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Abstract

This report describes a fundamental model of a quantum circuit for finding complex eigenvalues
of Hamiltonian matrices on the quantum computers through the use of an iteration algorithm for
estimation of the phase. In addition to this, we demonstrate the use of the model for simulating the
resonant states for quantum systems.
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1. Introduction

In the circuit model of quantum computations the change of the quantum states is implemented through quantum
operators. A given algorithm, or computation, can be run on a quantum computer by using a sequence of quan-
tum operators. These operators can be represented by unitary matrices in computational basis. These matrices
represent a transformation of the linear space, the rotation is an example of such transformation. As a conse-
quence of the transformation most of the vectors in the space are converted into new vectors, which are with a
different direction. But for each transformation, there are some special vectors, which, after being transformed,
continue to point in the same direction, although their length can be changed. These vectors are called eigen-
vectors, and the factors which depend on the change of their lengths are called eigenvalues. And now let’s look
what this means in the mathematical language.

In order to transform a given vector, it must be multiplied by the transformation matrix. So, if we have a ma-
trix H and vector y, the transformation vector will be Hy. If the transformation vector has the same direction as
the original vector, this is an eigenvector. Mathematically, this means that the eigenvector must be divisible to
the original vector so that they can be written as Ey, where E is a number. Thus the eigenvectors must satisfy the
condition: Hy = Ey.
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The quantum state is something that encapsulates the entire necessary information for the physical system.
Moreover, the quantum system has an infinite number of possible states, but they all can be expressed as linear
combinations from a certain number of base states. For example, if the states are marked with kets (|--)), then
they can be used numbered kets (|1), |2), etc.) in order to be designated the base states, after which the total ket
may be expressed as: |y)=a,|1)+a,[2)+---. The base states could be designated as single directions: %, ¥,
Z and the expression for the general state would have been: r=a X+ ay§/+ a,z.

Regardless of the type of the states, the coefficient a; can be stored in a vector,

8 a,

a, | or |a,

If the vector is an eigenvector of any matrix, then the state, which corresponds to the vector, is an eigenstate of
the operator, which corresponds to the matrix.

Although this unitary image is suitable for many tasks, it prevents the application of a quantum computation
at new tasks, where the computations can only be described through Hamiltonian matrices. In addition, each at-
tempt for approximation of those Hamiltonian parts will affect negatively on the accuracy of the results. The
model of the circuit, created for the Harrow et al.’s algorithm [1] [2], uses an approximation operator for the
Hamiltonian parts.

It is known that the quantum algorithms are more efficient than their classic matches [3]-[5]. In certain cases,
they provide exponential increase of the efficiency for simulation of the quantum systems [6] [7]. Right from the
beginning the idea to make the computer compatible with the principles of the quantum theory for the simula-
tions of the quantum systems is discussed in 1969 from Finkelstein [8]. The idea for building a computation de-
vice with a general purpose, which functions at quantum-mechanical level, is proposed for the first time from
the physicist Richard Feynman in the beginning of the 80s of the 20th century [9]. At this time, there was an
underlying hope that such a device may overcome the limitations of the classical computers, especially in the
field of simulation of quantum-mechanical systems. Feynman [10] explained why it was impossible to be simu-
lated a quantum system through the use of a classical computer for probability calculations. It defines a univer-
sal quantum computer that can simulate the laws of the quantum mechanics. Subsequently different models of
schematic quantum algorithms have been published for the simulation of various quantum systems. Undoubted-
ly, the most important one of these algorithms is the algorithm for estimation of the phase [11] [12], used for
finding the eigen-energies of the relevant quantum system. The algorithm has been demonstrated experimentally
for the simulation of a hydrogen molecule through the use of photonic [13]-[15] and NMR quantum computers
[16] [17]. One of the postulates of the quantum mechanics states that the measurable quantities such as the
energy of the stable atoms and molecules must be a Hermitian operator.

