(

+48. (2% 1

[27\2,| \\Zs\, [Z6\z7| _ 4. ‘X\D‘ (olZ\z] 1) . olz\Zg [ 5lZ6\Z7] _ 4. ‘X\D‘
+48-(2 -1)- 2 1)-4 +48-(2 1)-2 2 1)-4

4‘X\D‘ 48. (277! _ 2lZ5\Z3| _ )4‘X\f"

2\25\27\ 1

48- (274l -

+

‘X\D‘ olZa\z7| 4‘“'5‘

(

(2471 -1).
(2\24\23\ ) 4‘“5‘
(2% -1).

0lZ4\z4| _

+48. (27—

1)-(21-1). 1)
+48-(271% _1). (275 _1). 4771 1 48 (275 ).
1)-(24% ) 1)

\X\D\

(

(
i (2\27\11‘
+48. (277 1) (227 1) 4°% 1 8. (2 .
+48.2%\4l. (z\ze\Zs\ _ 1) : (2\25\23\ _ 1) X0 | ag. ozl (zwze\zs\ 1) ( e _1) o
+48. 22181 (2% 1) (2%l 1) ¥ 1 4g.2%% (272 -1)- (220l -1). e
+48- (2‘25\23\ _1) : (2\23\21\ _1) 40 4g. (Z\Zs\zz\ _1) . (Z\Zz\zﬂ _1) g
4 (22 1), (87950 _1). 4 1 gg. (2 1) (4% _1). 4]

Proof. The given Lemma immediately follows from Lemma 11 and Lemma 13. |

Let binary relation « of the semigroup B, (D) satisfy the condition g) of Theorem 3 (see diagram 7 of the
Figure 3). In this case we have Q, =ﬁzg,ZG,T,T’, D}, where T,T'€{Z;,Z,,Z,}, T\T'#@ and T'\T =3,
By definition of the semilattice D it follows that

Qs ={{Zg,26,23,22, D},{Zg,ze,zg,zl, D},{ZQ,ZB,ZZ,Zl, Ij}}

‘27\21\ ) ‘Zl\zi%‘

Itis easy tosee |®(Q,,Q;)|=2 and |Q(Q,)|=3. If
D ={Z,.,25,24,2,,D}, D; ={Z,24,2,,2,, D}, D} ={Z,,2;,25,2,, D},
D; ={Z,,2,2,,Z,,D}, D} ={Z,,2,.2,,2,,D}, Dy ={Z.,Z,,2,,2,,D}.

(see Figure 4).

D D D D ‘
Z Z  z z,  z z  z 7z, 2z z 7 VA
ZG ZG ZG ZG | Zs ZG
| Zo Za Zo Z‘) Z" Zo

D; D D' D! D,

O«
»)

Figure 4. Diagram of all subsemilattices isomorphic to 7 in Figure 2.
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Then

6

R ()= LR (D). (1

i=1
Lemma 15. Let X be a finite set, D={zg,28,27,26,25,24,23,22,zl,D}ezl(x,lo) and Z,#Q. Let

R*(Q;) be set of all regular elements of B, (D) such that each element satisfies the condition f) of Theorem
3. Then

R*(Q. )| _ 6<2\ze\zg\ B 1) ol(Z31Z2)2 (3\23\22\ _ o722z )(3\22\23\ _ o2\ )S\X\D\
+6 ( olze\Zs| _ 1) ol(2sn20)\24| (3\23\21\ _ g7z )(3\21\23\ _ gz )S\X\D\

+ 6(2\z6\zg\ _1) 2\(zznzl)\zs\ (3\z2\z1\ _ 2\22\21\ )(3\zl\z2\ _ 2\21\22\ )S\X\B\_

Proof. Let D/ ={Z,,Z,,Y,,Y,\Y, UY/}, D} ={Z,,Z,,Y,,Y/.Y; UY/} € {D],D;,---,D;}, D/#D;j and
a eR(D;)R(Dj). Then quasinormal representation of a binary relation « of the semigroup B, (D) has a
form

a=(Ys xZg ) U (Vs x Zs ) U (Y xT ) U (Ve xT ) U (Yp x (T UTY),
where T,T'e{Z,,Z,,Z,}, T\T'#@ and T'\T =@ and by statement f) of theorem 3 satisfies the following
conditions
Yy DZy, Yy WYy DZg, Yy WYy UYT DY, Yy uY uYS oY,
Yo N2y # D, Y7 Y, =3, Y NY,'= S,
Yo' 22y, Yy WYY DZg, Yy LY UYT DY YUY UY DY,
Yo NZg DX Y 20, Y N/ =D
From this conditions it follows that
Yo' 224, Yy LYy 2Zg, Yy UY UY DY, UY,, YUY YT oY VY]
For D/ and Dj we consider the following case.
Y,uY;=D or Y/UY/=D.Then
(YUY UYF )Y 2 DAY DY/ Y = D
or
(YUY OV )Y 2 DAY DY, N Y = D
But the inequality (Y, UY," U )Yy =@ and (YUY UY )Yy =@ contradict the condition that

representation of binary relation « is quasinormal. So, the equality R(D/)~R(Dj)= holds. From the last
equality by definition of the semilattice D it follows that R(D/)~R(Dj)= forall (i, j)eM,(Q;), where

