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Abstract 

In this paper we have developed a model to study the role of both electron and ion nonthermali-
ties on dust acoustic wave propagation in a complex plasma in presence of positively charged dust 
grains. Secondary electron emission from dust grains has been considered as the source of posi-
tive dust charging. As secondary emission current depends on the flux of primary electrons, non-
thermality of primary electrons changes the expression of secondary emission current from that 
of earlier work where primary electrons were thermal. Expression of nonthermal electron current 
flowing to the positively charged dust grains and consequently the expression of secondary elec-
tron current flowing out of the dust grains have been first time calculated in this paper, whereas 
the expression for nonthermal ion current flowing to the positively charged dust grains is 
present in existing literature. Dispersion relation of dust acoustic wave has been derived. From 
this dispersion relation real frequency and growth rate of the wave have been calculated. Re-
sults have been plotted for different strength of nonthermalities of electrons and ions. 
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1. Introduction 
Existence of energetic electrons with energies up to 100 keV was observed at and near the Earth’s bow shock [1]. 
The energized electrons are often recognized as “spike” events when observed by a spacecraft transiting the bow 
shock. Gosling, J.T. et al. (1989) [2] reported that energetic population often possessed a power law tail with 
spectral index 3 - 4, and that the spectrum became harder in the quasi perpendicular region [2]. The primary 
process for electron acceleration was first considered to be of adiabatic type although it turned out that the adia-
batic drift acceleration was not the only process responsible for the production of energetic electrons [3]. A sta-
tistical analysis of electron energy spectra at the bow shock was carried out from Geotail observation by Oka et 
al. (2005) [4]. The origin of the Fe 6.4 keV flurosescence line observed in the X-ray spectrum of Elias 29 was 
explained with the help of the Emslie et al. (1986) [5] which provided a relationship between the observed 6.4 
keV flux and the power law emission of the non thermal electrons [5] [6]. Oka, M. et al. reported a shock cross-
ing event which showed a gradual profile of non thermal electron flux in association with an intensification of 
precursor whistlers [7]. 

Nonthermal plasmas are also widely used in many technical applications, including plasma display panels, 
energy saving lamps, devices for microbial decontamination and ozonisers [8]-[11]. Recently Becker and Loff-
hagen (2013) [12] derived a set of moment equations for the theoretical description of electrons for modeling of 
gas discharge plasmas and semiconductor devices [12]. 

Theoretical investigations of nonthermal plasmas have been considerably important since early nineties. Mo-
tivated by the observations of solitary structures with density depletions made by Freza and Viking satellites [13] 
[14] existence of both compressive and rarefactive solitary waves were theorically established for nonthermally 
distributed electrons and cold [15] [16] and warm ions [17]. Ion acoustic electrostatic solitary waves in unmag-
netized nonthermal plasmas with inertial ion fluids and nonthermally distributed electrons were investigated by 
Mamun (2000) [18]. Tang and Xue (2004) [19] obtained nonlinear Schrodinger equation to study the instability 
of oblique modulation of finite amplitude ion-acoustic waves in an unmagnetized plasma consisting of warm 
adiabatic ions and nonthermal electrons. It was found that the presence of nonthermal electrons significantly 
changed the domain of modulational instability. Verheest et al. (2012) [20] have investigated the head on colli-
sions of electrostatic solitons in nonthermal plasmas. All the above studies were performed in electron-ion 
plasmas in absence of dust. Kakati et al. (2011) [21] have shown that presence of dust grains in plasma changes 
the shape of the electron energy probability function (EEPF). From laboratory observation they have seen that 
the number of high energy electrons increases with respect to the number of mid energy range electrons in pres-
ence of dust grains indicating that addition of dust grains efficiently thermalizes the plasma. 