The simulation of the non-Hermitian matrices in the quantum theory requires the simulation of the Hamilto-
nian evolutionary matrices. However, the standard quantum computations are made by the use of unitary opera-
tors of the evolution. It has been proven that the quantum circuit can be built from Hamiltonian operators,
representing quantum measurement. In addition, it was demonstrated that a specific type of single-qubit Hamil-
tonian operators, the controlled-NOT operators and all single-qubit unitary operators constituted a formalized
group of operators for Hamiltonian quantum circuits without the need of additional qubits [18]. Some recent
studies [19] proposed a quantum algorithm on the basis of measurement for finding the eigenvalues of Hamilto-
nian matrices. Their method uses the ideas of the conventional algorithm for estimation of the phase, the repeti-
tive measurement, and the techniques of tomography of single-qubit states. They describe a binominal system,
composed of two subsystems, in which the entire Hamiltonian includes all interacting subsystems, which indi-
cate that different Hamiltonian matrices of the evolution can be constructed by the implementation of sequential
(consecutive) projective measurements on one of these subsystems. In addition, they show that the eigenvalue of
this matrix can be found in the algorithm for estimation of the phase in two different ways: through the use of
tomography of the state of the qubit or with the projective measurements for a separate computation of real and
imaginary parts of the eigenvalues of the Hamiltonian. However, the described in their report measurement
cannot be applied deterministically. This is also a holdback for the direct application of their method to the ma-
trix, without knowing the application of the subsystems forming the respective Hamiltonian matrix. In addition,
the process of subsequent projective measurements changes the state to a large extent [20], which affects the
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accuracy of the constructed non-unitary matrix, and this also reflects on the calculated eigenvalues in this me-
thod. The likelihood of success of the algorithm depends on the probability of success of the subsequent projec-
tive measurements that can decrease exponentially. The subsequent projective measurements for estimation of
the phase are causing another problem—the method becomes dependent on the way of the implementation of
the projective measurements.

In this report, we present a systematic approach for estimation of the complex eigenvalues of the general ma-
trix, using a standard iteration algorithm with a programmable model of the circuit [20]-[22]. The phase values
of the sought eigenvalue should be determined from the outcome of the measurement. Then, the statistical data
of the measured results on the phase qubit are used for determination of the absolute value of the eigenvalue.
Therefore, by the phase and the absolute value we find the complex eigenvalue of the Hamiltonian matrix. Be-
cause of the precision model of the circuit used for simulation, the proposed method gives very good results.
The likelihood of success is directly dependent by the amount of ancilla qubits and decreases exponentially in
size, in the cases of dense matrices. Proposed algorithm can be used as an equivalent of the main circuit for each
matrix. Since the proposed model for a circuit is universal, it can be used for estimation of the eigenvalues.

In the following sections the computational model will be discussed and described in [21]-[23]. Then we ex-
plain how to use the circuit in an iteration algorithm for estimation of the phase. We discuss the algorithmic
complexity and the issues about the application and compare our method with other works [19]. We will also
show the application of the algorithm to the simulations of non-Hermitian quantum systems.

2. Algorithm for Computing the Eigenvalues and Vectors of a Complex
Hamiltonian Matrix

We will develop a similar fast method for the finding of all eigenvalues of a complex Hamiltonian matrix M.
The difference between the proposed in this publication algorithm and the known analogous ones [18] consists
in the fact that here the proposed method independently generates circuit equivalents for the rows of U in sepa-
rate N x N blocks with quantum operations which are then combined using a variety of states of ancilla control
qubits. The method relies on unitary similarity transformations, preserving the structure of the matrix and having
the desired numerical properties. The accuracy of the computed eigenvalue depends on its size, as the larger
values are usually more accurate.
Let

O ={M R

OFI En
J= ,
(_En onj

i.e. @ is the set of all complex 2n x 2n Hamiltonian matrices.
We define the set

JTMJ=-MT},

where

d ={N e C2man

N=M2M ecb},

which in fact is a set of all Hamiltonian 2n x 2n matrices, raised to the power of 2.
The matrix, which appears to be a square of a Hamiltonian matrix, satisfies the conditions for J-symmetry, i.e.
it may have one of the following two types:

A B
1) N= : [/ABCeC™ B=-B",C=-C"(R™)
C A
A B * *
2) N:( *),A,B,CEC”X",B:—B C=-C".
C A

As seen, in the square of the Hamiltonian matrix the angle cells B and C are asymmetric, and the diagonal
ones transposed relative to each other.
If Me® and A(M)={A;,-A,,--,A,,—A,} (Ai—the eigenvalues), then
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2 2 2 2
A(MZ)Z{AliAl,”',A,”A,“},