M, (Qs)={(22),(13).(L4).(1,5).(1.6).(2:3),(2.4).(25),
(2,6),(3,4),(3,5),(3.6).(4,5),(4 6),(5,6)}.
Now by Equalities (16) and by condition (17) it follows that

R'(@) = SR (D)

By statement f) of Lemma 3 the given Lemma is true. o

Now let binary relation « of the semigroup B, (D) satisfy the condition f) of Theorem 3 (see diagram 6 of
the Figure 3). In this case we have Q, ={z,,T,T . TuUT', D}, where T,T'€{Z,,Z,,Z4,Z,,Z,}, T\T' =
and T'\T = &. By definition of the semilattice D it follows that

(17)
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Q,% ={{zg,za,z7,z D}.{Z,.24.2.2,,D},{2,,2,,2,,2,, D},
(20,26.25,2,,5},{24.25,2,,2,, 5} {24, 25, 2,,2,, D}};
Itis easy to see |®(Q,,Q;)|=2 and |(Q,)|=6.If
D} ={Z,,2,,2;,2,,0}, D} ={Z,,2;.2,,2,, D}, D; ={2.,2,, 24,2, D},
D, ={Z4,24,24,25,D}, D} ={Z,,2;, 25,24, D}, D} ={Z,,2,,2,,2,, D},
D; ={2,,24,25,2,,0}, Dy ={2,,25,2,,2,, 0}, Dy ={2,,2,,2,,2,, D},

D}, ={Z.24.25,2,,0}, D}, ={Z,,25,2,,2,,0},D}, ={Z,,2,.25,2,, D}

(see Figure 5).
Then

R (@)-LR(D).

Lemma 16. Let X be a finite set, D={Z,,2,,2,,2,,25.2,,25,2,,2,,D} €%,(X,10) and Z, #J. Let
R*

(Q7) be set of all regular elements of B, (D) such that each element satisfies the condition g) of Theorem
3. Then

R'(Q)[=12-(2%% -1) (2%'%I -1). (5‘5‘23‘ 4Pl g0
+12. \Zs\ze\ ) \Ze\zs\ ) ‘D\ZS‘ _ 4‘5\23‘ ,5‘)(\5‘

+12. (2777l _ 1) 2l26\Z7] _ l) 5‘D\23‘ \D\zg\ .S‘X\D‘

5\D\zl\ 4\0\21\ S\X\D\

1):
112 (2%l _ )

(2% -1)-(2

( (
+12-(2F5 1) (257 -1

( (

( (

) (5\D\zl\ \5\z1\)'5\><\|5\
olzaze| _ ) ( )
+12. (2%l _ ) olzazs| _ ) (S\D\A\ _4\5\21\).5\X\D\.

Proof. Let D/ ={Z,.Y,.Y,.Y, UY,, D}, D; :{zg,Yj,Yj',Yj vy, f)} e{D},D},---,D,}, D/#D] and
aeR(D))n R(D’ . Then quasinormal representation of a binary relation « of the semigroup B, (D) has a

form
D _
Z3 L Z3
ZG ZR Z7 6 ZG Z7
Z, Z, Z,
D4' !
D D D
Z 1 Z 1 z 1
Z, Z, Z, z, Z, Z
z, Z, z,
D 1

D' D,

1 12

D
: Z, A
Z, VA Z
9 Z Z9
D;
D D
VA A
Z, Z, Z, ' Z,
Z, Z,
D! D
Figure 5. Diagram of all subsemilattices isomorphic to 6 in Figure 2.
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= (Yo % Zo ) U (Y xT) U (¥ xT) U (Y x (T UT'))u(Yy x D),
where T,T'e€{Z,,Z,,Z5,Z;,Z,}, T\T'#& and T'\T =@ and by statement g) of Theorem 3 satisfies the
following conditions
YUY oYL, YA OYE oYL YE Y, D, YE Y 2D, YE D % O,
Yo OV DY, YUY Y Y Y DY AY] =D, Y nD =D
From this conditions it follows that
Yo OYS oY uYL Y OUYT oY O

For D/ and Dj we conS|derthefoIIOW|ng cases.

