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Abstract

In this paper, we consider an insurer who wants to maximize its expected utility of terminal
wealth by selecting optimal investment and risk control strategies. The insurer’s risk process is
modeled by a jump-diffusion process and is negatively correlated with the returns of securities
and derivatives in the financial market. In the financial model, a part of insurers’ wealth is in-
vested into the financial market. Using a martingale approach, we obtain an explicit solution of
optimal strategy for the insurer under logarithmic utility function.
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1. Introduction

In the past two decades, more and more attention has been paid to the problem of optimal investment in finan-
cial markets for an insurer. Indeed, this is a very important portfolio selection problem for the insurer from a
point of finance theory. Merton (1969) [1] first used stochastic control theory to solve consumption and invest-
ment problem in framework of continuous financial market. Based on the Merton’s work, Zhou and Yin (2004)
[2], and Sotomayor and Cadenillas (2009) [3] considered consumption/investment problem in a financial market
with regime switching. Under the mean-variance criterion and the utility maximization criterion, respectively,
they obtained explicit solutions. In view of an external risk which can be insured against by purchasing insur-
ance policy into Merton’s framework, Moore and Young (2006) [4] cooperated and studied optimal consumption,
investment and insurance problem. Following Moore and Young (2006) [4], Perera (2010) [5] resolved the same
problem in a more general Levy market. Along the same work, many researchers applied an uncontrollable risk
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process to Merton’s model, such as Yang and Zhang (2005) [6]. They considered stochastic control problem for
optimal investment strategy without consumption under a certain criteria.

For an insurer, since reinsurance is an important tool to manage its risk exposure, optimal reinsurance prob-
lem should be considered carefully. This issue implies that the insurer has to select reinsurance payout for cer-
tain financial objectives. The classical model for risk in the insurance literatures is Cramer-Lundberg model,
which uses a compound Poisson process to measure risk. Based on the limiting process of compound Poisson
process, Taksar (2000) [7] wrote the paper about optimal risk and dividend distribution control. Following his
same vein, recent researches started to model the risk by diffusion process or a jump-diffusion process; see, e.g.
Wang (2007) [8] and Zou (2014) [9]. Considering both proportional reinsurance and step-loss reinsurance, Ka-
luszka (2001) [10] researched optimal reinsurance in discrete time under the mea-variance criterion. What’s
more, recent generalizations in modeling optimal reinsurance process include incorporating regime switching,
and interest rate risk and inflation risk; see Zhuo et al. (2013) [11] Guan and Liang (2014) [12] respectively.

In this paper, the model and optimization problem are different from others. Firstly, it is not total wealth of
insurer invested, but a part of wealth invested. So in this model, we can obtain the optimal property of the total
wealth. Secondly, different from Merton’s work, we use a jump-diffusion process to model an insurer’s risk.
Lastly, we regulate the insurer’s risk by controlling the number of polices.

This paper is organized as follow. In Section 2, we formulate investment and risk control problem and de-
scribe the financial model and risk process model. The explicit solution of optimal investment and risk control
strategy for logarithmic utility is derived in Section 3. In Section 4, we conduct a sensitive analysis. Conclusions
of the research are reached in Section 5.

2. The Financial Model and the Risk Process Model

Suppose that there are two assets for investment in the financial market. One is a riskless asset with price
process P, and the other is a risky asset with price process P, . The dynamic of P, and P, are give by

dp, (t)=r(t)R,(t)dt,
dR (1) =R (1) ((t)dt+ o (t)aw (1)),

respectively, where r,u and o are positive bounded functions and W s a standard Brownian motion.
The initial conditions are P, (0)=1 and P,(0)>0.

For an insurer, most of its incomes come from writing insurance policies, and we denote the total outstanding
number of policies at time t by L(t). To simplify our analysis, we assume that the insurer’s average premium
for per policy is p, so the total incomes from selling insurance policies over the time period (t,t+dt) is given
by pL(t)dt.