These observations determine the base of the next SR algorithm for computation of the eigenvalues Ay, Ay, -+,
Anof Med:
1) We define

T 2

A B

N=mz=|T G . LABCeC™
F -H C A

2) We compute the unitary matrix Q, so that

O'NO = H R
o HT)
where H is a right Hessenberg matrix (Hij =0,i> j+1)
3) We use a QR algorithm for computing

A(H):{ﬂluuzl"'”un}'

4) For i from 1 to n we compute A, = \/;, , taking a square root, located in the left half of the interval. In the
set is fulfilled, that

A, =—-Ai=1--n

Point 2 of the plan of the SR algorithm is the only action in this process, which requires immediate clarifica-
tion.

We will consider one step of the algorithm by which we will show how the unitary symplect Q € R*™" can
be determined.

We will describe the original matrix, as follows:

X X X x 0 x x X

X X x x x 0 x X

X X X X x x 0 x

N A B X X X x x x x 0
_(C AT)_ 0 X X X X X X X
Xx 0 x x X X X X

x x 0 x x x X X

X X x 0 x x x X

(n=4)

(The zero diagonals in B and C are due to the asymmetricity). It turns out that the block C of this matrix can be
zeroed by the use of a sequence of Householder and Givens symplectic similarity transformations.

The first action is to zero Cs; and Cyy, using the Householder matrix H, =H (k +1,W), at k =1, using work-
ing algorithrmH at y=A-e, z=C-¢, . Here g, :(0,-~~,0,1,0,~~-,0)T.

The working algorithm H in short is used for determining the vector W =(w,,---,w, )T, so that, if

y| v
z| |x
We compute & =]z, +-+|z,| -

We construct W € C" in the following way:

H(k,W)- ,then x, =0 for i=k+1---,n.

w5 +o)-e
w, =7, for i=k+1---,n.

We construct the Householder matrix
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~ _(diag(E,,P) 0
Hk_H(k+l,W)_( 0 diag(E,.P) |
where
P:En_k—ZW'W WecC™*

* 1

The exchange of the locations of y and z can be used for determining the matrix Hy, so that v; = 0, for
i=k+1,---,n.

It may be noticed that when the similarity transformation is executed with the first matrix, only the rows and
columns 2, 3 and 4 of A, B and C affect the results:

X X x x 0 x x X
X X x x x 0 x X
X X X X x x 0 x
[A Bj . X X x x x x x 0
N = + |=HNH; =
C A 0 x 00 x x x Xx
x 0 x X X X X X
0 x 0 x x x x X
0 x x 0 x x x x

The zeroing of positions (13) and (14) of C follows from the asymmetricity of this matrix.

The next action is to zero ¢, €C, using a Givens similarity transformation. This can be accomplished
through the use of a working algorithm J, at which is constructed a matrix J, =J (k +1,<1)) at y=A-e,
z=C-¢ k=1

The algorithm in brief consists of the following:

1) We compute & := |y +|ze|” -

2)If o0=0,then cosg=1, sing=0, otherwise cos¢=M
o

. sinqﬁzm
o

3) We construct the matrix J, = J (k+1,®), which has the following type:
Cc -S
J,=J(k+1,®)=| — )
where

C =diag (E,,c0s4,E, , ,),
S = diag(0,,sing-e",0, ;).

Here the argument 0 =arga,,,, —argc, . -
After performing the transformation can be noted that only the second row and column of A, B and C are af-
fected by the result:

X X X X X X X O

X X X X X X O X
X X X X X O X X
X X X X O X X X

O O O O X X X X
X X O O X X X X
X O X O X X X X
O X X O X X X X
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The next action of the SR algorithm is to zero as; and a4, from the matrix. This can be done through the use of
the working algorithm H, but with a correction at the construction of the matrix G, =H (k +1,W). Here now
y=C-e,, z=A-g , k=1andthe vector W is selected in another way:

wk:(|zk+]4+a)~e
W=z, i=k+2,---,n.

The result of the transformation is the following:

X X x X 0 x x x
X X X x x 0 x x
0 x x x x x 0 x
(A Bj . |0 x x x x x x 0
N = : |=GNG/ =
C A 0000 Xx x 00
0 0 x xX X X X X
0 x 0 x x x X X
0 x x 0 x x x X

It may be noted that only rows and columns 2, 3 and 4 of A, B and C are transformed from this transforma-
tion.

