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Abstract

The theoretical framework developed by A.S. Eddington for the study of the inner structure and
stability of the stars has been modified by the author and used in this work to show that knowing
the effective temperature and the absolute magnitude, the basic parameters of any gaseous star
can be calculated. On the other hand, a possible theoretical explanation of the Hertzsprung-Russel
Diagram is presented.
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1. Introduction

The study and understanding of the deep inner parts of the Sun and other stars is a physical situation which
seems to be outside the reach of traditional scientific research methods. However, these celestial objects are con-
tinuously sending out information to the outer space through the material barriers inside themselves, and this in-
formation can be registered in the form of observational data. Therefore, it can be said that the interior of the
stars is not disconnected from the rest of the Universe. The gravitational field generated by the stars interacts
with other material celestial objects, according to a perfectly determined law. Furthermore, radiant energy com-
ing from the hot interior of the stars reaches the surface after undergoing many deviations and transformations,
and begins its journey to outer space. Thus, the dynamic mechanisms inside the stars produce energy processes
with results that manifest themselves on the outer part of the star. These results translate into observational data
which, along with the general principles governing natural processes such as the conservation of energy and
momentum, the laws of thermodynamics, the fundamental properties of radiation and the atom, etc., constitute a
basic physical scheme for the construction of a closed and complete theory.
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In posing the problem it is important to propose that the material which makes up the stars is always consi-
dered as having a fixed composition, with temperature and mass density values increasing inwards, towards the
interior of the star. Additionally, the star configuration is considered to have spherical symmetry, with an open
free surface which is the stellar atmosphere. The physical state of that atmosphere depends on certain extraneous
influences to which it is subject, such as the gravity force which compresses the material, the flux of radiant heat
which flows out from the deeper interior of the star, and the self-generated magnetic field which prevents the
star from collapsing or exploding [1].

In order for the star’s atmosphere to remain in a steady state, it will have to be self-adjusted so that radiant
heat is allowed to go through. Under these circumstances it can be assured that the surface conditions depend on
two parameters, namely, the value of the effective temperature 7, and that of gravity g. When these two control
factors vary, the state of the star atmosphere can also vary in two directions, originating that the possible varie-
ties of stellar spectra form a twofold sequence; that is, one gets a two-dimensional array centered on two criteria.
At the beginning and for a long time only a one-dimensional order was recognized, e.g. the well known se-
quence of the spectral types; but the spectroscopic method of determining absolute magnitudes, introduces a
classification of spectra transverse to the classification of the spectral types.

Roughly speaking, the criterion of spectral types follows the parameter 7,, and the absolute magnitude crite-
rion the parameter g. The observational criteria divide the two-dimensional distribution of states into one system
of meshes, and the parameters 7, and g into another system.

The same twofold sequence of possible states appears when the star is considered as a whole. Evidently one
sequence is obtained by considering stars of different mass. A transverse sequence is formed by stars of the
same mass but different radius or mean density. Thus, a third way of dividing into meshes the two-dimensional
distribution of states is obtained when the mass M and the radius R are taken as the parameters.

Consider the connection between the three pairs of parameters, any pair defining a unique state of the star.
The connection of the spectral criteria with g and 7, is a problem of great importance which apparently has
nothing to do with what occurs inside the stars. As regards the connection of g and 7, with M and R, the connec-
tion of g does not deserve further comment. The important question is centered on the way the stellar mass and
radius determine the value of T, or, equivalently, the rate of outflow of radiation. This is essentially a problem of
the stellar interior and not of the surface conditions. A star does not radiate a certain amount of energy per unit
area and per unit time because its photosphere is at a given effective temperature; on the contrary, its photos-
phere is found at that temperature because that energy flux is passing through it. The intensity of the energy flux
coming from inside the star and flowing through its surface depends on two factors: one which helps the flow
and another one which hinders it. It is well known that heat flows from regions of higher temperature to regions
of lower temperature; thus, thermal flows inside the star must be attributed to the existence of a thermal gradient
originated by the gradual increment of temperature from the surface inward. The hindering factor is the obstruc-
tion opposed by the stellar material to the transmission of this stream of heat. Since, on the other hand, it is gen-
erally acknowledged that the heat generated inside the star is transmitted outward almost entirely by radiation,
the obstruction found by the radiant heat flow on its journey to the exterior of the star is called opacity, opacity
coefficient, or absorption coefficient of the stellar material.

