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Abstract

So far, Schrodinger equation with central potential has been solved in different methods but solving this
equation with non-central potentials is less dealt with. Solving such equations are way more difficult and
complicated and a certain and limited number of non-central potentials can be solved. In this paper, we in-
troduce one of the solvable kinds of such potentials and we will use NU method for solving Schrodinger

equation and then by using this method we have calculated particular figures of its energy and function.
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1. Introduction

One of the important tasks of quantum mechanic is find-
ing accurate answers of Schrodinger equation with a cer-
tain potential. It is obvious that finding exact answers of
SE by the usual and traditional methods is impossible,
except certain cases such as a system with Qualeny po-
tential or a coordinating oscillator. Thus, it is inevitable
to use methods to help us solve this problem. Among the
cases where we have to refuse ordinary methods and
seek new methods is solving SE with non-central poten-
tials. Such potentials are of high importance in quantum
chemistry and nuclear physics. Recently, a lot of studies
are being done about such potentials. Accordingly, dif-
ferent methods are used to solve SE with non-central
potentials among which we can name symmetrical cloud,
SUSY, SIP idea [1,2], route integral [3] and Factorial
method [4].

There is also another method known as NU (Niki-
forov-Uvarov) which gives a clear instruction for ob-
taining exact answers of certain states ,Eigen value of
energy and the related functions based on Orthogonal
polynomials [5]. NU method is based on reducing a sec-
ond degree differential equation of SE into an equation
of hyper geometric type [6-8]. Based on this, in this pa-
per we will try to solve SE with a suitable potential
without any limits. Therefore, we consider a potential as
follows to meet all our needs in order to solve SE by NU
method:
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After choosing a suitable change of variables =s(r),
the transformed equation will be as follows:

vr(9)+ 28y () (20 @
o (s)
In which ¢ and & are polynomials of maximum

second degree and 7 is a polynomial of maximum first
degree. By considering wave function ¥, (s) as:

IIjn(s‘):(pn (S)yn (S) )

Equation (1) will be reduced to the following equation
which is of hyper geometric type [5];

o(s)ya(s)+z(s)ya(s)+Ay,(s)=0 3

That in equations:

(4)

r(s)=7(s)+2x(s),7'<0 (5)
A is a parameter which is defined as follows[5]:

n(n-1)

A=ty ==n7'(s)=———0"(s), n=012- (§)
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The polynomial z'(s) shows that its first derivative
must be negative. We should notice that 4 and A4, are
obtained from a particular answer of y(s)=y,(s)
which is a polynomial of n degree. Furthermore, state-
ment y, (s) ,wave function of Equation (2), is a function
of hyper geometric type which is obtained from the fol-
lowing Rodriguez equation [5].

Y (5) (0" (s)(s)) 7)
In which B, is the normalization constant and p(s)

is a weight function which has to meet the following
condition [5,6].

L o(5)= o), o(s)=c(s)ols)  ®

B, d"
p, ds"

Function 7z(s) and parameter A are defined as
follow:

ig[rz W_()]

r’ or or

0 o
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By considering the whole wave function as:
Y(r)=¥(r,0,4)=R(r)H(0)D(¢) (13)

And replacing in Equation (12), we can write the
equation separately as follows:
dZR(r)+2dR(r) 1

T +r—2[Er2—Ar—B—y]R(r)=o (14)

. dzH(26)+cot¢9dH(0)+[7/— .m: ~Dcot? Q}H(e)zo
ﬂ(s)za'(s)—f(S)Jr [G'(S)—f(S)J -6(s)+Ko(s) 0 v e
5 - 2 (15)
9) dZCD(Z¢)+m2<D(¢)=O (16)
A=K+7x'(s) (10) Y

Since 7z(s) has to be a polynomial of maximum
first degree, the statements under the radical in Equation
(9) have to be sorted in the form of a first degree poly-
nomial and this is possible when its determiner,
A =b*—4ac, is zero. In this case, an equation is ob-
tained for K and after solving the equation, the obtained
figures for K are placed in Equation (9) and by compar-
ing with Equations (6) and (10) we will calculate Eigen
value of energy.

2. Schrodinger Equation with Central and
Non-Central Potentials

We consider time-independent SE as follows:
Vi (r)+—(E-V(r))y(r)=0 (11)

Wave function ¥ (r) elaborates certain states and
their related energy levels, E,, for a particle in a poten-
tial field. First, central and non-central potentials

A B Dcot’d

V(r):V(r,0)=?+ = + =

are considered in spiracle coordinates and put them in the
above equation. (2m=h®=1J)
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In which m* and y=1(1+1) are the separation fix
amounts. The answer for Equation (16) is as follows [9].