A classical risk model for claims is compound Poisson model, in which the claim for per policy is given by
Ziﬁ(ll)Yi, where {Y;} is a series of independent and identically distributed random variables, and N (t) is a
Poisson process independent of Y;. If the mean of Y, and the intensity of N(t) are finite, such compound
Poisson process is a Levy process with finite Levy measure. According to Oksendal and Sulem (2005, Theorem
1.7) [13], a Levy process can be decomposed into three components, a linear drift part, a Brownian motion part

and a pure jump part. Based on this theorem, we suppose the insurer’s risk for per policy is given by
dR(t)=adt +bdW (t)+ydN (t), R(0)=0, (2.2)

2.1)

where W is a standard Brownian motion and N is a Poisson process defined on the given filtered space, re-
spectively. We assume that a,b,y are all positive constants. As Stein (2012) [14] considered, we assume

W (t)= oW (1) +y1- p?W (1), (2.3)

where -1<p <0 and W is another standard Brownian motion, independent of w® . We also suppose
that the Poisson process N has a constant intensity A , and is independent of both W and w®

For an insurer, it should be noted that it is impossible for an insurer to invest its total wealth. At time t, we
denote A(t) as a part of the insurance wealth invested. Under this consideration, we let ﬁ(t) and L(t) be
the amount invested in the risky asset and the total liabilities respectively. For a strategy 0 = (A 7,L) the ter-
minal wealth process X" is driven by the following SDE:
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dX 7 (t) =(A(t)r(t)+(u(t)-r (1) Z(t)+(p-a)L(t))dt
+(o (t) 7 (t) = pbL(t))dW® (1) = by1- p? L (t)dW @ (t) - yL(t)dN (1),

with initial wealth X (0)=x>0, A(t)< X (t).

Following Stein (2012, chapter 6) [14], we define the liability radio of liabilities over surplus as K‘(t) =
L(t)/X(t). We denote «(t) as the total proportion of wealth invested, 7 (t) as the proportion of wealth
invested in the risky asset at time t. Then for a control u =(a,7,«), we have a(t) =X (t)u (t) Then we can
rewrite SDE (2.4) as

dx* (t)

‘(- )

(a( u(t)-r(t))z(t)+(p—a)x(t))dt (2.5)
+(o(t pbK( ))dW ™ (1) =by1- p? & (t)dW ® (t) - i (t)dN (1),

with initial wealth X" (0) =x>0,0<a(t)<1.
In this model, as Zou (2014) [9] considered, to compensate extra risk by extra return, the coefficients must sa-
tisfy the following conditions: x(t)>r(t)>0 and p>a>0.

Define the criterion functionas J (x,u) = E, [U (X“ (T))] , Where T >0 is the terminal time, and E, isa

(2.4)

X

conditional expectation under probability measure P given X" (0) = X. The utility function U is assumed to be
a strictly increasing and concave. In this paper, the choice for the utility function in economics and finance is
U(x)=In(x). We denote TT=II(x) as the set of all admissible controls with initial wealth X (0)=x. In
Section 3, we give the formal definition of IT when U (x) = In(x) and choose either u or a to be a control.
The value function is defined by

V(x):=supJ(x,u), (2.6)

uell

where u will be changed accordingly if the control we choose is U .

3. The Analysis for U (x)=In(x),x>0

Firstly formulate the stochastic control problem. The problem in this model is to select an admissible control
u*:ga*,ﬁ*,/(*)el'l (or u*:<A* T L)el‘[)that attains the value function V (x). The control u® (or ")
is called an optimal control or an optimal policy. We choose u as an admissible control and for every
uell, {u (t)}0<t<T is progressively measurable and Vt e [O,T], satisfies the following conditions,

E-[(:ﬂ2 (s)<oo, EL:K‘Z(S)<OO,K'(I)ZO. (3.1)