Dusty plasma has become a challenging field of plasma research since early nineties of the last century after 
detection of dust particles in different satellite observations. In space environment enormous amount of meteoric 
material condenses into dust particles and is suspended in the Earth’s mesosphere between 80 - 100 Km. The 
presence of dust at such a low altitude where the Debye length and the mean free path is small, constitutes a 
“dusty plasma”, as compared to the “dust in plasma” at higher “satellite orbit” altitudes. The Earth’s atmosphere 
at these low altitudes also presents us with anomalous physical phenomena like noctilucent clouds, polar sum-
mer mesospheric echoes (PMSE) and sporadic sodium layers. The occurrence of each of these phenomena has 
been researched extensively in the literature, and in some or the other way each of these phenomena has been 
linked with the presence of charged dust in the lower earth atmosphere [22] [23]. Dusty plasma physics studies 
the properties of heavier charged dust in presence of electrons and ions. These mixtures occur in space and as-
trophysical plasmas and in laboratory and technological applications. These dust grains may be negatively or 
positively charged depending on the dust charging mechanisms. If the dust grains are charged by electron and 
ion current they will be negatively charged. Positively charged dust grains may appear if any emission process 
e.g. photoemission process, secondary emission process is present in the environment [24]-[26]. 

Polar mesospheric summer echoes (PMSEs) and Noctilucent clouds (NLCs) are an intriguing example of the 
effects of charging of ice particles in a plasma. These are unusual atmospheric effects connected with charged 
ice particles in the Earth’s mesosphere, at about 85 km altitude. The “echoes” refers to unusually strong radar 
backscattering which is not completely understood, but thought to be connected to electron density anomalies 
associated with the charged ice. Although there is no consensus on the mechanism for producing PMSEs, the 
current thinking is that the enhanced radar backscatter is caused by some irregularity structure in the electron 
density profile such as steep density gradients. Rocket measurements seem to indicate that the ice particles are 
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charged positively [27], even during the night hours when the photoelectric emission of electrons from the ice is 
not operable. The cause of this positive charging may be due to secondary electron emission from charged ice 
particles. The presence of charged dust modifies the dispersion properties of plasma waves as well as their exci-
tation conditions as detailed in references [28]-[30]. 

Since the dust is one of the charged fluid components of the plasma, it can support wave modes in the same 
way that an ordinary plasma supports ion acoustic waves. The Dust acoustic wave (DAW) is a compressional 
disturbance which propagates through the dust and directly involves the dynamics of the dust particles. Since the 
dust particles are relatively massive, DAW is a very low frequency wave, just a few Hz typically and propagates 
at a speed of a few cm/s [31]. Effect of nonthermal ion distribution on linear and nonlinear dust acoustic wave 
propagation has been investigated by several authors [30] [32]-[34]. 

Effects of nonthermal electrons on nonlinear dust acoustic solitary waves have been investigated in presence 
of negatively charged dust grains [35]. Large dust acoustic solitons and kinks in dusty plasma were studied with 
nonthermal electrons and fixed charged positive dusts [36]. A magnetized dusty plasma consisting of positively 
and negatively charged adiabatic dust particles, Maxwellian ions and nonthermal electrons was considered to 
investigate the solitary potential structures assuming the charges on the dust grains were fixed [21]. 

In this paper we have developed a model to study the role of both electron and ion nonthermalities on dust 
acoustic wave propagation in a complex plasma in presence of positively charged dust grains. Secondary elec-
tron emission process has considered as the source of positive dust charging. Expression of nonthermal ion cur-
rent in presence of positively charged dust grains was evaluated in reference [30] using OML theory [24]-[26] to 
study its effect on dust acoustic wave propagation. In this paper we have evaluated nonthermal primary electron 
current flowing to the positively charged dust grains. This consequently modifies the secondary electron current 
flowing out of the dust grains which has been taken into consideration in this paper. Incorporating these current 
expressions in the grain charging equation we have obtained the dispersion relation of dust acoustic waves. Real 
frequency and growth rate of the wave has been calculated from this dispersion relation. Numerical results show 
that when dust grains are positively charged, purely growing dust acoustic modes develop if either of electrons 
and ions or both are nonthermal. Growth of the instability is stronger when nonthermal electrons are present. 
Thus even weak electron nonthermality strongly destabilizes dust acoustic waves when equilibrium dust charge 
is positive.  

