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Abstract

Methods of constructing the optimum chemical balance weighing designs from symmetric ba-
lanced incomplete block designs are proposed with illustration. As a by-product pairwise effi-
ciency and variance balanced designs are also obtained.
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1. Introduction

Originally Yates (see [1]) gave the concept of weighing design. Afterward his work was formulated by Hotelling
(see [2]) and he gave the condition of attaining the lower bound by each of the variance of the estimated weights.
Many statisticians did prominent work in obtaining optimum weighing designs (see [3]-[7]). In recent years,
different methods of constructing the optimum chemical balance weighing designs; using the incidence matrices
of known balanced incomplete block designs, balanced bipartite block designs, ternary balanced block designs
and group divisible designs have been given in the literature (see [8]-[11]).

Construction methods of obtaining optimum chemical balance weighing designs using the incidence matrices
of symmetric balanced incomplete block designs have been given by Awad et al. [12]-[14]; some pairwise
balanced designs are also been obtained which are efficiency as well as variance balanced. In this paper; some
other new construction methods of obtaining optimum chemical balance weighing designs using the incidence
matrices of known symmetric balanced incomplete block designs are propose. Some more pairwise efficiency as
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well as variance balanced designs are also been proposed.
Let us consider a block design in which v treatments arranged in b blocks and elements of the incidence

matrix N are denoted by [nij], forall i=12,---,v; j=12,---,b, such that the j™ block contains k; ex-

perimental units and the i" treatment appears r. times in the entire design. A balanced block design is said to
be (a) binary when n; =0 orl, Vi=12;--,v;j=12,---,b. Otherwise, it is said to be nonbinary (see [7]); (b)
ternary if n; =0,1 or 2, Vi=12,--,v;j=12,---,b, and it has parameters v, b, p, p,, r, k, A; where
o, p, are the number of times 1, 2 occurs in the incidence matrix, respectively (see [15]); (c) generalized
binary if n; =0 orx, Vi=12,,v;j=12,--,b and some positive integer x(>1), and it has parameters
v,b,r k. A (see[16]).

A balanced incomplete block design is an arrangement of 1 symbols (treatments) into b sets (blocks) such
that (1) each block contains k(< v) distinct treatments; (2) each treatment appears in r(> 1) different blocks
and; (3) every pair of distinct treatments appears together in exactly A blocks. Here, the parameters of
balanced incomplete block design (v, b, r, k, 1) are related by the following relations

vr=bk, r(k-1)=A(v-1) and b>v (Fisher’s Inequality)

A balanced incomplete block design is said to be symmetric if b=v ( consequently, r=k). In this case,
incidence matrix N is a square matrix i.e. N'= N . In case of symmetric balanced incomplete block design any
two sets have 4 symbols in common.

Balancing of design in various senses has been given in the literature (see [17] [18]). In this paper, we
consider the balanced design of the following types: 1) variance balanced block designs; 2) efficiency balanced
block designs and; 3) pairwise balanced block designs.

1) A block design is said to be variance balanced if and only if its C-matrix, R—NK™N , satisfies
R-NKN = W['V —(Uv)L];] , for some constant y (see [19]-[22]); where y is the unique nonzero eigen
value of the matrix C with the multiplicity (v-1), 1, isthe vxv identity matrix.

2) A block design is said to be efficiency balanced if R™NK™*N’= ul, +[(1-u)/n]1,r", for some constant
u (see [20]-[22]); where . is the unique non zero eigen value with multiplicity (v —1). For the EB block

design N, the information matrix is given as C = (1— u)(R—(1/n)rr’); see [23]

3) A block design is said to be pairwise balanced if Z iy =A (a constant) for all i, i'; where i=i’

1 i |]
and i,i"e1,2,---,v. A pairwise balanced block design is said to be binary if n; =0 or 1 only, forall i, j and it
has parameters v, b, r, k, A (= 4, say) (in this case, when r=rl, and k =Kkl , itisa BIB design with
parameters v,b, r, k, 1).