1

@, (¢):E

Equations (14) and (15) are radial and angular equa-
tions respectively which we are going to solve by NU
method.

e m=0,41 42, £l a7

3. Solving Radial Equation and Calculating
Eigen Values of Energy by Using NU
Method

For solving radial part of SE, by considering E = E = —¢?
in Equation (14) we will have:
d’R(r) . 2dR(r) 1

e +r—2[—52r2—Ar—B—y]R(r)=o

(18)

Now if we compare the above equation with Equation
(1), the general form of equation in NU method, we will
have:

#(r)=2,0(r)=r,6(r)=-&r* =Ar—(B+y) (19)

Therefore, according to the definition of 7z(r) in
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Equation (9), we can write 7 (r) as follows:
z(r) :—%i%x/%‘zrz +4(K+A)r+[4(B+y)+1]

(20)

From the above equation, considering that under the
radical there should be a of a first degree polynomial.

_E+ [25r+[4 (B+7) +1]]

z(r)=
—%+1[25r [4(B+y)+1]]

We will determine K and we will have:

K, =-A+e[4(B+2)+1]" -
K,=-A+e[4(B+2)+1]"

To continue, we choose the suitable amount of n(r)
which can meet the condition 7' <0. So:

et~
et (o]
K =-Asefa(B+2) 1] @

K, =-A+e[4(B+2)+1]"

Now, for (i), we can write z(r) from Equation (5) as
follows:
r(r)=-2er—4(B+y) (23)

And from Equations (6) and (10) we will calculate 4,
and A respectively

A, =2n¢g (24)
/1:{[4(B+y)+1]§-1}A (25)

So:
A=Ay 2ne=-A-z|(4(B+2)+1) " 41| (26)

And eventually, we can obtain Eigen value of energy
for (i) from the above equation:

A
{[4(B+y)+1]; —(2n +1)}

In the same way, for (ii), Equation (22), by repeating
the above process we can obtain Eigen value of energy.
Therefore, from Equation (5), we write z(r) as:

r(r)=-2er+4(B+y)+2 (28)

&, =

(27)

Copyright © 2011 SciRes.

And from Equations (6) and (10) we calculate A,
and A:

J, =2ne (29)

A:—A—g{[4(8+y)+1;+l} (30)

A=A 2ng= —A—g{[4(8+}/)+1ﬁ +1} (31)

From the above equations, Eigen value of energy is
obtained:

5 - A (32)

[[4(8 +y)+1]5 +(2n +1)}
We considered E =-¢° and from (27) and (32), we
have Eigen value of energy as:

E = Ll (33)

n {[4 (B+7) +1] 2n+1)T

4. Calculating Eigen Functions Related to
Radial Share of Wave Function

In order to obtain Eigen radial functions, by using Equa-
tion (4) we have:

dp _7(s) _7(s)
W " o(s) (s), In(qﬁ(s))_.[mds (34)
Thus, for (i) and (ii) in Equation (22) we have:
11

z(r)= —E——[25r+[4 (B+y)+1]]
n (35)
=L Lreras)
2 2

in which §=4[B+y]+1 and considering o(r)=r
We will have:

_(o+D)

g(r)=r 2 e
De(r) - (36)
iiyg(r)=r 2 e
On the other hand, from Equation (8) we have:
O|W—(S)=ﬂw( — In(w(s)) j (37)

ds s(S)

From Equation (37), as we have r(r) =—2¢r-45" in
which ¢'=6-1, we will have:

o(r)=re* (38)
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So we can write the weight function p(r)=

follows:
p(r)=rre® (39)

And to continue, from Equation (7), we will write
y, (r) as follows:

(1= (o) o)
rfﬁefzzr drn

From Rodriguez sequence polynomial, we will have
Laguerres dependent functions as [9]:

L= & e(ex™) (41

n! dx"

By comparing the two functions, (39) and (40) and by
considering k=—-0 and 2¢r =x we will have:

¥, (r)=B,n!(-1)" L, (2er) (42)

In the same way for (ii) in which z(r)=-2er+5+1
from Equation (37) we will have:

o(r)=ri e (43)
p(r)Z%Zro‘e—Zar (44)