2. Calculation of Different Current Expressions and Primary Electron Energy 
If the secondary electron emission from dust grains is taken into account then dust grains may be positively 
charged for high value of the secondary electron yield which is the ratio of the emitted electrons to the incident 
electrons. If the background electrons are nonthermally distributed the grain charging current and consequently 
the secondary electron current will be modified from its expression for thermal electrons. In this section we shall 
evaluate the primary electron current flowing to the positively charged dust grains. The induced secondary elec-
tron current flowing out of the positively charged dust grains has also been evaluated in this paper. Non thermal 
ion current flowing to the positively charged dust grains were evaluated by Sarkar and Maity (2013) will be 
mentioned here. 

A. Nonthermal primary electron current and primary electron energy 
We have calculated it in this section using three dimensional equilibrium state electron velocity distribution 

function satisfying collisionless Vlasov equation 

( ) ( )
23 2 2 2 22

0
2 2

1, , 1 4 exp
1 3 2π 2 2

x y ze e x
e e e x y z

e te te

v v vn m vF v F v v v a
a T v v

   + +  
 = = + −Φ − + Φ     +        

        (1) 

where a is the electron nonthermal parameter, vx, vy, vz are three components of electron velocity. B e
te

e

k Tv
m

=  

is the electron thermal velocity, Te is the electron temperature, me is the electron mass and 
B e

e
k T
φ

Φ = , φ is the 

electrostatic potential and kB is the Boltzmann constant. 
Using Orbit Motion Limited (OML) theory [24] we have calculated the expression of nonthermal electron 

current flowing to the positively charged dust grains in the form,  
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( )2 2 20
0

8 24 8 8π exp 1 16 4 1 4
π 1 3 5 5 3

e e
e d

e

T n a aI r e a a a a
m a

       = − Φ + − Φ + Φ +Φ + − Φ + Φ       +        
     (2) 

For nonthermal parameter a = 0, this expression reduces to 

( )( )2
0

8
π exp 1

π
e

e e d
e

T
I r e n

m
= − Φ +Φ                               (3) 

where 
0

d
d

e

eq
r T

Φ = . This coincides with the expression of current for Boltzmann distributed electrons flowing to 

the positively charged dust grains. 
In this section we have also calculated the average kinetic energy of non thermal electrons. In equilibrium 

( 0Φ = ) non thermal electron velocity distribution reduces to 

( ) ( )
3 2 2 2 24

0
4 2, , 1 exp

1 3 2π 2
x y ze e x

e e e x y z
e te te

v v vn m vF v F v v v a
a T v v

 + +  
= = × + −     +      

               (4) 

Using this distribution function we have calculated the average kinetic energy of non thermal electrons in the 
form, 

3 1 7
2 1 3av e

aE KT
a

+ =  + 
                                    (5) 

For non thermal parameter a = 0, this reduces to 3
2av eE KT=  which is the average kinetic energy for thermal 

electrons with 3 degrees of freedom. 
B. Secondary electron current when primary electrons are nonthermal 
The orbital motion limited theory based expression for secondary electron current flowing out of the posi-

tively charged dust grains in presence of nonthermal electrons will be, 

( ) ( )2
0 5,

83.7 π , 1 exp
π 4

s Pe d M
e M e d d B

e s e

T EI r e n a F
m T

δ
σ

   Φ
= Φ +Φ Φ −   

   
                (6) 

where r0 is the grain radius, me is the electron mass, Te and Ts are the primary and secondary electron tempera-
tures, δM is the maximum yield of secondary electrons, which occurs when the impinging electron has the max-
imum kinetic energy EM. Here ( ),P

en a Φ  is the number density of nonthermal primary electrons with nonther-
mality parameter a. The function F5,B(x) is given by, 

( ) ( )2 5 2
5, exp dB B

F x x u xu u u
∞  = − + ∫                               (7) 

where 

0,  ,
4

d

e sM
s

e e

eq
r T TEx B

T x T
σ= = =                                  (8) 

Putting a = 0 in the expression (6) we get back the expression of secondary electron current for thermally dis-
tributed primary electrons.  

