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Abstract

The aim of this research paper is to derive two extension formulas for Lauricella’s function of the
second Kind of several variables with the help of generalized Dixon’s theorem on the sum of the
series ,F, (1) obtained by Lavoie et al. [1]. Some special cases of these formulas are also deduced.
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1. Introduction

The Lauricella’s function F\” is defined and represented as follows [2]
Fér)(al""'ar 'bl""’br ;C;Xl""'xr)
» (ai)ml (a )mr (bl)ml (b, )mr A (1.1)

my,--,m=0 (C)ml+~-+mr ml!

ma {[ -+, [} <1;
where (a) denotes the Pochhammer’s symbol defined by
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The generalized Lauricella’s function of several variables is defined as follows [2]
A:B';--;B"
F T [le...'zn]
c:D';---;D"

2,2, (1.8)
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the coefficients 6, j=1,2---, A9\, j=1,2,--,.B";p¥ j=1,2,-.,C;60 | j=1,2,---,D%), forall
ke{1,2,---,n} are real and positive; (a) abbreviates the array of A parameters; al,---aA,(b(k)) abbreviate

the array of B parameters b®,j=1,2,---,BY forall ke{l,2,-,n} with similar inter pretations for (c)
and (d™ kel,2,---,n; etcetera. Note that, when the coefficients in Equation (1.8) equal to 1, the genera-
lized Lauricella function (1.8) reduces to the following multivariable extension of the Kamp’e de F’eriet func-
tion [2]:
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where
p ] An
[I(a),. ., TI(65), ~TT(b"),
O(s,05,) =% o et —
[(e),, ., T1(e5), - T1(e”),
j=1 = = "

In the theory of hypergeometric series, classical summation theorems such as Dixon, Watson and Whipple for
the series ,F,, have many generalizations and wide applications; see for example [1] [3]-[6]. In the present in-
vestigation, we shall require the following generalization of the classical Dixon’s theorem for the series ,F, (1)

[1]:
a,b,c ;
3F2 . . . 1
l+a-b+i,l+a—-c+i+ j;

octi4 . . 1., 1. 1, . . .
272 (1+a-b+i)I (1+a—c+i+ j)F(b—2|l|—2I)F(C—2(I+j+|l+ j|)j

r(b)r(c)T(1+a-2c+i+j)I(1+a-b-c+i+j)
1 1 [i+j+1 (1 C[j+1
F(Za—c+2+[ +2+ DF(Za—b—cHHJ{;D (1.12)
F(la+1jr(1a—b+1+[iD
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(R(a-2b-2c)>-2-2i-j;

+

i=-3,-2,-1,0,1,2;j=0,1,2,3)

where [x] denotes the greatest integer less than or equal to x and |x| denotes the usual absolute value of x.
The coefficients A ; and B, ; are given respectively in [1]. When i= j=0, (1.12) reduces immediately to the
classical Dixon's theorem [3], (see also [6])

a,b,c ;
3F2 1
l+a-b,1+a-c;

F(l+;ajr(l+a—b)1“(1+a—c)r(l+;a—b—cj

(1.13)

r(1+ a)l"(1+;a—bjF(H;a—c)F(lJra—b—c)

{R(a—2b-2c)>-2}.
2. Extension Formulas

In this section, the following two extension formulas for Lauricella’s function of the second kind of several va-
riables will be established:

&)
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R (@ =i 8 o8 =i, 8B =i by by =i B0, e X )
_ i i (ai_i)zml“'(ar_i)Zmr(bl_i_j)Zmlm(br_i_j)Zm, Xlzml'._erm,
m=0  m =0 (C)Zmﬁ-mﬂmr (2rnl)l(2m" )'

xly (2., 2m 1, 1) (A" A (ay,0,2m,,1, )+ B B (3, by, 2m, i, ) oo

<1, (a.,b,,2m,,i, ){A) A (a..b,.2m, i, )+ B B (a,.b,,2m, i, )} +-- 2.1)
. i i (a, _i)zm1+1“'(ar _i)Zm,+l(b1 —i- j)zm1+1"'(br i )Zm X xmed
m=0  m =0 (C)2m1+1+«-~+2m,+1(2m1 +1)!' ' '(zmr +1)'

