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Abstract 
This paper compares performance of long-short equity hedge funds with the market index by us-
ing mean-variance criteria and criteria including higher moments. Based on the mean-variance 
criteria, the majority of the long-short equity hedge funds outperform the market index. When 
higher moments are used to evaluate the performance, a greater proportion of the hedge funds 
underperform the market index. This implies the importance of including higher moments in 
portfolio optimization. 

 
Keywords 
Higher Moments, Investment, Hedge Funds, Financial Econometrics, Portfolio Performance  
Evaluation, Taylor Series Expansion, CRRA 

 
 

1. Introduction 
Investment performance evaluation compares achieved returns with model derived expected returns. The models 
are almost exclusively based on expected return and risk, measured by standard deviation. Models such as the 
Sharpe Ratio, Jensen’s alpha, Treynor’s Ratio, Capital Asset Pricing Model (CAPM), and multi-factors models 
all use the first two moments to establish optimized benchmark for performance evaluation. There are two basic 
underlying assumptions of these models: normality of return distributions and efficient capital market. However, 
these assumptions are questioned by both academics and investment professionals. Academic studies are abun-
dant with cases of violations of efficient market hypothesis. They show significant and persistent differences in 
performance of portfolios based on size, momentum and style. They also show that returns are negatively 
skewed and fat tailed than normally distributed.  

Investment managers, especially the multi-billion hedge fund industry, try to exploit these observed inconsis-
tencies with efficient markets and the non-normality of return distributions. They follow long-short strategy 
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where they long securities perceived to perform better and short those expected to perform poorly. Examples in-
clude the 130/30 portfolio. Some try to create risk-free, zero investment portfolios with positive returns. 

This raises a question about a proper model to evaluate investment performance. Some studies derived opti-
mization models that included higher moments to account for the non-normality in return distributions. These 
studies are limited to just the derivation of mathematical models. The present study tries to fill the void by pro-
viding empirical analysis of performance evaluation using higher moments.  

The arguments for inclusion of higher moments are investors’ preference for alternatives with high positive 
skewness and low kurtosis, and the fact that returns are not normally distributed, which necessitates inclusion of 
higher moments. The long-short hedge funds provide an ideal opportunity to test performance evaluation by us-
ing higher moments. This study uses a model with higher moments to compare the performances of long-short 
equity hedge funds. Specifically, I test if the long-short portfolios enhance utility of a risk-averse investor better 
than the general market index. I use a general Constant Relative Risk Aversion (CRRA) utility function and test 
if these portfolios provide superior utility than a general market index.  

The results show that while the majority of the hedge funds outperform the market index based solely on the 
mean-variance optimization techniques such as the Sharpe ratio and Jensen’s Alpha, the majority underperform 
the market index when skewness and kurtosis are included in the performance evaluation. This result has an 
important implication. Both theoretical portfolio optimization models and investment managers should take into 
account higher moments. 

The rest of the paper is organized as follows. Section 2 summarizes the extant literature on the topic. Section 
3 presents the model. Section 4 presents the data and empirical results and Section 5 concludes. 

2. Review of Literature 
Markowitz [1] developed a model of portfolio optimization based on expected return and variance. Based on the 
mean-variance analysis, the Capital Asset Pricing Model (CAPM) was developed as an equilibrium model. Fur-
ther risk-adjusted performance criteria such as Sharpe ratio, Treynor’s ratio and Jensen’s Alpha are developed 
based on these assumptions and widely used to evaluate investment performance. The assumption of market ef-
ficiency precludes persistent extra return above the risk-adjusted return. Other multifactor asset pricing models 
such as Fama and French [2] and Chen, Ross and Roll [3] seek to include more risk factors to explain returns 
under the same assumption of normality. 

Both the assumptions of normality and market efficiency are challenged by several studies with empirical 
evidence. Stock returns are negatively skewed and have fatter tails than the normal distribution. Daniel and Tit-
man [4] provide empirical evidence that portfolios based on size, style, and momentum persistently show return 
variations that cannot be explained by differences in risk.  

Other studies derive portfolio optimization models by including higher moments (See for example, Harvey, 
Liechty, Liechty and Muller [5], Cvitanic, Polimenis and Zapatero [6], Mhiri and Prigent [7] and Xiong and Id-
zorek [8]). These studies derive optimization models by including skewness and kurtosis to the mean and va-
riance and illustrate by numerical examples. The inclusion of higher moments is expected to improve portfolio 
optimization by taking into account the curvature of the returns distribution. 