Furthermore, we assume «(t)<1/y while uelIl toavoid the possibility of bankruptcy at jumps.
As we know that for Vu eII, the SDE (2.5) satisfies the linear growth condition and Lipschitz continuity
condition, thus by Theorem 1.19 in Oksendal and Sulem (2005) [13], there exists a unique solution X" such

that E[|X”(t)|2}<oo forall t<[0,T].
Applying Ito’s formula to In( . ) » We can obtain that

J.(a ro+(p — 1) 7 +(p—2a)k, + pho,ri, %6527[52

—EbZKS2 +2In(1-yx, )j ds+ J; (o7, - pbKS)dWS(l) (3.2

~[Tby1- p?k,dW + [ In(1- &, ) dM

where M, =N, — At is the compensated Poisson process of N and is a martingale under P. Let
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f (at’ﬂt’Kt) = o +(:ut - rt)”t +(p _a)Kt + pbo, 7k,
33)
—%Gtzﬂtz —%szf +2In(1-yx,).
Proposition 3.1. The associated optimal terminal wealth X" (T) is strictly positive with probability 1 under
optimal control u”.
Proof. According to (2.5) and the Doleans-Dade exponential formula, we have that

X, =exp{ [} f (c7,,x,) = A1 (1- 7, )ds) [ (L= 7maN, ). (3.4)

0<s<T

From (3.4), to prove X; >0 with probability 1, we just need to prove H (1—;/1(ANS) >0 with probabili-

0<s<T
ty 1. For any se(0,T], «(t)<l/y and AN, =1 or 0, we have (1-yxAN;)>0. So we can obtain that
[T (1—xAN)>0. This implies that X, >0 with probability 1.
0<s<T
Next, we will use the martingale method to get an optimal control for the SDE (2.5). To begin with, we give
two important Lemmas. Lemma 3.1 gives the condition that optimal control must satisfy while Lemma 3.2 is a
generalized version of martingale representation theorem.

Lemma 3.1. (Wang (2007) [8]) If there exists a control u* eIT such that E[U’(X”* (T)) XY (T )} is con-

stant over all admissible controls, then u® is optimal control.
Lemma 3.2. (Wang (2007) [8]) There exists a predicable process 6 =(6,,6,,6,) for any P-martingale Z
such that for all te[0,T]

Z,=2,+[ 6,(s) WY + [ 6, (s)dW”) + [ 6, (s)dM,, for all te[0,T]. (3.5)

Now for the value function V (x):=supJ(x,u) we obtain optimal control by 3 steps.
Step 1: Conjecture candidates for optifiial control u”.
Following the definition in Zou (2014) [9], we also define that

-1
(x7)
Z, =———— and Z =E[Z|F,] (3.6)
E[(XT“’) }
for any stopping time 7 <T almost surely. According to the Proposition 3.1, the process Z is a strictly positive
and square-integral martingale under P with E[Z, =1], for all te[0,T]. Define a new measure Q by
dQ/dpP:=7, .
From the SDE (2.4), we have

X! = XE=x+ [ (AL + (i -1) 7+ (p-a)L,)ds+ [ (0,7, - pbL, )W,

. . o (3.7)
— [, oVL- P LW — [ yLdN,.

From the above expression of X and Lemma 3.1, for all admissible strategies, we have

E, [J';(Asrs +(u—1,) 7, +(p—a)L, )ds+ (0,7, — pbL, )W —by1— p?L,dW,? — 7LSdNS} 3.8)
is constant.
Define C, = J';Zidzs,t €[0,T]. Since Z is a P-martingale, so is C.

According to Lemma 3.2, there exists a predictable process 6 =(6,,6,,6,) such that

dC, =6, (t)dW,” + 6, (t)dW,* + ¢, (t)dM (t). (3.9)

From the Doleans-Dade exponential formula, we can obtain that
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=2, exp{j;(el (s)AW +0, () AW, +In(1+ 6, (s))aN, )

1r (3.10)
516 () + 62 (5) + 220, (5))ds}.