<1, (ay,b,2m, +11, J){CL) A (a,b,2m, +11, )+ DY By (a,b,2m, +1,i, )}

<1, (a,.b,,2m, +1i, j){ci{? A (a,,b,2m +1i,j)+ D" B, (a,,b,,2m, +1i, j)}

and
Fézwl)(a’ai_i'ai" I r’b bl_I_J bl Jb PCX X =Xy X Xr)
& & = (a)m(al_i)Zml.“(af_i)Zmr (b)m(bl_i_j)Zml“.(bT_i_j)zm melzml zml'
hEE O (ML (2, )
Iy (@ by, 2m, i, ) { AT A (2, by, 2m, i, )+ BB (a,,b, 2ml,l.1)}
Xlr(ar’br’ r :J){A A‘(ar'br’ r ’J)+Blj r( b rl VJ)}
co o (@(ai)y (o i), @2
IDIED) - :
m=0m=0  m =0 (C)m+2ml+1+v--+2mr+l
(b)m (bl_i_j)2m1+1“'(br_i_j)Zmr leX2m1+l X
: mt (2m, +1)1--(2m, +1)!
<1, (a,by,2m; +L, §){CA (8 by, 2m +1i, )+ DYB, (3, by, 2m +1,i, j)x--
<1, (b, 2m, +1i, ){C7A (a,.b,,.2m, +1i, })+ DB, (b, 2m, +1i,j)}
where

I (a,b,m,i,j)=22"IT(1-m, —a +i)T(1-m, —b, +i+ j)

F[ar —;|i|—;ijr(b, —%(i+j+|i+ j|)j 2.3)

)O(b )T (1-m, —2b, +i+ j)[(1-m, —a, —b, +i+ j)

F[;—;mr —-b, +[i+;+1DF(1—;m, —-a, —b, +i+[j2+1D
Ar(ar’br r 'J) H (24)
F[l—lmrjr[l—lmr -a, +[ID
2 2 2 2




A. A. Atash, A. A. Al-Gonah

o [ fagmema o3
e in =17

for i=-3,-2,-1,0,12; j—01,2,3;r:1,2,3,---

B, (a,.b,,m.i,j)=

(2.5)

The coefficients AJ B B",c!" and D(r) can be obtained from the tables of A ; and B;; givenin [1] by

i
replacinga by -2m, and -2m, -1 respectlvely

Proof of (2.1): Denotlng the Ieft hand side of (2.1) by S, expanding F( 7 ina power series and using the

results [2]:

(a),., =(a), (a+m),
>3 A(NM)=3 > A(nm-n)

m=0n=0 m=0n=0

-1)" 1\ i
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where
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Separating (2.9) into its even and odd terms, we have
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Finally, in (2.11) if we use the result (1.12), then we obtain the right hand side of (2.1). This completes the
proof of (2.1). The result (2.2) can be proved by the similar manner.

3. Special Cases

1) In (2.1), if we take i= j=0 and use the results (1.3)-(1.7), then after some simplification we obtain the
following transformation formula:

Fézr)(ail a,na, a'r’bl’bl"“’br’br; c ;Xll_xllle_XZ""'Xr’_xr)

1 1
0:4;--;4 ra,b = = 1);
=F p o1 p Ak (rh)o(a b+l 3.1)
2:1;--;1l=c,=c+=: ;
2727 2 a +b

1 1
..-;ar ,br ,E(ar +br )E(ar -l-br +1) inzl---,sz

a, +b,

which for r =1, reduces immediately to a known result of Bailey [7]

ab,Z(a+b), L(atb+1),
Fla a.bb;cix,—x]=,F i ) 12 RS (3.2)

—C,—C+—,a+b
2 2 2

where F, is Appell’s function [2].
2) Similarly, in (2.2) if we take i= j=0 and use the results (1.3)-(1.7), then we obtain the following trans-
formation formula:

Fé2r+1)(a’a1’a1,._.,ar’ar, b,bl,bl,...,br’br :C ;X1X1:_X11""Xr1_xr)

0:2:4;:4] ———— :(a:l),(b:l);(a1:1),(b1:1),[%(@+b1):1j,[%(a1+b1+1):1j; 33)
1:0;1;-51)(ci0,2,,2) 1 ———— (a+8,11) : -

1 1
wa(a 1), (b :1), | =(a, +b,):1|,| =(a, +b +1):1];
(@000, (30 e0)1 ) Gl b )y
(a, +b, 1) '
3) In (2.2) if we take r =1, then we get a known extension formulas [8] for Lauricella’s function of three va-
riables Fé3)(a,a1—i,a1,b,b1—i—j,bl;c;x,xl,—xl) for {i=-3-2,-10,1,2; j=0,1,2,3}.
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