With this is finished the zeroing in the first column of N (at k = 1).

After n—2 steps with the working algorithm N applied respectively for the matrices A and C and n-1
steps with the working algorithm J for the matrix C, the matrix N obtains the desired look. Therefore, for the un-
itary matrix Q we can claim that is has the following look:

Q* = ‘]n—l'(Gn-z SUTE Hn-z)"'(Gz Jy Hz)'(Gl'Jl' Hl)'
In conclusion of this method may be mentioned that it is used for development of the simplex method for
solving algebraic and differential equations of Riccati.

3. Formalized Model for Hamiltonian Matrices

For a conditional n-qubit system, represented by the N-dimensional matrix U the input data, accepted to be |w,
to the matrix U and the output data |3) , may be defined as

Ula)=|5):
Since U|a)=|p)
Uy Uy Uy | & B
U= 2 Ve T ) ®
Uy Unz o0 Uy )\ QN By

Recently we have described a model of a formalized programmable circuit, which can be used for simulating
the action of the matrix U in Equation (1) only by determining the angles of the matrix elements. The aim is to
establish circuit equivalents for the rows of matrix in N x N block quantum operations; and then to combine the
blocks through the use of 2™ different states of the (n + 1) ancilla control qubits (Figure 1).

2



N. Raychev

T 3
S

Figure 1. Each block operation forms a different row of the
matrix [21]-[23]. Notice: The black dot signs are used for the
elements that are insignificant in the overall scheme.

ancilla

Here, each submatrix V; have the ithe row from the given matrix as its first row in the following form
[kuy *ku;, *ku, *]. The normalization constant is k =]/ N . We use the symbol “*” for the elements, which
are of minor importance in the overall scheme.

In order to use the matrix V instead of the matrix U in Equation (1), we modify the input data |a> in Equa-
tion (1) to a vector ¢ so that ¢ to be carried into the elements of |a). Therefore, the expected results of
Ula)=|B) canalso be continued on some predetermined states in the results of V |¢) . This is shown below:

VG KB
0
ku, - - kuy va

2
vay KB,
. 0 .
Vip= g = . ®)

Ve
Kuy, - -+ Kuyy 0

ra, KBy

yay
0

where ¥ =1/«/W and k=1/N are the normalization constants.

The other states in the output data represented with “«”, are subject to ignoring. Therefore, the likelihood of
success of the postselection of the zero state in the main qubits, which is a success of the simulations, is given by
%, For example, if N = 2, Equation (3) becomes as follows:

1,
L2
Ugo Uo 0 By
1
=4
V2
1 0 1
Vig)=—= -1 @
| > V2 Uso u, - 1 a, 2\ p,
|z
. 0
V2
0

The separation of the main and ancilla qubits in the circuit is entirely artificial, since their roles may be ex-
changed in the circuit. In order to facilitate the process of verification, the circuit is divided into: Input Modifica-

©,
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tion, Formation and Combination.
In the process for estimation of the phase for facilitation, we exchange the computing qubits at the end with
the auxiliary qubits at the beginning and we use the following output data, instead of those of Equation (3):

KB,

where the first N states are selected to be the important states.
By measuring all ancilla qubits in a computer way and the postselection for the result |z<ﬁ1,z<ﬂ2,---,/<ﬂn> , we
obtain in the remaining n qubits state |ﬂ> (as entered in Equation (1)). In this case the likelihood of success is
2 2n
K- =1/27",

4. Eigenfunctions of Hamiltonian Matrices
The polar form of the complex eigenvalue 4;, belonging to the matrix U, can be written as:
A =re'? (6)

] ]

where ¢; is the phase, and r; = /1]| is the significance of the relevant eigenvalue. For the unitary matrices
|/1j =1. Then can be applied the phase estimation algorithm to find the value of the phase ¢; and hence the
eigenvalue 4;. The circuit, shown in Figure 2, is an iterative version of the algorithm for estimation of the phase
(IPEA) [6] [19], which can also be used for estimation of the value of ¢, . Each iteration of IPEA is computed a
bit of the m-digit binomial development of the phase:

¢J = (O X Xp tee Xy )binary

=X 2 X2 2 e X 2 X 27"

(™)

the number of iterations m justify the precision. Xk is the binary value, derived from the kth iteration of the IPEA
through the use of the 2™ th power of the matrix U?™™*.