Through Girsanov’s Theorem, W) —E&i (s)ds,i=1,2, isa Brownian motion under Q and

N (t)- .[;/1(1+ 6;(s))ds isamartingale under Q.
For astoppingtime 7 <T let G=(110),thatis A(t)=17(t)=1 and L(t)=0,which isanadmissible

control. By substituting this control into (3.8), we have E, ['[!(rs + 4t —1,)ds + asdws(l)} is a constant for all

n <T which implies that J';(usds + anWS(l)) is a Q-martingale.
So 6, must satisfy the equation that
u(t)+o(t)6(t)=0, te[0,T]. (3.11)
Let A(t)=17(t)=0 and L(t)=1.By asimilar way as above, we have
j;((rs + p—a)ds— phdW. —by1- p?dw? — 7st) (3.12)
is a Q-martingale, which in turn yields that
r(t)+ p—a—pbé, (t)-byl-p?6,(t)— 1y (1+6,(t))=0,te[0,T]. (3.13)
From the SDE (2.5), we can derive to (X}‘* )71 ,
(XT“* )_1 =x* exp{—_[oT f (o 7,k )dt - _[OT (o — pbrc )W,
[T b= P aw® - [T In(l—y/q*)dMl}.
Comparing the dwW @ dw® and dN termsin (3.10) with (3.14), we obtain that
6.(0)=~(o ()7 (1) pbx” (1),
6, (t)=by1- p°x" (1), (3.15)

In(1+ 6, (t)) = -In(1- " (t)).
By substituting (3.15) into (3.11) and (3.13), we have that

(3.14)

" :izt)er_bK*’ (3.16)
R(x" (1) =S (t)(x" (1) +T (t) =0, (3.17)

which the coefficients define as

o _ . _ H -
R.—bz(l pz)}/,S(t).—y(l’-i-p a+pbo_j+b2(l pz),

(3.18)
T(t)=r+ p—a+pbﬁ—17.
(o2
With the conditions above, solve the Equation (3.17) to get «"(t). Since «"(t)<1/y,
() =x (1) ::%, (3.19)



T.Y. Wang

where A=S%(t)-4RT(t).
According to the (3.19), we can derive 7" (t) with (3.16).
Then we choose that A(t) = X,a",7(t)=X,z" and L(t)= X" toget . Similarly, by substituting this
control into (3.8), we have
* * * * * * l *
a't+a (s -r)+(p-a)x —%(ﬂ' o - pbx)=b* (1- p?)x —1_7;"(* -0,te[0,T], (3.20)

so we can have «" by the Equation (3.20).
Step 2: Verify that Z; defined by (3.10) is consistent with its definition, for &, given in (3.15) and

u'=(a",7",x") defined by (3.16), (3.17) and (3.20).
First rewrite (3.14) as

—=1I.H,, (3.21)

where

I ::%exp{J'OT(—f (a:,n:,x:)-i-ﬂ,ln(l—}ﬂ(:))ds},

(3.22)

H, = exp{—jg(osﬁ; — pbi? )W + [T by1— p7aw — [T in (1—;«;)st}.

Then substituting (3.15) back into (3.10), we can obtain Z; = J;H;, where
— T 1 2 * 2 * % 1 2 * 2 1
J; = exp{jo (—EO'S (7[5) + pbo 7k _Eb (KS) +/1[1_/1K: —lj]ds} (3.23)
is constant.
According to the (3.6), Z is a P-martingale and E[Z; =1], then E[H;]=1/J; . Therefore,
-1
Xu

7 - ( T) __hH T _JH (3.24)

]

so Z given by (3.10) with &, provided by (3.15) is the same as the definition in (3.6).
Step 3: Prove that u” :<a*,7z*,x*) satisfies the Lemma 3.1.

Forany uell, we give a definition for a new process Y" as follows
u.o_ [tyu t o
Y= [ X (@ + (s — ) 7+ (p-2) k) ds+ [ XY (o, — pbic, ) AW,
= [y X0y 7 W [N, (3.25)

=J'l XYk, (rs +p-a+pbl_p? (1—,02)1(* - jds+|ocal Q-martingale.
0 o 1-Ax

*

From the Equation (3.13), the above ds issue will be 0, and then the process Y is a local martingale. As

*

u® is a deterministic and bounded, Z is a square-integral martingale under P, that is to say E[(ZT )2]<oo.