A design is said to form a nested structure, when there are two sources of variability and one source is nested
within other. Preece (see [24]) introduced a class of nested BIB designs with 1 treatments, each replicated r
times, with two systems of blocks, such that (a) the second system nested within the first, with each block from
the first system (called super blocks) containing exactly “m” blocks from the second system (called sub-blocks).
(b) Ignoring the sub-blocks, leaves a BIB design with parameters v, b", r, k™, A". (c) Ignoring the super-
blocks, leaves a BIB design with parameters v, b,,r, k,, A..The v, b", b,,r, k¥, k,, A7, 4 andm

are called the parameters of a nested BIB design. The parameters satisfy the following conditions:
v =b"k" =b"mk, =b.k,

r(k'=1)=2"(v-1)
r(k. -1)=2(v-1)

(v-1)(4 -ma,)=(m-1)r

!

The following additional notations are used k = [kk,---k,] is the column vector of block sizes,
r=[rr,--r,] is the column vector of treatment repllcatlon Ky =diag[kk, -k, ], R,, =diag[nr,---r,],

Z. ,h ZJ _K;=n s the total number of experimental units, with this N1, =r and N1, =k, Where 1, is

the ax1 vector of ones. Furthermore . represents the loss of information, i.e., 1—u represents an effi-

£l ERl

so that
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ciency of the design, (1/y) represents the variance of any normalized contrast in the intra block analysis (see
[20] [23] [25] [26]).

For given p objects to be weighted in groups in n weightings, a weighing designs consists of n groupings of
the p objects and the least square estimates of the weight of the objects can be obtained by the usual methods
when n> p. Using matrix notations the general linear model can be written as:

Y=Xwie (1)

where Y is nx1 column vector of the weights of the objects, w is the px1 column vector of the
unknown weights of objects and e is nx1 vector of error components in the different observations such that
E(e)=0, and E(ee’)=0c’l,. Also X :(xij), (i=12,--,n; j=12,---,p) is the nxp matrix of known
quantities called design matrix whose entries are +1, —1 or 0. Let matrix X takes the values as:

+1 if the j™ object is in the left pan in the i"" weighing
x; =1—1 if the j" object isin the right pan in the i weighing
0 if the j™ object is not in the i™ weighing

The normal equations for estimating w are as follows:
X'XW=X"Y (2)

where W is the vector of the weights estimated by the least squares method.

Singularity or non-singularity of a weighing design depends on whether the matrix XX is singular or non-
singular, respectively. When X is of full rank, then it is obvious that the matrix XX is non-singular. Then in
this case the least squares estimate of w is given by

W= (X' X)Xy ®)
and the variance-covariance matrix of W is
Var (W) = o? (XX )™ Q)

A weighing design is said to be the chemical balance weighing design if the objects are placed on two pans in
a chemical balance. In a chemical balance weighing design, the elements of design matrix X = (xij) takes the
values as +1 if the j™ object is placed in the left pan in the i" weighing, —1 if the j" object is placed in the
right pan inthe i" weighing and 0 if the | object is not weighted in the i™ weighing.

Hotelling (see [2]) has shown that the precision of the estimates of the weight of the object increases further
by placing in the other pan of the scale those objects not included in the weighing and thus using two pan
chemical balance. He proved that if n weighing operations have been done to determine the weight of p = n
objects, the minimum attainable variance for each of the estimated weights in this case is az/n and he also
shown that each of the variance of the estimated weights attains the minimum if and only if (XX)=nl . A
design satisfying this condition is called an optimum chemical balance weighing design.

2. Variance Limit of Estimated Weights

Ceranka et al. (see [8]) studied the problem of estimating individual weights of objects, using a chemical
balance weighing design under the restriction on the number of times in which each object is weighed. A lower
bound for the variance of each of the estimated weights from this chemical balance weighing design is obtained
and a necessary and sufficient condition for this lower bound to be attained was given. Then Ceranka et al. (see
[8]) proved the following theorem:

Theorem 2.1. For any nx p matrix X, of a nonsingular chemical balance weighing design, in which maxi-
mum number of elements equal to —1 and 1 in columns is equal to m, where m= mamel,mz,---,mp] (where
m; be the number of elements equal to =1 and 1 in j™ column of matrix X). Then each of the variances of the
estimated weights attains the minimum if and only if

(XX)=ml, (5)