C. Nonthermal ion current 
The OML theory based expression for the nonthermal ion current Ii is [31],  

22
2 0

0 2 2
8 24 8 4 16π exp 1 2 5 exp
π 1 3 5 3 5 5

i i d d d d
i

i i i i i ii i

T n b b b bI r e
m b σ σ σ σ σσ σ

       Φ Φ Φ ΦΦ Φ Φ = − + − + + + + −        +          
 (9) 

where b is the ion nonthermal parameter [30] and i
i

e

T
T

σ = .  
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This was evaluated using ion velocity distribution [15]  

( ) ( )
3 2 2 2 2 22

0
2 2 2

1 1, , 1 4 exp
1 3 22π 2

x y zi x
i i i x y z

i iti ti ti

v v vn vF v F v v v b
b v v vσ σ

   + +   Φ Φ = = + + − −      +        
 

3. Grain Charge Fluctuation: Charging Frequency 
Since number of charges on the dust grains fluctuates in space and time, dust charge is a dynamical variable sa-
tisfying the grain charging equation  

total
sd d

d e i e
q qv I I I I
t x

∂ ∂
+ = + + =

∂ ∂
                             (10) 

In this section we substitute the expressions of Ii, Ie and s
eI  from (2), (6) and (9) in this dust charging equa-

tion. 
In equilibrium total 0I = , at 0 0d eq d dq q Z e= =  (positively charged dust) 0 0 0 0 ; i i e en n n nφ φ= == =  when  

0Φ =                                            (11) 
From (10) and (11) with (2), (6) and (9) we calculate the equilibrium ion-electron number density ratio in the 

form, 

0 0
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0 0 0
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5 5 5
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where 
2

0
0

0

d

e

z ez
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=  and 
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            (13) 

The grain charging frequency for positively charged dust grains in the background of nonthermal electrons, 
ions and with emitted secondary electrons has been calculated in the form, 

0
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 (15) 

Linearization of Equations (10) with (2), (6), (9) and (11) leads to the linearized charge variation, 
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1
d

ch

q
v i
β

ω+= − Φ
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                                     (16) 

where 
2

0 0
2

0 0

0

24 16 41
5 5 5 1 1 1exp

1 3 1 3 1 32π
i

i

D i ii
d p

i i

z zb b b
r z b a
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λ σ σσβ ω

σ σ

 
+ + + 

   − − = − × ⋅ +   + + +   
             (17) 

4. Governing Equations and Dispersion Relation 
We have considered a plasma consisting of non thermal electrons, ions and positively charged inertial dust 
grains satisfying the equilibrium charge neutrality condition, 

0 0 0 0 0 0s
i e e d dn n n z n− − + =                                  (18) 

The governing equations are 
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( )
2

0 2
4, 1 exp

1 3i i
i ii

bn b n
b σ σσ

    Φ Φ Φ
Φ = + + −    +     

                        (21) 
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and the Poisson equation 

( )
2

2 4π P s
i e e d den en en q n

x
φ∂
= − − − +

∂
                             (24) 

Here md is the mass of the charged dust grains moving with velocity vd and nd is the dust number density.  
Linearizing these basic equations about their equilibrium values we obtain the first order perturbed number 

densities of primary electrons, secondary electrons, ions and dust grains in the form, 
2 2

0 0 0 0 2 2 2
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=                                        (25) 

Substituting , , ,P S
e e i dn n n n∂ ∂ ∂ ∂  from (25) and iq  from (16) in the linearized poisson equation we obtain the 

following dispersion relation for dust acoustic waves in the long wave length approximation,  
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From this dispersion relation we have calculated the real frequency rω  and growth rate iω  in the form, 
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                 (28)

 
5. Numerical Estimation 
For numerical estimation we have considered that dust grains are MgO material having ~ 22 - 24Mδ  and 

( )eV ~ 350 -1500ME . Graphs of 2
rω  and iω  have plotted against z0 for four sets of values of a and b with σi 

