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Abstract 
Sparrow criterion of resolution is used for assessment of the resolution of two object points of 
apodized optical systems under incoherent illumination of light. Semicircular arrays of circular 
aperture with discrete asymmetric apodization have suppressed side-lobes and a narrower cen-
tral peak in the image plane termed as PSF good side on alternatively the right and left of the 
strong spectral point facilitates to detect the presence of weak spectral point in the vicinity of 
bright spectral point. The results of investigations on optimum discrete pupil function with semi-
circular arrays on the intensity distributions in the composite image of two object points with 
widely varying in their intensities under various degree of coherence of illumination have been 
studied. Sparrow resolution limits and the dip in central intensity as function of degree of cohe-
rence of the illumination (γ), intensity ratio (α), degree of asymmetric apodization (b) and num-
ber of discrete elements in semicircular array (n). The efficiency of aperture functions is discussed 
in terms of these parameters. Pupil function capabilities in redistribution of energy in composite 
image of two object points in close vicinity have been verified for different considerations. Current 
study has found an improvement in two-point resolution characteristics compared to their un-
apodized counter part. Fourier analytical properties of an optical system are presented for evalu-
ation of this practical problem. 
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1. Introduction 
Apodization referred as the elimination of optical side lobes in diffraction field so as to improve the spatial res-
olution of optical system for two coherent or incoherent object points separated by different distance. It was 
most widely studied classical problem in diffractive optics. Asymmetric apodization applied to apertures was 
proposed by Cheng and Siu et al. [1] [2]. The Point Spread Function (PSF) produced by such an apertures con-
sisted of good side which provided narrowed and sharp central lobe and with suppressing sidelobes at cost of 
worsening its counterpart termed as band side: enhanced sidelobes and broadened central lobe. Their works can 
be considered as a significant breakthrough in apodization studies. Their studies are basis for current investiga-
tion. Asymmetric apodization applied to semicircular arrays of 2D aperture functions increases the intensity pro-
file of incoherent composite image of two object points on left half axis being broadened and shifted while on 
right half axis, the intensity profile becomes narrower. This simultaneous effect is a clear evidence for superre-
solution phenomena. The studies in improving the two-point or two-line resolution are limited certainly by 
shaping and shading apertures [3]-[15]. The resolution of two points having unequally intensity has investigated 
under the partially illumination by using modified Sparrow criterion [3]. In continuation to his work, Asakura 
applied apodization technique in order to improve the resolution of two unequally bright points [4]. Karuna Sa-
gar et al. investigated the modified Sparrow limits of resolution for two-line objects for defocused coherent opt-
ical systems with Hanning amplitude filters [5]. Karuna Sagar et al. studied effects of defocusing on the sparrow 
limits of apodized optical systems [6]. ANK Reddy et al. extensively studied two-point resolution of asymmetr-
ically apodized optical systems with amplitude type super solvers [7]. Yang and Kostinski applied asymmetric 
apodization for imaging of extra solar planets [8]. A. J. Dekker proposed new criterion for optical two-point res-
olution of optical imaging system under any degree of illumination. Unlike classical Rayleigh criteria, new cri-
terion takes account of the presence of errors and their estimation approach in observed intensity distribution [9]. 
In addition to this, Dekker et al. studied apodization process narrowing the main-lobe of Point Spread Function 
to improve the resolution in the sense of classical criteria [10]. C.W Helstrom [11] [12] investigated the resolu-
tion, resolvability and detection of incoherent objects by diffraction-limited optical systems. R. Barakat [13] in-
vestigated application of apodization to increase two-point resolution of incoherent optical systems by means of 
Sparrow criterion. Nayar and Verma [14] studied two-point resolution of Gaussian aperture in partially coherent 
light. R. Barakat and E. Levin [15] further continued their study on resolution of incoherent objects of apodized 
optical systems. Discrete asymmetric apodization can suppress sidelobes in intensity distribution and can be 
achieved by weight distributions among the discrete semicircular elements in the array of aperture. Coated plates 
with this kind asymmetric aperture functions facilitate to detect direct image of very weak point object in close 
proximity to a strong point object by transposing “good” and “bad” sides. Without this process, these weak point 
objects will be submerged in the sidelobes of former. The method is thus reliable to determine whether an object 
is in the vicinity of the main lobe or outside it. More precisely, an object will be confirmed to be within the main 
peak if the intensity of the signal is unchanged during the rapid swapping of the weight distribution of elements 
in the array. In this work we have investigated asymmetric apodization of discrete type which is useful for im-
proving the resolution of composite image of optical system. It would be useful in communication engineering, 
optical grating design, telescopic observations and microscopic imaging etc. 