1) ;uY;=D or Y/UY/=D.Then
(YUY )Y 2 DAY oY/ N Yy =D
or
(Y UV )Y 2 DAY DY, N Y = @.
But the inequalities gY;‘ uYT")mYT‘? = and (YUY )Y =< contradicts the condition that repre-

sentation of a binary relation « is quasinormal. So, the equality R(D/) Rg =@ holds. From the last
equality by definition of the semilattice D it follows that R(D})~R(Dj)=2 for all (i,j)eM,(Q,), where

M, (@) ={(12),(13).(14),(15).(1,6).(17),(19).(110), (111),(1.12)
(2.3).(2,4).(2,5).(2.6),(2.7),(2.8).(2.9),(2,10),(2.11),

(2,12),(3,4),(3,4),(3,5),(3,6),(3,8),(3,20),(3,11),(3,12),
(4,5),(4,6),(4,7),(4,9),(411),(4,12),(56),(5,8),(5,10),
(511),(5.12),(6,7),(6,9),(6,11),(6,12)}.
2) Y, UY/=Y,UY/=Z, or Y,UY/=Y,UY/=2. Then
(YUY )Y 2Z, Y YN = D
or
(Y UV ) Y 2Z, Y DY, nY = 2.
But the inequalities gYQ" uYT“)mYT‘? =@ and (Yo OYS )Y, =@ contradicts the condition that repre-

sentation of a binary relation « Is quasinormal. So, the equality R(D/) Rg =@ holds. From the last
equality by definition of the semilattice D it follows that R(D/)~R(D})=2 forall (i,j)eM,(Q,), where

M, (Q,)={(1.2).(13).(2.4),(15).(L6).(2:3).(2.4).(25).(2.6),
(3.4).(35).(3.6).(4.5).(4.6).(5.6).(7.8).(7.9).(7.10),
(7,11),(7,12),(8,9).(8,10),(8,11),(8,12),(9,10),(9,11),
(9.12),(10,11),(10,12),(11,12)}.

3) uY'=Z,, Y;UY/=Z or Y,UY'=Z, Y,UY/=Z,. Then
(Y OV )Y 2Z, A 2Zg Y = D
or
(YUY )Y 2Z,n Y 2Z N Y = D
But the inequalities gY;‘ uYT")mYT‘? = and (YUY )NY, =< contradicts the condition that repre-

sentation of a binary relation « is quasinormal. So, the equality R(D/) Rg =@ holds. From the last
equality by definition of the semilattice D it follows that R(D;)~R(Dj)=2 for all (i,j)eM4(Q,), where
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M3 (Q,)={(3.7).(3.9).(4.8).(4.10),(5,7).(5.9).(6.8).(6,10)}
Now by conditions 1), 2) and 3) it follows that

R'(@)=3R(D),

By statement (g) of Lemma 3 the given Lemma is true. a

Let binary relation « of the semigroup B, (D) satisfy the condition h) of Theorem 3 (see diagram 8 of the
Figure 3). In this case we have Q, ={Z,,T,Z,, T UZ,,T',D}, where T e{Z,,7;,Z5,2,}, T'e€{Z;,Z,Z}.
By definition of the semilattice D it follows that

QS ={Z5.24.24.25.2,,0},{2,, 24,25, 25,2, D},
{2,,2,,2,,2,,2,,D},{2,,2,,2,,2,,2,,D},

{24.25.25,2,,2,,0},{2,,2,,2,,2,,2,,D},
{24.24.2,,2,,2,,0}.{2,,2,,2,,2,,2,,D}.

Itis easy to see |@(Q;,Q;)|=1 and |Q(Q,)[=8. If
={2,.2,.2,,2,,2,,D},D; ={2,,2,,2;.2,,2,, D},

Dy ={

D; ={2,.2,,25,2,,2,,0},0; ={2,,2,.2,,2,,2,,D},
D;

D;

{
={
={2,.2,.2,,2,,2,,5},D
={ ' Z4,24,24,2,,Z,,D

-l
-|

Z4.Z4.25.2,.2,,D},
ZQ,ZG,Z4,Z3yzlvD} D8 }

(see Figure 6).
Then

8

R'(Q,) =UR(DY).

i=1
Lemma 17. Let X be a finite set, D:{Zg,28,27,26,25,24,23,22,21,f)}ezl(x,lo) and Z,#J. Let

R*(Q;) be set of all regular elements of B, (D) such that each element satisfies the condition h) of Theorem
3. Then