2
Meantime, for all u eIT, we can obtain that E [(XT“) }< ©,s0is Y".Therefore, we can derive

[« e e[ e

2
E, {sup N } <o

0<t<T

Y,

(3.26)
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which make possible for us to conclude that the family Y,]u is uniformly integral under Q for any stopping
time 7<T.Thus Y" is indeed a martingale under Q with E, Yt“’J =0 forany ueIl. So we can prove
that Lemma 3.1 is satisfied. Therefore, we have an optimal control for the function V (x):=supJ(x,u).

uell

4. Sensitive Analysis

In this part, we analyze the influence of the market parameters on the optimal control. To simplify the analysis,
we assume that the coefficients are constant in the financial market and the parameters are given in Table 1
which was also used in Zou (2014) [9]. From Table 1, we know that the variables p and » are not fixed, so
we shall analyze the impact of p and p on the optimal control.

Firstly, we fix » =0.3 to research the influence of p. The optimal control of z°,x",a" are given by
(3.16), (3.17), (3.20), respectively. We draw the graph of optimal control with different values of p in Figure
1. From Figure 1, we can know that optimal investment proportion in the securities 7" is an increasing func-
tion of p, and the optimal liability ratio «* is like a convex function of p . Besides, the optimal total propor-
tion of wealth invested «" is decreasing when pe(-1,-0.9) and then increasing. What’s more, the graph
shows that 7" <«". The reason for this behavior comes from the equations of R and W in (2.2). For our pa-
rameters, there is much uncertainty in the insurance market when p belongs to the interval (-1,0), and hence
K" takes a minimum value in that interval. While p takes value near 0 there is little uncertainty, so x* takes
a maximum value. Since z* is calculated from the equation (3.16), x* also takes a maximum value when p
takes value near 0.

Secondly, we fix p=0.5 to analyze the impact of y. Consider y e [0.2,0.5] which include the previous
situation y =0.3. We have a graph of optimal control with different value of » in Figure 2. Figure 2 shows
that the optimal investment proportion in the securities z* is an increasing function of », and the optimal to-
tal proportion of wealth invested «" and the optimal liability ratio x* are both decreasing function of ».
This situation is supported by the economic interpretation of . In this model, the greater y, the more risk for
insurers. So, when y rises, a risk averse insurer reduces its optimal liability ratio. As the optimal investment
expressions (3.17), we know that when » raises, z* increases as well. Besides, according to the optimal total
proportion of wealth invested «" and the optimal liability ratio «* expressions (3.20) and (3.17) respectively,
we know that when » rises, a” and x* decreases however.

Table 1. Market parameters.

a b p r u o 2
0.08 0.1 0.15 0.01 0.05 0.25 0.1
2
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Figure 1. Impact of p on the optimal control.
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Figure 2. Impact of » on the optimal control.

5. Conclusions

In our model, the insurer’s risk process obeys a jump-diffusion process, and it is not total its capital to invest but
a part of wealth to invest in financial market. Besides, we consider that an insurer wants to maximize its ex-
pected utility of terminal wealth by selecting optimal control. According to the sensitive analysis, we know that
the optimal total proportion of wealth invested «* and the optimal liability ratio «* are convex functions of
p , but they are both decreasing functions of . The optimal investment proportion in the securities or deriva-
tives 7" isan increasing function forboth p and y,and z* <«".Furthermore, we find that the higher risk
insurers get, the lower liability ratio insurers select.

The limitation in this paper is that the liability is an average for per policy, which conflicts with the fact that
the premium for per policy changes all the time for different insurance. Therefore we can research the liability
described with a linear function in the model. Besides, the model proposed in the paper can be further explored
in another ways as well, something we plan to do in future work.
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