2. Mathematical Formulation 
Far Field Diffraction of Semicircular Arrays with Asymmetric Apodization (Figure 1) 
Asymmetric apodization is studied for an array of equally separated sources of wavelets referred as 
semi-circular ring elements. It is assumed that all elements are in phase so that initially the phase is zero, since 
linear variation of phase only shifts the Point Spread Function (PSF) towards its left half axis without affecting 
its shape. For instance, there are n elements of separation d. The semi-circular array generates wavelets of wa-
velength λ have equal amplitude 1/n, whose interference can be distinguished as a PSF. To apply asymmetric 
apodization, the aperture function has modified into viz. certain number of new semicircular elements of separa-
tion d are added at the left hand side of central circular region of the aperture with amplitude a/n and phase  

( )exp π 2i−  and complex amplitude ( ) ( )exp π 2a n i− . Similarly at the right hand side certain number of new 

elements with same amplitude 1/n but with opposite phase ( )exp π 2i  with complex amplitude ( ) ( )exp π 2a n i .  
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Figure 1. Illustration of the 2D-semi circular array of elements with discrete 
asymmetric apodization.                                                

 
Further amplitude of left most elements are altered into ( ) ( )1 1 exp π 2n a i+ −    and similarly on right hand 

side elements are altered with amplitude of ( ) ( )1 1 exp π 2n a i+   . The amplitudes and phase of other semi- 

circular elements remain unchanged. Thus we consider 2D aperture with real amplitude transmittance central 
circular region and complex conjugated semicircular array of discrete elements at edges.  

The diffraction field amplitude contributing by the circular aperture of radius (1-b): 

( ) ( ) ( )( )
1 2π

0
0 0

, exp cos d d
b

A u t r iur r rφ φ ϕ ϕ
−

= −∫ ∫                            (1) 

Complex amplitude contributing by left semi-circular array of discrete elements:  

( ) ( ) ( )( )
3π

1 2

1
1

2

1, 1 exp cos d d
b

A i iur r r
n π

ψ φ φ ϕ ϕ
−

= − −∫ ∫                         (2) 

Complex amplitude contributing by right semi-circular array of discrete elements: 

( ) ( ) ( )( )
π

1 2

2
π1
2

1, 1 exp cos d d
b

A i iur r r
n

ψ φ φ ϕ ϕ
− −

= + −∫ ∫                        (3) 

where 2πsin sin ,u k θ θ
λ

= =  where 2π sindψ θ
λ

= , d is the separation between elements. Total complex am-

plitude in the image plane is equal to sum of three components as ( ),A ψ φ  and the intensity PSF ( ),I ψ φ   
which is the real measurable quantity can be obtained by taking square modulus of total complex amplitude in 
the image plane. 

The quantities “a” and dimensionless diffraction coordinate “u” should be determined by optimization. In-
itially, asymmetric apodization of discrete type is applied to two-dimensional optical gratings and circular an-
tenna arrays in which amplitude and phase of the resultant field can be recorded. The optimum values which 
depend only upon the number n of semi-circular elements in the array, and independent of λ and d. An optimum 
asymmetric pattern in composite image of two object points corresponding to given n and b (width of semi-cir- 
cular element) and it can be written as A(n, ψ) where n = 3, 5, 7, 9, 11, 13, ⋅⋅⋅ and b = 0.02, 0.04, 0.06, 0.08, 0.1. 