For the Hamiltonian matrices, however, the algorithm for estimation of the phase by itself is not enough. To
compute the eigenvalue both parameters ¢; and r; must be found. Through the use of the IPEA with the main
circuit, described in the preceding section, the parameters ¢; and r; can be found, and hence the eigenvalues of
the Hamiltonian matrices can also be found by the algorithm for estimation of the phase without additional cost.
Since the fixed circuit size the usage of the IPEA to the model of the circuit also has a fixed model. Therefore,
we only need to set the values of the angles in each iteration of the IPEA.

4.1. Estimation of ¢;

In order to use the basic model of the circuit shown in Figure 3, within the IPEA, we must determine the con-
nection between the selected states and the phase qubit obtaining in the measurement. Because there are 2n Ha-
damard operators in the circuit, x = 1/N. In the estimation of the phase because all operators are controlled by an
upper qubit, this scaling effect of « is valid for the phase qubit with value one. In order to have the same scaling
at phase qubit zero, we use the Hadamard operators on the ancilla qubits to act without control qubit. But when

prase] [

main{ ) U

Figure 2. The iterative algorithm of the estimation of
the phase for the «th iteration [6] [19].
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R ——

Figure 3. General Universal circuit model: The values of the angles
of the permanent controlled rotation operators are directly defined by
the elements of the matrix: cos(8;/2) = u;;. The matrices of Hadamard
at the end carry the same elements of the row from the diagonal to the
first row of each V;. The first matrices of Hadamard and the SWAPs
modify the input data.

the phase qubit is zero the controlled Hadamard operator on the ancilla qubit is used a scaling operator which
operates. This operator has the following structure:

1 1

= 1-——
SCALE = N N ®)

In Figure 4 is shown the resulting circuit for two qubit systems. All of the operators are controlled only the
Hadamard operators on the ancilla qubits are not. For the phase qubit with a zero value |a>, the algorithm
gives this result on the remaining qubits:

aQ Ka,
a a
SCALE®H®" ® 157)x| N || ¥ ©)
0 .
0

where x = 1/N. Therefore, where the ancilla is zero in the output data the phase of the selected N states can be
calculated

In the evolution of the system for each loop of the algorithm for estimation of the phase, the effect of the ei-
genvalue can be observed in the evolution:

o =10),100), |y (10

where |O> |OO and L (? represent the phase, ancilla and the main qubits. The eigenstate of the operator
Uis |V/,> After the first amard operator, the result becomes:

>) (11)

1
'//1=—(|0>p|00>a )+, 100),
When the [0) =1, the usage of the formalized model leads to the result x4 |y) =4, /2|y) of the selected

states. Since the Hadamard operators are not controlled, they are the only operators that operate when |0) =1.
Therefore, after the usage of the formalized model with operator SCALE (which scales input state, where the

phase qubit is zero), we obtain the following:
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I 1 1 1
I 1 I 1 I
I I I I I
I |} ] I }
e — 3¢ -
I I | I I
ancilla : : : : :
I ] I ] 1
|0> T T X O wie:» —.—| H I T T T
1 1 1 1 1
1 1 1 1 1
1 1 I 1 1 1 1
main |l//r> : : X I Ru | et R44 X : : :
1 1 1 1 1
¥, liJl LP: le LP4

Figure 4. The iterative algorithm of estimation of the phase with the circuit, represented for a
2 x 2 matrix.

_%ﬂo)p[w)\/_;'l) |0>\/_2|1>l+|Wj>+|1)pu|00>a|‘/’J>J 12

where U represents the formalized model in Figure 3 from the equation with eigenvalues U |(//J>_/1 |y/ z
At the selected states U stimulates U. Hence if we take into account the selected states (the states in which t
ancilla qubit is 00) ), U |00)a|y/1> &, |00)_ |y L > where « is the normalization constant. That is why we
have the following wave function that descrlbes the selected states in the first loop:

i2n¢j

v =5 5(0),100),

A1), 100), | ) (13)

Vely,)ve

and the states that do not include |00> are ignored. The application of the rotation operator around the z-axis
on the phase qubit in the circuit ensures that only one bit, xk in 0-x,, of the phase is estimated in each iteration.
From this follows that after this operator the condition e'”™ becomes e *XY:

L =ﬁ(|0>p |00>a

i2m(0-x )

2|[2), [00),

)+lwi)+e >) 14)

When the last Hadamard operator is applied to the phase qubit, the last state is as follows:

0)+|1 i22(0% 0)-1
ol e OB .

or in shorter form:

_ 1 i277(0-%¢ )
Wy = Z((l+ e

,1j|)|o)+(1—e‘2”<°‘*k>

4 )m)w,) (16)

Here, because of the size of the system x = 1/2. For the general case « is directly related to the size of the ancilla
qubit and is 1/n, if there are (n + 1) qubits in the ancilla. Thus, the upper equation can be presented in a general
form, as follows:

k i2m(0-x )
V= 2((1 €

Since x, is a bit value, it can be 0 or 1. When x, = 0, since e

|)|O> (1_ei27t(0-><k)

i2n0 _

/1]|)|1>)|V/J> 7)

= 1, the above equation is reduced to:

=g (L )0+ (1 )l ) )
In the case when x, = 1, since e™ = —1, Equation (17) becomes:
=5 (1100 (1 2 B)lv,) a9)

Since «/2(1-|2))< z</2(l+|/1j>); if . = 0, the probability to be found the phase qubit in |0) state is higher

®
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than the probability to be found in |1). If = 1, then the probability to be found the phase qubit in |1) is high-
er. Thus, from the measurement of the phase qubit can be determined xy.

In each iteration of the algorithm for estimation of the phase in this way is determined a different bit of the
phase. For the kth itezr’(ation of the algorithm for estimation of the phase for determining the xth digit of the phase,
we see x/2(1-|1))" < K/2(1+|/1) Kg. Hence, for |4,)<1 the more we increase the power of U or the accu-
racy, the more the amplitude of the |0) and [1) states come closer. In this case a single iteration of the PEA
may repeat the protocol several times for collection of sufficient statistical data for determining the phase bit
with high confidence. This is especially important for the further iterations, where for |4;)<1 the probability
to be found the phase qubitin |0) and 1) is exponentially close (in k—the index of iteration).

4.2. Computing |A;|

As we have shown above, the phase qubit output probability, when the ancilla is zero, is determined by
1</2(1+|/1j>).We measure |0) or |1) with probability P, equal to K/2(1+|lj>). Hence, we obtain

k 2 2P
P =(E(1+|zj|)j |/1]|=T—1 (20)
Since x and P are known (for matrix 2 x 2 the value of x is 1/2 because both Hadamard operators in the cir-
cuit), /1j| can be determined from the measurement statistics. Therefore, the accuracy of the estimated value of
/Ij| can further be improved by the use of all iterations of the algorithm for estimation of the phase: for the xth
iteration, as a general form, is obtained the following:

(S i -2

By taking the average estimates from different iterations of the estimation of the phase, the estimate of |/1j|
can become more accurate. In conclusion, through the use of |/1j| and ¢; in Equation (6) we can compute the
eigenvalue of the Hamiltonian matrix.

5. Discussion

In order to generate the matrix elements through the use of rotation operators around the y- and z-axis, in the al-
gorithm for estimation of the phase the absolute values of the elements must be less than one. One of the ways to
achieve this is to separate all the elements by the maximum element absolute value. This ensures that on the ba-
sis of the relationship of the norm and the eigenvalue, the largest absolute eigenvalue is less than the absolute
sum of the row or the column of the matrix, which can be maximum N (i.e. since the absolute maximum value is
1). It is not recommended the eigenvalue to be less than one. If the eigenvalues, however, are larger than 1, this
approach may require scaling within the very algorithmiteration, since in the powers there is a possibility the
elements to become again greater than one. Another approach to be scaled the elements is to be used the first
norm or the infinite norm of the matrix, which are easy for computing. The scaling of the matrix through the
norm makes the eigenvalue less than 1, and thus in the matrix power the elements go towards zero. Hereinafter
the scaling is done only at the beginning. Therefore in the xth iteration in the algorithm for estimation of the
phase we have (ljzk/yz“ < 0), where L is the scaling, used at the beginning. Hence, if |4;/<1 without scaling,
the more we increase the power of U or the accuracy, the more the amplitude of the states |0> and |1> come
closer. For |4;|<1 after several iterations it becomes difficultly applicable to distinguish whether the phase
qubit is 0 or 1. The scaling of the powers of U, which generates the eigenvalue ijz"/y , can be used to remedy
this problem.