This paper directly evaluates the performance of long-short hedge funds established with the aim of exploiting 
the market inefficiencies. These portfolios aim at achieving either high Sharpe ratio or positive alpha. Both of 
these measures depend on mean-variance analysis. I test how these portfolios perform relative to a general mar-
ket index if higher moments are included in their performance evaluation. I use CRRA utility function and Tay-
lor series expansion to derive the evaluation model following Mhiri and Prigent [7].  

3. Model 
The mean-variance based investment analysis models use the Sharpe ratio, Jensen’s Alpha and Treynor’s ratio 
to evaluate portfolios. I use these variables to compare the performances of the long-short equity portfolios with 
the market portfolio. Since the hedge funds are specifically designed to exploit market inefficiencies with re-
spect to size, momentum, styles, and other factors and generate either high Sharpe and Treynor ratios or positive 
Jensen’s Alpha, they are expected to outperform the general market index based on these measures. 

To include skewness and kurtosis in the performance evaluation, I use infinitely differentiable CRRA utility 
function following Gerber and Pafumi [9] and Mhiri and Prigent [7]. 
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where U(R) is utility as a function of total return, R is return or (1 + rate of return), and θ is a coefficient of risk 
aversion with positive values different from 1. 

Taylor series expansion of U(R) around mean of R gives us 
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Taking expectation of the above, we have 
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Substituting from (1), we have, 
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where σ is standard deviation, S is skewness and K is kurtosis. And α, γ and δ are constants as follows: 
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These equations are consistent with the notion that rational utility maximizing investors prefer higher returns, 
lower variance, positive skewness and lower kurtosis. Expected utilities will be estimated for the hedge funds 
and the market portfolio by using the above model. 

4. Analyses and Results 
List of US Long-Short Equity hedge funds and their monthly returns data are obtained from Morningstar EnCorr. 
A final sample of 400 is used in the analyses after imposing a minimum of 30 months returns. The period cov-
ered ranges from 1974 to 2012. Due to variations in the lives of the hedge funds, the number of return observa-
tions varies across funds. The number of observations range from a minimum of 30 to a maximum of 468 
months. Monthly returns over corresponding period are also obtained for the S&P500 index and 30-day Trea-
sury bill. Table 1 presents summary statistics of the hedge funds and the market portfolio. 

The average of mean returns for the 400 funds is 0.826%. Average monthly returns varied from a minimum of 
−1.086% to a maximum of 4.518%. The corresponding mean return on the S&P 500 index is 0.937%, which is 
statistically significantly greater than the average of the hedge funds return at 1% level. The median distribution 
also reflects the same. The hedge funds on average have lower returns than the average market. In fact only 149 
(37.3%) of the hedge funds have mean returns greater the average for the market index. The geometric means 
and median distributions even magnify the return underperformance of the hedge funds. 

The standard deviation of the hedge funds varied from a low of 0.021% to a high of 16.379% with median 
standard deviation of 4.184%. The average standard deviation of the hedge funds is 4.684% compared to the 
market portfolio’s 4.533%. The difference is not statistically significant, but 224 (56%) of the funds have stan-
dard deviations lower than that of the market index. The hedge funds do better when it comes to the systematic 
risk. The average (median) beta of the hedge funds is 0.483 (0.428) compared to the market portfolio’s 1 and the 
difference is significant at 1% level. Further 357 (89.3%) of the funds have beta lower than 1, only 10.8% have 
beta greater than that of the market. These results are consistent with what can be expected from hedge funds  
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Table 1. Descriptive statistics of return distributions. This table presents descriptive statistics of the 400 long/short equity 
hedge funds and those of S&P500 Index and US T-bill rate. The statistics are based on monthly returns. The means, medians 
and other figures are cross-sectional values. So mean of 0.826% monthly return is actually average value of the cross- 
sectional mean returns.                                                                                     

 Arithmetic 
Mean (%) 

Geometric 
Mean (%) Median (%) Standard  

Deviation (%) Skewness Kurtosis Beta 

S&P 500 Index 0.937 0.833 1.237 4.533 -0.435 1.911 1.000 

30-Day T-Bill 0.430 0.430 0.423 0.275 0.557 0.524 0.000 

Long-Short Equity Hedge Funds        

Mean 0.826*** 0.683*** 0.856*** 4.684 −0.024*** 3.492*** 0.483*** 

Median 0.783 0.649 0.790 4.184 −0.123 2.082 0.428 

Standard Deviation 0.657 0.613 0.685 2.631 1.070 5.737 0.425 

Maximum 4.518 3.589 4.960 16.379 6.801 70.954 2.467 

Minimum −1.086 −2.104 −1.260 0.021 −3.496 −0.819 −1.150 

Number (%) above the Market 149 (37.3) 139 (34.8) 89 (22.3) 176 (44.0) 268 (67.0) 213 (53.3) 43 (10.8) 