According to simplified scalar wave-diffraction theory, the expression for composite image intensity distribu-
tion in image plane of an asymmetrically apodized optical system, as a function of reduced co-ordinate U, is 
given by:  

( ) ( ) ( ) ( ) ( ) ( )2 2
0  – 2 ?I U G U B a G U B U G U B G U Bαγ= + + + +             (4) 
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where 2B = U0 is the actual severance between the point sources, α is the ratio of their intensities and γ(U0) is the 
true part of the complex degree of spatial coherence of the illumination. U is the dimension less diffraction co- 
ordinate in the image plane. G(U + B) and G(U – B) are the normalized complex amplitude impulse response 
functions of the optical imaging system corresponding to the point sources, each of which is located at a distance 
of U0/2 on both side of the optical axis. The amplitude whim response function G(U ± B) is known by: 

( ) ( ) ( )
1

0
0

2 dG U B t r J U B r r r± = ±  ∫                           (5) 

where J0 is the Bessel function of the first kind and zero order, t(r) is a transmittance for central circular region 
of the pupil function, here “r” is the distance of the reference point on the exit pupil uttered as a fraction of the 
radius of the pupil. The spatial distribution of transmittance in the plane containing exit aperture referred as the 
pupil function. Hence, the generalized expression for amplitude impulse response is given by: 

( ) ( ) ( ) ( ) ( )( )

( ) ( )( )

3π
1 2π 1 2

0
π0 0 0 1
2

π
1 2

π1
2

1d d 1 exp cos d d

1 1 exp cos d d

b

b

b

G U B t r J U B r r U U i iur r r
n

i iur r r
n

δ

φ ϕ ϕ

φ ϕ ϕ

− −

−

− −

 
± = ± + − − 

 

+ + −

∫ ∫ ∫ ∫ ∫

∫ ∫

    (6) 

The modified Sparrow criterion states that, “the resolution is retained when the second derivative of the image 
intensity distribution vanishes at a certain point ( 1

0U U= ) between two Gaussian image points, with the condi- 
tion that this point 1

0U  should be a solution for the first derivative of the image intensity distribution becoming 
zero”. This can be written as:  

( )
1
0

2

2 0
U U

I U
U

=

∂
=

∂
                                  (7) 

( )
1
0

2 0
U U

I U
U

=

∂
=

∂
                                  (8) 

3. Results and Discussion 
In order to improve the resolution of composite image of two object points with partially coherent light we pro-
posed semicircular arrays with asymmetric apodization of discrete type. By means of Equation (4) the intensity 
distribution in composite image formed by the optical imaging system have been obtained as a function of opti-
cal coordinate U varying from −12 to +12 by employing a twelve-point Gauss quadrature numerical method of 
integration. It has been applied to find sparrow limits for semicircular edge ring width (b), different ratio of in-
tensities (α) and degree of coherence (γ) and different no. of semicircular elements (n) in array. These values are 
obtained for unapodized case and asymmetrically apodized case. For n = 3, variation in resolution limit on 
composite image intensity distribution of two unequally bright object points produced by Airy (b = 0) and 
asymmetrically apodized (b ≠ 0) system under incoherent illumination of light has been depicted in Figure 2(a). 
A dip occurs clearly in all cases i.e. two point objects are well resolved for all values of b. As observed from the 
figure the dip position is shifting away from diffraction center with increase of semicircular ring width b of se-
micircular element in array of aperture. 

The effect of point separation on composite image intensity distribution produced by asymmetrically apodized 
(b = 0.04) optical system illuminating with incoherent light has been depicted in Figure 2(b). It shows that, for 
Uo = 3 & 3.5 the composite image of two objects is likely to resolve and for other values of Uo the resolution of 
two unequally bright points is improved appreciably. In this study the resolution of optical system increases only 
for odd no. of semicircular edge ring elements in arrays where as for even no. of elements resolution is not con-
siderably improved. Figure 2(c) demonstrates effect of no. of elements in array of aperture on the resolution 
limit. It is noticed that the points are resolved in all cases. Figure 2(d) and Figure 2(e) illustrates intensity pro- 
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(a)                                         (b) 