The accuracy for determining the value of r; requires to be determined the states (1 + r;) and (1 — r;) in the
probabilities for finding the phase qubit in |0) or |1) from the statistical data of the measurements. The accu-
racy in these statics is different on the basis of the measurement protocol, the quantum state, the basic quantum
machine and even the amount of quantum entanglements [13] [14].

Complexity of the Algorithm

The complexity of the algorithm for estimation of the phase with one iteration is dominated mainly by the com-
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plexity of the implementation of the given operator. It is also necessary to be made a tomography of the state of
the phase qubit, in order to be determined the absolute eigenvalue, which is different on the basis of the basic
quantum machine used in the algorithm for estimation of the phase.

It is known that the complexity of implementation of the operator of the quantum computer requires O(N?)
number of operations with one and two qubits. In addition, more effective circuits are possible for the sparse
matrices. The general matrix, described in Figure 3, also follows the same characteristic of complexity for a de-
tailed analysis of the complexity of the circuit). In the circuit exists a quantum network composed of N? rotation
operators, constantly controlled by the first 2n qubits. The decomposition of this network requires 2*" number of
CNOTSs and 2" single rotation operations, which are explained in Annex B. Hence, the circuit in total requires
2?" CNOT, 2" single rotation, 2n Hadamard and n SWAP operators. And so the overall complexity is O(N?).
Please also note that for the zero elements there is no need to be used rotation operators. Thus for the sparse ma-
trices the operations number can be reduced.

Because the complexity of one iteration of the algorithm for estimation of the phase is dominated by the com-
plexity of the implementation of a given operator, each algorithm iteration requires O(N?) operations. Then, for
m number of iterations we obtain O(mN?) as the complexity.

When the powers of the matrix cannot be effectively computed, the complexity for computing the power of
matrix U at classical computers must also be taken into account. The power of the matrix may be found by using
the method of successive squaring, which requires only one dot matrix multiplication. Then the total complexity
becomes a combination of these two:

O(mM)+(mN?)=0(m(N +M)) (22)

where m is the number of the iterations, M is the complexity of the matrix multiplication. Note that, even if it is
necessary the powers of the matrix to be computed, at least this is still at least as effective, as the classical algo-
rithms, which require to a great extent O(N3) time for finding an eigenvalue. Also note that the complexity of
the algorithm in Equation (22) does not include the complexity of measurement and determination of the value
of r;. It depends on the measurement protocol, the quantum state and the basic quantum machine. Additionally,
the total number of iterations m can be large in cases in which, for |2,/ <1, the probability of finding the phase
qubitin |0) or |1) states becomes exponentially (in the index of iteration ) close, since the single iteration of
the PEA may require repetition of the protocol several times for collecting sufficient statistical data for deter-
mining the phase bit with high confidence.

In comparison with the work done by Wang et al., the likelihood of success decreases exponentially in both
algorithms described in this report and in their report. In our case, however, by scaling the matrix elements in
each iteration of the algorithm, the likelihood can be increased. Moreover, here we can find the values of the an-
gles for the rotation operators very easily for implementation of the given operator. However, in their method,
the subsystems H, and Hg and their interaction Hpag must be found in order to be implemented the given H: H =
Ha + Hg + Hpg. In terms of the quantum complexity, because their method is based on Hamiltonian successive
projective measurements on H,, which cannot be implemented deterministically, the complexity exponentially
increases. Put in other words, in their case the finding of the given operator powers is easier, but when the size
of the subsystem Hy is large, the complexity is dominated by the complexity of the measurements.