Number (%) below the Market 251 (62.8) 261 (65.3) 311 (77.8) 224 (56.0) 132 (33.0) 187 (46.8) 357 (89.3) 

Number (%) Positively Skewed     173 (43.3)   

Number (%) Negatively Skewed     227 (56.8)   

Number (%) Leptokurtic      373 (93.3)  

Number (%) Platokurtic      27 (6.8)  

***Figure is significantly different from that of S&P 500 index at 1% level. 
 
since many of them aim at reducing or eliminating risk and generating return in excess of the risk-free rate. 

The majority of the hedge funds (56.8%) as well as the S&P500 index are negatively skewed, but 67% of the 
funds have skewness coefficient greater than that of the market index. Skewness ranges from a low of −3.496 to 
a high of 6.081. The mean (median) skewness coefficient is −0.024 (−0.123). The table also reports the fourth 
moment as excess kurtosis. The S&P 500 index has excess kurtosis of 1.911 while the average excess kurtosis 
for the hedge funds is 3.492 (median is 2.082). About 53% of the hedge funds have higher kurtosis than the 
market index. A great majority, 93.3%, are leptokurtic, peaked distribution than normal. Only 6.8% are plato-
kurtic. The skewness and kurtosis reported in the table indicate that the majority of the hedge funds are nega-
tively skewed and have more fat tail. Although they appear to be more desirable on the average than the market 
portfolio in terms of skewness, they exhibit greater fat tails than the market portfolio. When it comes to higher 
moments, a portfolio with fat tails and positive skewness is preferred.  

Table 2 presents statistical distributions of the mean-variance based performance evaluation criteria. The 
Sharpe ratio, Jensen’s Alpha and Treynor’s ratio are reported. The hedge funds perform better on the average 
than the market index based on these measures. The average Sharpe ratio for the funds is 0.223 compared to the 
market’s 0.112 and the difference is significant at 5% level. 65.3% of the funds in the sample have Sharpe ratios 
greater than that of the market portfolio. The results of alpha and Treynor’s ratio are similar. Alpha, compara-
tively favors the hedge funds strongly than the Sharpe ratio does. Average alpha of the funds is 0.473 and 83.8% 
of the funds have positive alpha. Treynor’s ratio is 0.507 for the S&P 500 index and averages 12.18 for the 
hedge funds. The difference is significant at 5% level, and 58.3% of the hedge funds have higher Treynor’s ratio 
than the market index. These results are consistent with Daniel and Titman [4]. Daniel and Titman [4] show that 
as mutual funds increase the proportion of their investment in long-short portfolios, their Sharpe ratios and al-
phas increase monotonously. These results are also consistent with the usually declared objective of hedge funds. 
They long stocks with expected positive performance and short stocks with expected negative performance the-
reby reducing beta and generating positive alpha. The long-short equity funds in this sample performed consis-
tent with that notion, because the majority of them have low beta and positive alpha. The last column of Table 2  
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Table 2. Distributions of mean-variance based performance measures. Panel A reports the distributions of mean-variance 
based performance measures for the long-short equity hedge funds. Mean values are reported for the S&P 500 index and the 
30 day Treasury bill. VaR @ 5% indicates Value at Risk with 5% tail probability. So there is a 5% probability of losing 
6.542% in the S&P 500 index and 6.903% on average in the hedge funds in one month. Panel B reports the correlations 
among the mean-variance measures and with skewness and kurtosis. Panel C reports rank correlations when the hedge funds 
are ranked by the mean-variance measures. The number of hedge funds in the sample is 400.                                

(A) 

Distribution of Performance Measures Sharpe Ratio Alpha (%) Treynor’s Ratio VaR @ 5% 

S&P 500 Index 0.112 0.000 0.507 −6.542 

30-Day T-Bill  0.000  −0.023 

Long-Short Equity Hedge Funds     

Mean 0.223** 0.473*** 12.180** −6.903** 

Median 0.153 0.434 0.742 −6.191 

Standard Deviation 1.159 0.602 128.852 4.129 

Maximum 23.192 4.120 1798.000 0.453 

Minimum −0.340 −1.643 −69.173 −25.141 

Number (%) above the Market 261 (65.3) 335 (83.8) 233 (58.3) 224 (56.0) 

Number (%) below the Market 138 (34.5) 65 (16.3) 167 (41.8) 176 (44.0) 
** and *** indicate that the figure is significantly different from the corresponding S&P 500 mean at 5% and 1% levels respectively. 