 
(c)                                          (d) 

 
(e) 

Figure 2. Intensity distribution in the composite image of two objects points in different considerations: (a) As a function of 
asymmetric apodization parameter b under incoherent illumination (γ = 0) for odd no. of elements (n) in semi-circular array 
of aperture; (b) As a function of separation Uo of the two points for n = 3 and b = 0.04; (c) For different odd no. of elements 
(n) in semicircular array with semicircular ring width b = 0.04; (d) For different degree of coherence of illumination for two 
object points with widely varying intensities (α = 0.6); (e) Intensity distribution for different values of intensity ratio α for 
two point objects under incoherent illumination (γ = 0) for certain width (b) of semicircular rings in array over central circu-
lar region of aperture.                                                                                      
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file curves of two points for different degree of coherence and intensity ratio respectively and other parameters 
are held constant. Figure 2(d) shows for lower values of γ, the two points are well resolved where as resolution 
is not found for the two points with coherent illumination of light. In other case the two object points with equal 
intensity under incoherent illumination of light are well resolved. Figure 3 shows that for α = 0.6 and b = 0.06, 
critical sparrow limits are obtained lower than that of unapodized case (b = 0) for any degree of coherence. Sim-
ilar trend is noticed for b = 0.08 and b = 0.1. For higher values of b, the two point objects are highly resolved. In 
all above observations, a very interesting aspect is the two object points are resolved in different conditions 
without creating much disturbance to their lateral resolution so that proposed design is highly effective in two- 
point resolution studies. 

HWHM as newly introduced image merit function for PSF, carries non-zero minima for higher values of se-
micircular ring width b. defined as: the distance from the centre of diffraction to where the intensity of main 
peak becomes 50% of its peak value. It can be seen in detail from Figure 4. For n = 1, 3 and 5, as semi-circular  

 

 
Figure 3. Sparrow resolution limit (Uo) as a function of degree of coherence for different 
values of semicircular ring width “b” where n = 3 (odd number of semicircular elements).     

 

 
Figure 4. FWHM, HWHM profile of apodized PSF.                           
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edge ring width b increases the half maximum on good side decreases. For an instance for n = 3, HWHM on 
good side decreases from 1.6163 to 0.4076. In this case the resolution of optical system has been improved 
where as for n = 2, 4 and 6, resolution is degrading. This is important in the case of resolving the fade point ob-
ject in the close vicinity of bright point. In addition to it, it is observed that for n = 3, HWHM on good side 
found with lower value than the value obtained in Airy case. On other hand, FWHM of PSF increases as b in-
creases from 0 to 0.4 and then decreases on further increase in b value. However, the magnitude of this effect 
depends on number of odd discrete elements in semicircular array of pupil function and the semi-circular edge 
ring width b. This effect increases for b = 0.1 relative to Airy case. Whereas for b = 0.1 the asymmetry in PSF 
increased to large extent which is the basis for shift in main lobe of PSF towards left half axis of pattern, in 
which the dark region is occurring very close to the main lobe and occupied certain distance. This is a usual ef-
fect superresolover, improved by odd-number of elements in semicircular antenna array. 

4. Conclusion 
In conclusion, asymmetric apodization applied to semicircular arrays of 2D aperture can be a solution for real 
time model which can employ in optical systems design for imaging of two object points in close vicinity. It is 
found that for higher degree of asymmetric apodization the two point objects with widely varying intensities are 
fairly resolved for any degree of illumination of radiation. It can be verified that study is optimized for b = 0.04 
(asymmetric apodization parameter) and n = 3, 5, (array with odd no. of discrete wavelet elements) due to 95% 
of side-lobe suppression is achieved on right hand side of image intensity distribution. The sparrow limit is 
found to minimum at b = 0.1 than that of clear aperture (Airy PSF). It can be fabricated in real practice with RF 
sputtering technology, in which suitable dielectric medium material vapors are deposited on substrate in the 
form of coating turns into complex pupil filters which can be integrated into real time imaging experiments to 
obtain asymmetric profile. 
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