Also a nonsingular chemical balance weighing design is said to be optimal for the estimating individual
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weights of objects; if the variances of their estimators attain the lower bound given by,
Var(W)=o?/m; j=12,--,p (6)

Preece [24] introduced a class of nested BIB designs. Using this concept Banerjee; (see [27]-[29]) constructed
the nested EB as well as VB designs, where the sub-blocks form ternary design D with parameters (v, b, p;,
2o, I K, A) while the super-blocks form generalized binary design D with parameters (v, b, r, k, A); where i
=12

Proposition 2.2. Existence of BIB design D with parameters (v,b, r,k,/l) implies the existence of a nested
EB as well as VB design. The sub-blocks form an EBT as well as VBT design with parameters

vioy, b*lzzg(;j, ph=r(k-1)(k=2), py=r(k-1), ri=rk(k-1), k*=k,

A*l — )p(k +1)(k _2) , Iu*]_ _ [V*l(k*l + 2)_<k*1)2:|/|:(k*1)2 (V*l _1):| , !//*1 — [V*lA*l/k*l]
while the super-blocks form a generalized binary EB as well as VB design with parameters

Vy=V, b*l:ﬂ[g, ro=rk(k-1), k;=2k, A, =22k(k-1),

Ha = [(2‘/*1 - k*l )/k*l (V*l _1):| » WVa = [V*lA*l/k*l]

Proposition 2.3. Existence of BIB design D with parameters (v,b, r,k,/l) implies the existence of a nested
EB as well as VB design. The sub-blocks form an EBT as well as VBT design with parameters

Vv =vy, b*2=3/1[;j, pl’zzr(k—l)(Sk—4)/2, Py =r(k-1), r*2=3rk(k—1)/2, k*? =k,

A2 = /1(3k2 _ 3k _4)/2 , ut= |:4V*2 43K (V*z —k*2>:|/|:3(k*2 )2 (V*z _1):| ' l//*z _ [V*ZA*Z/k*Z]

while the super-blocks form a generalized binary EB as well as VB design with parameters
|4
v,=v, b,= z(zj, r,=[3rk(k-1)]/2, k,=3k, A, =[91k(k-1)]/2,

Hip = [(SV*Z -k, )/k*z (V*z _1)] v W = [V*ZA*Z/k*Z]

3. Construction of Design Matrix: Method I

Consider a SBIB design D with the parameters (v, k, A ); each pair of treatments occurs together in 2 blocks.
Take any pair of treatments, say, (6, ¢) from this design. Then make two blocks from the design which
contains the pair (6, ¢).

1. Give the negative sign to the treatment ¢ and eliminate the treatment ¢ while the other (k—2) remaining
treatments of the same block remain as it is.

2. Give the negative sign to the treatment ¢ and eliminate the treatment & while the other (k—2) remaining
treatments of the same block remain as it is.

The matrix N, of design D, is obtained. Now doing the same procedure for all possible (;] pairs of

treatments, we obtain matrix N,; i=1, 2(2} Then the incidence matrix N, of the new design D,, so

formed is the matrix having the elements 1, —1 and 0; given as follows by juxtaposition
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Noo=|N, & N, & - 8 N @)
| 1

Then combining the incidence matrix N of SBIB design repeated s-times with N,,, we get the matrix X of a
chemical balance weighing design as
s-times !
.o
X:{NM1 : N---N] (8)

Under the present construction scheme, we have n= 21[;) +sb=Av(v—-1)+sb and p=v.Thus the each

column of X will contain &, =r(k—1)(k—2)+sr elements equal to 1, &,=r(k—-1) elements equal to -1
and r(k-1)(v—k+1) elements equal to zero. Clearly such a design implies that each object is weighted

m=9,+0, = r(k —l)2 +Sr timesin n= 2&[;) +sb weighing operations.
Lemma 3.4. A design given by X of the form (8) is non singular if and only if
Alv(k=3)~(k?=62+7)[+s(r-2)=0.
Proof. For the design matrix X given by (8), we have
XX =[{r(k-1)(k=3)+sr}—{A(k-2)(k=5)+s} |1, +[A(k-2)(k=5)+sA]J,,