(B) 

Correlations of Performance Measures Treynor’s Ratio Skewness Kurtosis Sharpe Ratio 

Skewness 0.1347    

Kurtosis 0.0680 0.4834   

Sharpe Ratio 0.1744 0.0284 −0.0403  

Alpha (%) 0.0903 0.3139 0.0903 0.0873 

(C) 

Rank Correlations Sharpe Ratio Alpha % 

Alpha % 0.7671  

Treynor’s Ratio 0.7224 0.6774 

 
reports Value at Risk (VaR) at 5% probability. There is a 5% probability of losing 6.542% per month from in-
vestment in the market portfolio. The average VaR for the hedge funds is 6.903%. So an investment of 
$1,000,000 will lose in a month $65,420 in the market index and $69,030 in an average hedge fund with 5% 
probability. The median figure shows that the hedge funds are better than the market index. 44% of the funds 
have lower expected VaR than the market index. 

Panel B of Table 2 reports correlations among the mean-variance measures and with skewness and kurtosis. 
Correlations between pairs of these measures are very low. The correlation between skewness and kurtosis is 
48.34%. The correlation between skewness and alpha is 31.39% implying that investing in positively skewed 
alternatives will more likely generate positive alpha. The other correlation figures are small. Even the mean-va- 
riance measures of alpha and Sharpe ratio are correlated only 8.73%. Panel C reports higher values for rank cor-
relations among the mean-variance measures. The rank correlation between Sharpe ratio and alpha is 76.71% 
and between alpha and Treynor’s ratio is 67.74%.  

Utility Based Analysis 
Table 3 presents estimated utility levels based on Equation 4 for different levels of risk aversion coefficient. 

Utility seems to be U-shaped in the degree of risk aversion in the range estimated. At all levels of the degree of  



D. D. Ejara 
 

 
325 

Table 3. Distribution of utility for different levels of risk aversion. The table presents utilities for the S&P 500 index and 
30-day T-bill and utility cross-sectional distribution for the long-short equity hedge funds. Utilities are computed as a 
function of expected return, variance, skewness and kurtosis. Utilities are computed at different levels of the degree of risk 
aversion coefficient (θ).                                                                                    

θ  0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

S&P 500 Index 1.514 1.183 0.950 0.830 0.853 1.085 1.690 3.164 8.002 

30-Day T-Bill 1.534 1.666 1.838 2.070 2.398 2.892 3.720 5.382 10.377 
Long-Short Equity  

Hedge Funds          

Mean 1.134*** 0.514*** −0.020*** −0.460*** −0.779*** −0.918*** −0.718*** 0.308*** 4.652*** 

Median 1.409 1.168 0.962 0.870 0.880 1.117 1.728 3.217 8.056 

Standard Deviation 1.480 2.813 4.326 6.033 7.978 10.215 12.809 15.834 19.377 

Maximum 4.055 3.547 3.220 3.065 3.096 3.399 4.133 5.716 10.645 

Minimum −17.530 −37.431 −59.198 −82.950 −108.800 −136.835 −167.056 −199.142 −243.788 

Number (%) above the Market 157 (39.5) 193 (48.6) 200 (50.4) 203 (51.1) 203 (51.1) 203 (51.1) 204 (51.4) 202 (50.9) 202 (50.9) 

Number (%) below the Market 240 (60.5) 204 (51.4) 197 (49.6) 194 (48.9) 194 (48.9) 194 (48.9) 193 (48.6) 195 (49.1) 195 (49.1) 
***indicates the figure is significantly different from the S&P 500 index figure at 1% level. 
 
risk aversion, the T-bill dominates both the market index and the average of the hedge funds. Unlike the 
mean-variance based measures, the average utility of the hedge funds is lower than that of the market index. At a 
degree of risk aversion coefficient, θ of 0.1, 60.5% of the hedge funds have lower utility than the market index. 
As θ increases, a greater proportion of hedge funds show better utility than the market index. At θ of 0.9, 50.9% 
of the hedge funds have higher utility than the market although the average utility of the hedge funds as a whole 
is less than that of the market index1. As θ increases, the cross-sectional dispersion of the hedge funds’ utility 
also increases as evidenced by cross sectional standard deviations of 1.48 at θ = 0.1 and standard deviation of 
19.377 at θ = 0.9. 