And finally, from Equation (7), we can write Y, (r)
as follows:

Bn  d" /s zer
yn(r)zmdr” (I’ 562 ) (45)

By comparing Equations (41) and (45) and consider-
ing k=6 and x=2er we will have:
(i) y,(r)=B,n!(-1)" L3 (2er) (46)

Therefore, from Equations (2), (35), (36), (42), (46)
the whole radial wave function can be written as:

_(6+1)

(R(r)=B,(-1)"nlr 2 e*L%(2er)

) (47)
(i)R(r)=B,(-1)"nlr 2 e“"L%(2er)
Normalization coefficient is determined by
Trz [R(r)]zdr =1 by taking orthogonal condition of
z:ssociated Laguerre polynomials and we will have:

N (251’)7($+2
"8, _\/n!(n—5)!(2n—5+1)
- B (2gr)¢)‘+2
B = \/n!(n+5)!(2n+5+1)

(48)
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5. Solving Angular Equation and
Calculating Eigen Values

With a variable change as x =cosé we will have Equa-
tion (15) as the following transformation:
d*H(x)  2x dH(x)

dx*  1-x* dx 49)
+<1—1><2 )2 [7/(1— xz)— m’ — DX2:|H(X) =0

By comparing Equations (49) with (1) we will have:
#(x)=-2x, o(x)=(1-%)

&(x)=—(r+D)x* +(y-m’) (50)

By using (9), we write 7 (x) as:

7(x) =7+ D-K)X* +(m* -y +K)  (51)

We determine K on condition that there is a first de-
gree polynomial under the radical:

+Vm*+D

7(x)= +[ m2+DJx (52)
K =y+D
K, =y-m’

And for 7' <0 we have the right choice as:
7r(x):—(m2+D)1/2 X (53)
K, =y-m’ (54)

Also, from Equation (5), we can obtain z(x) Then
we will have:

r(x)=—2(1+(D+m2)ﬂz)x (55)

According to Equations (6) and (10), we will calculate
A, and A respectively:

2 =2n(1+(m2+D)§j—n(n—1) (56)

A=(y-m?)=(D+m?)" 2=, (57)
Finally we will obtain » from the above equation:

y=n(3-n)+(2n+1)(D+m?)" +m> (58)
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6. Calculation Eigen Functions of Angular
Equation

To find Eigen function related to angular equation, by
using Equation (4) we will have:

In(4(s))= .[Mds (59)

Thus, forz(x)=—ax in which (;::(D+m2)l/2 and

considering that o (x) =(1-x*) we will have:

o(x)=(1-2)" (60)

On the other hand, from Equation (8) we have:
| =|—d 61
(o) =75 (61)

As 7(x)=-2(1+a)x ,so:
p(x)=(1-%) (62)
Therefore, we can write the weight function

p(r) :M as follows:

o(r)
p(x):(l—xz)a (63)

And eventually, from Equation (7), we write Y (X)
as:

(=2 S e

(1-x )a dx”

From Rodriguez sequence, we will have Jacobi’s
polynomials as [10,11]:

P (2) = (2-1)" (2+1) 7
dzn ! (65)
(n+a’ n+p'
o [(2-1)" " (z+2)"" ]
We will rewrite Equation (64) as:
n n —2a 1 a
¥ () = [ B2 i< (=2 = (x-1)
' (64)

— d"

. )% —
(xs1)" 2

(=2 (x+1)™" |

Now, by comparing Equations (65) and (64) and con-
sidering «a', ' =a we will have:

%, (x)=[ B2'n(=1) [(x-1) B (x)  (69)

And finally angular wave function will be obtained by
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using Equations (2), (60) and (65):
H (%)= ¢, (x) ¥, (X)
_ [Bn 2" ni(-1)" ](x_l)-Za (1-% )% P (x)

(66)

This way, we calculated Eigen of functions and Eigen
value of energy. According to this wave function, we can
determine static characteristics of this system. We can
also use this method for solving SE with other non-cen-
tral potentials.

7. Conclusions

In this paper we showed that Eigen value of energy and
its Eigen dependent functions can be obtained for a sys-
tem under a certain non-central potential by using the
NU method. Of course, we should note that this method,
too, like previous methods for solving SE, does not func-
tion with any non-central potential and we can get a
suitable result out of this method only with certain types
of potentials which meet the requirements of the method.
And in this paper, by considering all the requirements,
we have introduced the potential in mind and gotten the
results mentioned in the article.
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