9)
[ (k=3)- (k=624 7)}+s(r-2) 1, +[2{(k-2)(k-5)+5}]3,,
and
XX|=[r{(k° =7k +13k = 7) + sk} || 2{v (k-3)-(k? —61+7)}+s(r—/1)]H (10)
the determinant (10) is equal to zero if and only if
r(k-1)(k—-3)+sr=A(k—-2)(k—5)+s4
= 2| v(k=3)-(k*~62+7) | +s(r-2)=0
or [ (k0= 7k +13k~7)+ sk | =0
but [r{(k3 —7k?* +13k —7)+sk” is positive and then det(XX)=0 if and only if
Al v(k=3)~(k?~62+7)]+s(r~2)=0. So the lemmais proved.
Theorem 3.5. The non-singular chemical balance weighing design with matrix X given by (8) is optimal if
and only if
Al (k-2)(k-5)+s]=0. (12)

Proof. From the conditions (5) and (9) it follows that a chemical balance weighing design is optimal if and
only if the condition (11) holds. Hence the theorem.
If the chemical balance weighing design given by matrix X of the form (8) is optimal then

r[(k—l)2 +s}

Example 3.6. Consider a SBIB design with parameters v=b=4, r=k=3, 1=2; whose blocks are given

by (1,2,3), (1,2,4), (1,3,4), (2,3,4).

Var(v“vj)z v i=12,,p



R. Awad, S. Banerjee

Theorem 3.5 yields a design matrix X of optimum chemical balance weighing design as
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Clearly such a design implies that each object is weighted m = 18 times in n = 32 weighing operations and
Var (W) =0"/18 foreachj=1,2,3,4.

Corollary 3.7. If the SBIB design exists with parameters (v, k, A ); then the design matrix X so formed in (8)
is optimum chemical balance weighing design iff 2<k <5 and s<2.

Remark: In SBIB design with parameters (v, k, 4); if k = 0 then the design matrix given in (8) is perfectly
optimum and s = 0 in this case.

Corollary 3.8. If in the design D,,; —1 is replaced by zero then the new design D,,,, so formed is a BIB

k-2
design with parameters V =v, B:Z(;j, R=r(k-1)(k-2), K=k-2, A:ZA( ) ] Then the struc-

ture

s-times
#x] .
N :[N*M : N---N] (12)

form a pairwise VB and EB design D*! with parameters

vt =V, b™=B+sh, r*=R+sr, kM=k-1, k*=k, A =A+s1,
1//**1=v[(k—/1—1)+%} and
A
**1=1—L[ k—a-1 +S—]
,U r**l ( ) k
4. Construction of Design Matrix: Method II

Consider a SBIB design D with the parameters (v, k, A); each pair of treatments occurs together in 2 blocks.
Take any pair of treatments, say, (€, ¢) from this design. Then make three blocks from the design which
contains the pair (8, ¢).

1. Give the negative sign to the treatment & and eliminate the treatment ¢ while the other (k—2) remaining
treatments of the same block remain as it is.

2. Give the negative sign to the treatment ¢ and eliminate the treatment & while the other (k—2) remaining
treatments of the same block remain as it is.

3. Give the negative sign to both the treatments & and ¢ while the other remaining treatments of the same
block remain as it is.

The matrix N, of design D, is obtained. Now doing the same procedure for all possible {;J pairs of

treatments, we obtain matrix N;; |:1,2,---,(2j. Then the incidence matrix N,,, of the new design D,,, so

formed is the matrix having the elements 1, —1 and 0; given as follows juxtaposition:

NW{Nl PN, e Nd (13)

Then combining the incidence matrix N of SBIB design repeated s-times with N,,, we get the matrix X of a
chemical balance weighing design as:

s-times
. /—‘/\ﬁ
X:{N**z : N---N} (14)

Under the present construction scheme, we have n=3ﬂ(gj+sb and p=v. Thus the each column of X
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will contain &, =[{3r(k —1)(k—2)/2}+sr] elements equal to 1, 5, =2r(k-1) elements equal to —1 and
n—o,—0, elements equal to zero. Clearly such a design implies that each object is weighted

m=¢,+36, = {(SK - 2)(;}} +sr timesin n=31 (;j +sb weighing operations.