Figure 6. Diagram of all subsemilattices isomorphic to 8 in Figure 2.
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R* (Qs )| -8. (2\23\22\ _1) . (2\26\28\ _1) . (3\22\23\ _ o227 ) ] 6‘X\D‘

( olzez _ ) ( olze\zs| _ ) \zl\zs\_zwzl\Zs\).e\X\D\
(27 1)
(2% 1) (2% 1)
o (24 ) (2 )
( (2% -1).
( (2% -1).
+8-(2

+8.(2%\%l _ olze\z7| _ l) 3%\l _ 2\22\23\) 6‘X\D‘

2\25\27\ 1 3\21\23\_2\21\23\)_6\X\D\

\X\D\

+8-(274 1

+

322\l _ 5lz2\7)| 6‘X\D‘

8. 2\25\22\

+

olze\za| _

(3
(
(
(3% — 2%
(
(

olza\z| _

)¢

1) i
+8.(224\%l _ 1) 32\l _ 2\23\21\) g0l

1) )6

( olZ6\24| _1) ( 3222l _ olz2\z]|  glx\0)

Proof. Let D(:{z Y., Z,.Y, UZ,Y/ D ,Dj ={ZQ,YJ.,Z Y, UZg, Y D} e{D/,D;,---, Dy}, where D= Dj,
Y.Y, €{Z42,.25,2,}, VY] e{Z Z,,Z,} and aeR(D] )m R(D ) Then quasmormal representation of a
binary relation « of the semigroup B, (D) has a form
= (Yo % Zo ) U (Y& < T)U(Ys % Zg ) U (Y5, (T U Zg) ) (Y xT') (Y x D)

where Y7, Y Y0 Y el@), TelZ,2,,2,,2,}, T'e{Z;,2Z,,Z,} and by statement g) of Theorem 3 sa-
tisfies the following conditions

Y D Zy Y OV DY, Y UYE 5 Z, Y UYE UYE DY,

YO, 20,Y N2y =D, YT NY/ =S,

Y& D Z, e UV DY, Y OYE D Z,, Ve UYE UYE DY,

YO 2D,Y N2y = DY Y] £ D,

From this conditions it follows that
Yy UY DY, uY.,Y“ Y uYy ;Yi’qu’.

For D/ and Dj we consider the following case.
Y, uY' D. Then (YUY OV )Y 2 DAY DY, nY =@ . But the inequality
(Yg‘” uYy uYs )mY"’ # & contradicts the condition that representation of binary relation « is quasinormal. So,

the equality R(D/)n R( ) @ holds. From the last equality by definition of the semilattice D it follows that
R(D))R(Dj)=2 forall (i,j)eM,(Q,), where
My (Qs)={(1.2),(1.3),(14),(15).(16),(2.7).(18).(2.3).(2.4).(2.5).
(45).(

(2,6).(2.7).(2.8).(3,4).(3,5),(3.6),(3.7).(3,8
(4,7),(4.8).(5,6),(5.7).(5,8).(6,7),(6,8),(7.8)}.

Therefore we have

Q-2 R(D)

By statement h) of Lemma 3 the given Lemma is true. o
Let us assume that

:iz:|R*(Qi)|.

Theorem 4. Let DeX,(X,10), Z,#@. If X is a finite set and R, is a set of all regular elements of the
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semigroup B, (D) then |Ry|=5,
Proof. This Theorem immediately follows from Theorem 2 and Theorem 3. a
Example 1. Let X ={1,2,3,4,5,6,7,8},

PO:{G},Plz{l},PZ:{Z}, P3:{3}* P4:{4}'
P5:{5},P7:{7},PS:{8}, R=PR=0.

., ={2,34,56,7,8, Z,={13,4,56,7,8}, Z,={124,56,7,8,
8 X

Then D={1,234,56,7,8}, Z ={2
}, Zy=1{4,56,7,8}, Z,={1,2,4,56,8 ={1 2,4,5,6,7} and

Z,={2,356,7,8}, Z,={234, 6.7,
Z,=1{6}.
D={{1,2,345,6,7,8},{2,3,4,5,6,7,8},{1,3,4,5,6,7,8},{1,2,4,5,6,7,8},
{2,3,5,6,7,8},{2,3,4,6,7,8},{4,5,6,7,8},{1,2,4,5,6,8},{1,2,4,5,6,7},{6}}

We have Z, 2@, |R"(Q)[=10, |R"(Q,)|=3048, (Q3)|:14652, R*(Q,)|=2443, |R"(Q,)|=3600,
R(Qq)[=540, |R"(Q,)=168, [R(Q, | 64, R, =24525
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