Table 4 reports the correlations between utilities, and higher moments and mean-variance based measures 
(Panel A). Skewness is positively correlated with utility. Positively skewed return distributions tend to increase 
utility. Kurtosis is negatively correlated with utility at lower levels of θ, but positively correlated at higher levels 
of θ. The three mean-variance measures are all positively correlated with utility. But the correlation coefficients 
are small in magnitude except for alpha’s. The correlation of alpha with utility is 54.11% at θ of 0.1 and mono-
tonically decreases to 29.95% for θ of 0.9. Such pattern of correlation structure is true for Sharpe ratio and 
Treynor’s ratio. As the degree of risk aversion increases, the mean-variance measures get less correlated with 
utility. 

Panel B of Table 4 presents rank correlations of the hedge funds based on utilities at different levels of θ and 
the mean-variance measures. The results reflect the same information as in Panel A but the correlation magni-
tudes are larger. Rank correlations are higher at lower levels of θ and decrease as θ increases. Unlike in Panel A, 
Sharpe ratio rank correlations are stronger than the other two mean-variance measures.  

These results indicate that the higher moments have significant information content that should be considered 
in investment selection as well as performance evaluation. The results are consistent with the notion that positive 
skewness and low kurtosis are desirable features of investments. 

5. Conclusions 
This paper questions the return and risk only based approaches to investment analysis on the grounds that stock 
returns are not normally distributed and also that the market efficiency hypothesis has been violated as empiri-
cally shown by previous studies based on size, momentum and style portfolios. Previous studies that call for the 
inclusion of higher moments in portfolio optimization are appraised. But these previous studies are limited to 
derivation of optimization models by including the higher moments. 

 

 

1Three hedge funds for which the utility calculation resulted in extremely low figures are excluded. If they are included, the market index 
dominance will be more magnified. 
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Table 4. Correlation between utility and mean-variance measures. (A) Correlations between utility computed at different 
levels of θ and the mean-variance measures of investment performance. Utility is computed as a function of expected return, 
variance, skewness and kurtosis. (B) Rank correlations based on utility at different levels of θ and mean-variance measures.    

(A) 

θ  0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

Skewness 0.0823 0.0387 0.0270 0.0236 0.0231 0.0235 0.0240 0.0244 0.0245 

Kurtosis −0.0015 −0.0115 −0.0098 −0.0054 −0.0005 0.0044 0.0089 0.0131 0.0167 

Sharpe Ratio 0.0823 0.0758 0.0711 0.0673 0.0639 0.0607 0.0578 0.0550 0.0523 

Alpha 0.5411 0.4020 0.3560 0.3363 0.3257 0.3186 0.3124 0.3061 0.2995 

Treynor’s ratio 0.0493 0.0474 0.0440 0.0405 0.0372 0.0341 0.0312 0.0285 0.0261 

(B) 

θ  0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

Sharpe Ratio Rank 0.9307 0.8990 0.8628 0.8386 0.8275 0.8269 0.8306 0.8376 0.8460 

Alpha Rank 0.7272 0.6037 0.5267 0.4851 0.4673 0.4649 0.4682 0.4770 0.4883 

Treynor’s Rank 0.6716 0.6097 0.5646 0.5379 0.5262 0.5260 0.5297 0.5369 0.5449 

 
Direct test of investment performance by including higher moments (skewness and kurtosis) is proposed with 

the use of CRRA utility function. Empirical results are presented by using long-short equity hedge funds. These 
funds long stocks with expected high returns and short those with expected low returns. Some try to create zero 
(or low) beta portfolios and generate positive alpha. Therefore, they present a conducive opportunity to test the 
relevance of higher moments in investment analysis. 

The empirical analyses show that the long-short equity hedge funds outperform the general market index 
based on the mean-variance measures of Sharpe ratio, alpha and Treynor’s ratio. But when the evaluation in-
cludes the higher moments of skewness and kurtosis with utility function, the general market index dominates 
the hedge funds. This indicates the importance of these higher moments in investment analysis. Theoretical 
models as well as investment managers should include skewness and kurtosis in their models of portfolio opti-
mization and evaluation.  

This study clearly shows the importance of including higher moments in performance evaluation. But it is li-
mited in that only one form of utility function is assumed. Also, hedge funds are used as sample of analysis. 
Further research is necessary to refine ways of including the higher moments on other general portfolios and al-
ternative utility functions to test for robustness of results. 
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