Lemma 4.9. A design given by X of the form (14) is non singular if and only if

{(BK —10)(2} sr} " E(sk2 23k +36)+ 5/1} .

Proof. For the design matrix X given by (14), we have

XX = HWJF er—(i(\%k2 — 23k +36)+ MH I, {i(\%k2 ~ 23k +36)+ s/l} J,
2 2 2
(15)

- H(sk —10)[;] + sr}—{%(?,kz ~23k+36)+ S/IH l, +E(3k2 — 23k +36) + sﬂ} J,,

and

IXX|= H(sk —10)(£j+ sr}+(v —1){%(3k2 — 23k +36)+ s;LH

XH(sk —10)@+ sr}—{%(Skz — 23K +36) + s,ﬂv_l

the determinant (16) is equal to zero if and only if

(16)

(3K —10)m+sr — 2 (3K" - 23k +36) + 52
2 2

or (3k—10)(;j+sr:(l—v)§(3k2—23k+36)+s/1
but {(3k—10)[;j+sr}+(v—l){§(3k2—23k+36)+s/1} is positive and then det(XX)=0 if and only if

.
(3k —10)(2j+ Sr= %(SKZ —23k +36)+54 . So the lemma i proved.

Theorem 4.10. The non-singular chemical balance weighing design with matrix X given by (14) is optimal if
and only if

%(SKZ 23k +36)+51=0. (17)

Proof. From the conditions (5) and (15) it follows that a chemical balance weighing design is optimal if and
only if the condition (17) holds. Hence the theorem.
If the chemical balance weighing design given by matrix X of the form (14) is optimal then

2
O

o

Example 4.11. Consider a SBIB design with parameters v=b=4, r=k=3, 1=2; whose blocks are

given by (1,2,3), (1,2,4), (1,3,4), (2,3,4).

Var (W, ) = j=12,,p
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Theorem 4.10 yields a design matrix X of optimum chemical balance weighing design as

O OO ddcdO0OO0OO O

o

-1

—

-1

O

-1
-1
0
0

-1
0
-1
-1

0

O OO

-1

-1

-1

-1
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Clearly such a design implies that each object is weighted m = 30 times in n = 48 weighing operations and
Var (W)=0?/30 foreachj=1,2,3,4.

Corollary 4.12. If the SBIB design exists with parameters (v, k, A); then the design matrix X of the form (14)
is optimum chemical balance weighing design iff k<5 and s<4.

Corollary 4.13. If in the design D,,,; —1 is replaced by zero then the new design D,,,, so formed is a BIB

etk

design with parameters V =v, B:?{;j, R=[3r(k—1)(k—2)}/2, K=k-2, Azsg[k;ZJ_ Then the

structure

s-times
N**Z:[N***z : N---N] (18)

form a pairwise VB and EB design D™? with parameters

v?=v, b =B+sbh, r*=R+sr, k™@=k-2, kk?=k, A" =A+s1,

v =va {M+E} and
2 k

K —
. VA {3( 3)+i]

2 2 k

5. Result and Discussion

The following Table 1 and Table 2 provide the list of pairwise variance and efficiency balanced block designs
for Methods I and 1l respectively, which can be obtained by using certain known SBIB designs.

Table 1. For Method I.

S. No. o b - K K e et i Re'tleorfe*gce
1 5 70 32 2 4 12 225 0.2968 R (4)
2 7 98 32 2 4 8 21 0.3437 R (11)
3 13 182 32 2 4 4 19.5 0.3906 R (37), MH (3)
Table 2. For Method II.
S. No. 2 b2 P K K2 e o i Re;le(:a*gce
1 5 110 32 2 4 12 225 0.2968 R (4)
2 7 84 12 1 3 2 4.667 0.6111  R(10), MH (1)
3 7 154 32 2 4 8 21 0.3437 R (11)
4 13 286 32 2 4 4 19.5 0.3906 R (37), MH (3)

“The symbols R(a) and MH(«) denote the reference number « in Raghavrao [30] and Marshal Halls [31] list.

6. Conclusion

In this research, we have significantly shown that the obtained designs are pairwise balanced as well as effi-
ciency balanced. The only limitation of this research is that the obtained pairwise balanced designs are all have
large number of replications.
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