= 1.0, σs = 1.01 and δM = 24. Figure 1 and Figure 2 have been plotted for 2
rω  and iω  against z0 for a=0.05 

and b = 0.5. The same have been plotted for a = 0.05, b = 0.0 in Figure 3 and Figure 4, a = 0.0, b = 1.5 in 
Figure 5 and Figure 6 and a = 0.0, b = 0.0 in Figure 7 and Figure 8. In first three cases 2 0rω <  implies rω  
is imaginary. Thus growth or decay of the wave will depend on the sign of r iω ω+ . In the fourth case when 
electrons and ions are both thermal 2 0rω > . Hence rω  is real. Thus growth or decay of the wave in this case 
will depend only on the sign of iω . Figure 2, Figure 4 and Figure 6 show that iω  is positive and increases 
with increasing z0 whereas Figure 8 shows that iω  is negative and its magnitude increases with increasing z0. 
Figures 9-12 have been plotted for r iω ω+  versus z0 with the values (a = 0.05, b = 0.5), (a = 0.05, b = 0.0), (a 
= 0.0, b = 1.5), and (a = 0.0, b = 0.0) respectively. 

In Figures 9-11, r iω ω+  is positive and increases with increasing values of z0. So dust acoustic wave grows 
when either of electrons and ions or both are nonthermal. In all the three cases, magnitude of growth rate in-
creases with increasing number of charges on the positively charged dust grains. Magnitude of growth is strong-
er in first two cases when electrons are nonthermal but rate of increase of the growth with z0 in these cases are 
slower than the case when electrons are thermal but ions are nonthermal. Figure 12 shows that dust acoustic 
wave decays when electrons and ions are both thermal even in presence of positively charged dust grains.  

 

 
Figure 1. Plot of the squared real frequency 2

rω  vs z0 for positively charged 
dust grains when nonthermal parameters a = 0.05 and b = 0.5.                               
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Figure 2. Plot of the imaginary frequency ωi vs z0 for positively charged 
dust grains when nonthermal parameters a = 0.05 and b = 0.5.                          

 

 
Figure 3. Plot of the squared real frequency 2

rω  vs z0 for positively 
charged dust grains when nonthermal parameters a = 0.05 and b = 0.0.                    

 

 
Figure 4. Plot of the imaginary frequency ωi vs z0 for positively charged 
dust grains when nonthermal parameters a = 0.05 and b = 0.0.                           
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Figure 5. Plot of the squared real frequency 2

rω  vs z0 for positively 
charged dust grains when nonthermal parameters a = 0.0 and b = 1.5.                

 

 
Figure 6. Plot of the imaginary frequency ωi vs z0 for positively charged 
dust grains when nonthermal parameters a = 0.0 and b = 1.5.                             

 

 
Figure 7. Plot of the squared real frequency 2

rω  vs z0 for positively 
charged dust grains when nonthermal parameters a = 0.0 and b = 0.0.               
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Figure 8. Plot of the imaginary frequency ωi vs z0 for positively charged 
dust grains when nonthermal parameters a = 0.0 and b = 0.0.                            

 

 

Figure 9. Plot of ( )r iω ω+  vs z0 for positively charged dust grains when 
nonthermal parameters a = 0.05 and b = 0.5.                                              

 

 

Figure 10. Plot of ( )r iω ω+  vs z0 for positively charged dust grains 
when nonthermal parameters a = 0.05 and b = 0.0.                                          
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Figure 11. Plot of ( )r iω ω+  vs z0 for positively charged dust grains 
when nonthermal parameters a = 0.0 and b = 1.5.                                         

 

 

Figure 12. Plot of ( )r iω ω+  vs z0 for positively charged dust grains 
when nonthermal parameters a = 0.0 and b = 0.0.                                                

6. Conclusion 
The effect of both electron and ion nonthermalities on dust acoustic wave propagation in a complex plasma in 
presence of positively charged dust grains has been investigated in this paper. Secondary electron emission has 
been considered as the source of positive dust charging. This secondary electron emission process is influenced 
by the nonthermality of primary electrons hitting the dust grains. Dispersion relation of dust acoustic wave has 
been obtained with the above mentioned physical effects. From the dispersion relation we have calculated the 
real frequency rω  and growth rate iω  of the wave. Numerically we have shown that in presence of positively 
charged dust grains purely growing dust acoustic modes develop when either of electrons and ions or both are 
nonthermal and magnitude of the growth rate increases with increasing number of charges on the dust grains. 
Moreover growth rate is stronger when electrons are nonthermal. Thus even weak electron nonthermality 
strongly destabilizes dust acoustic waves when equilibrium dust charge is positive. 
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