6. Application to Non-Hermitian Quantum Systems

Certain tasks can be extremely difficult or even impossible to be solved within the standard formalism of the
quantum mechanics, where the obvious properties of the dynamic nature are real and are associated with the ei-
genvalues of the Hermitian operators. In most implementations of the standard quantum Hermitian formalism
the use of a Hermitian operator is presented as an equivalent to a non-Hermitian operator. The phenomena re-
sonance, in which the particles are temporarily caught by the potential, can be examined in the scope of the
non-Hermitian quantum mechanics. In the non-Hermitian quantum mechanics the resonant states’ lifetime is
proportionally dependent of the behavior of the imaginary part of the eigenvalue. Let’s suppose that we have a
non-unitary operator U = e /" for a non-Hermitian Hamiltonian H with eigenstates of the energy ¥,;) and
the corresponding energy eigenvalues E;, i.e. H|W¥;)=E;|'¥;). Since E; is an eigenvalue of H; if t and 7 are set
to1,then e isthe eigenvalue of U. Therefore a N x N non-unitary transformation U possesses eigenvectors
|‘P1>,|\P2>,..-,|\PN> with corresponding eigenvalues A :|/1j|e"2’“”j . As shown in Sec. 3, the eigenvalue /; of

@
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the matrix U can be evaluated. This also allows us to define the respective eigenvalue E; of the Hamiltonian H
from 2; = e}'E . Note that in our procedure for phase estimation, because the elements of the matrix are used di-
rectly in the circuit, we can also use directly the matrix of Hamiltonian H, in lieu of U.

Conclusion

We have presented a basic scheme for the execution of an algorithm for phase estimation for matrices of Hamil-
tonian (Appendix). Because the circuit model for matrices of Hamiltonian represents a basic programmable
circuit, the circuit for the phase estimation algorithm is also formalized: it may be used for each matrices type
for computing its eigenvalues. We showed that the complex eigenvalues of the non-Hermitian quantum systems
may be found by means of this method. As an example we have shown how the resonant states of a model of the
Hamiltonian are examined.
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Appendix

By way of example, we look at the next radial Hamiltonian:

2
Hootd( 2 d ) [F g lew (23)
2dr dr 2

wherever J and a are free potential parameters (J is the potential depth in the potentialgraph. a is associated with
the potential barrierwidth.) The potential element rz/Z—J)e“"1r2 in the upper Hamiltonian indicates the pre-
dissociation resonances that are quasibound states referring to the eigenvalues complex part. To illustrate, using
just a two basic functions, orthonormal eigenfunctions of an harmonic oscillator, where the mass is equal to one
and the frequency is equal to a) and the setting J = 0.1 and a = 0.1; The matrix of Hamiltonian is calculated as

[18]:
_(1.4216-0.1576i 0.2782+0.2801i (24)
(0.2782+0.2802i 0.6807 —0.2361i
which has its own eigenvector:
—0.3790-0.1962i
vi) ( 0.9044 j @)

and the basic state eigenenergy (0.6249 — 0.4139i). Because the upper matrix of Hamiltonian is non-Hermitian,
the time evolution operator, found from U = e " is non-unitary, and is calculated as:

U = ot _{ 0.2588+1.1214i —0.4569—0.1109i}

_ _ (26)
0.4569-0.1109  1.0594+ 0.7394i

with the eigenvalue 1.2268 + 0.8849i. We used the above-described phase estimation method, to simulate this
non-unitary operator and to determine the complex eigenvalues of H. In the simulation, because the matrix ele-
ments absolute values of U are greater than 1, we scale the elements by means of the first matrix norm. This
causes the elements of the matrix of U to proceed towards zero in the limit. We use 11 iterations in the phase es-
timation algorithm. After the 11th iteration the probability difference between seeing the phase qubitas 0 or 1 is
almost equal.

Therefore, from the simulation results, we calculate the eigenvalue of U as 1.22255 + 0.88355i, and thereby
also the eigenvalue of H as 0.6259 — 0.4089i, which gives an error in the series of 10 3. This iscoming from the
error of rounding and the limited available powers of U (when the power proceed towards zero, we can no long-
er distinguish |[0) and |1) of the phase qubit; the probabilities are becoming equal).



	Formalized Quantum Model for Solving the Eigenfunctions
	Abstract
	Keywords
	1. Introduction
	2. Algorithm for Computing the Eigenvalues and Vectors of a Complex Hamiltonian Matrix
	3. Formalized Model for Hamiltonian Matrices
	4. Eigenfunctions of Hamiltonian Matrices
	4.1. Estimation of ϕj
	4.2. Computing |λj|

	5. Discussion
	Complexity of the Algorithm

	6. Application to Non-Hermitian Quantum Systems
	Conclusion

	References
	Appendix