As will be seen in the following sections, the values of the main parameters of any gaseous star can be ob-
tained by direct calculation with only two observational data, such as the effective temperature and the bolome-
tric or absolute magnitude.

2. The Stellar Radius, the Effective Temperature, and the Absolute Magnitude

The relationship existing between the radius of any gaseous star, its effective temperature and its absolute or
bolometric magnitude, is found in the magnitude of the self-generated magnetic field at the surface of the star
[1]. It can be shown that the absolute value of that magnetic field is as follows [1]:

H=mT, )
with

8na V2
m= (Tj =2.53x10" gauss- K7 @)



A. F. Palacios

being a constant.
On the other hand, from the well known relationships [1]-[3]

L = nacR’T} 3)
and
M,  —M
logiz bol® bol , (4)
L, 2512

where L is the luminosity, a is the constant of the Stefan law [1] [2], ¢ is the speed of light in vacuum space and
the symbol ® refers to the parameters of the Sun considering it as the unit of measure, and substituting (3) in (4)
and taking (1) into account, it can be directly shown that

M, ., —M
log RH — bol® bol . (5)
ROHG

5.024

The radius R can be easily calculated with the help of relationships (1), (2) and (5). The luminosity can then be
calculated from formula (3) using the value of the effective temperature.

3. The Effective Temperature and the Stellar Mass

In order to determine de mass of any gaseous star, it is first necessary to calculate the value of the S parameter
for such star. This parameter is defined as follows [1] [2] [4]

p.=(1-8)p

6
P, =Pp; ©)

where p(x, ) is the pressure from the radiation, p.(x, ?) is the pressure from the hot gases and p(x, f) is the total
pressure. Next, lets consider the modified mass-luminosity relationship [ 1]

L= 4nGeM [ﬂj
akc ﬂ ’

where G is the gravitational constant, M is the stellar mass, k. is the opacity coefficient calculated at the center
of the star and @ = 2.5 is a constant indicating an intense and uniform concentration of energy generating
sources at the center of the star [1] [2]. It is important to indicate that for numerical calculations k. = k is usually
assumed [ 1] [2]. The relationship (7) can be written as follows

)

I 4nGe(1- )M T_3

T2
ak,p P )
_anGe RI G R u® | (1-4)
ak, au|4R M'R B
where the following relationship was used [1] [2]
k=lkpT7?, ©)

which is the commonly accepted law for radiation absorption [1] [2]. Furthermore, the following relationship
can be used to calculate the temperature at the center of the star [1] [2]

L_RUA), (10)

p aup

where R is the gas constant and  is the average molecular weight whose numerical value is always taken equal

to 2.11 [1] [2]; and
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= £ == (11)

This last alternative relationship to calculate the temperature at the center of the star is obtained from the
theory of the polytropic gas sphere [1] [2] [5]. The following numerical results M'=2.015 and R'=6.901
are also taken from there for those parameters.

It can be shown that for gaseous stars n =3 [1][2] [6]. Now, from the following equation [2] [6]

1-B=CMp B (12)
with

1G’a

48R M

being a constant, the mass M can be eliminated. Combining both equations it can easily be obtained that

o[ ] popl

13
nG’a wp (13)
In that case, one gets in (8) that
,_macG 3R [ G R [4sR'm” - p) 14
T ok a |a®R M| 3 T pl2 g5 (14)
. a R M nG a MR

With the numerical values of the constants (see Appendix) substituted in (14) the following result can be ob-
tained, which is valid for any gaseous star [1] [6]

11/4
| _1443x10" (1- )
ak1R1/2ﬂ7/2ﬂ5

(15)

According to the previous affirmation, any two stars can be compared if one of them is considered as the ap-
propriate unit of measure. In this case it is common practice to use the brightest component of the Capella bi-
nary system [ 1] [2]; for which the numerical values of its basic parameters are known. Consequently, the fol-
lowing formula can be obtained from equation (15)

L_(k) (R [1=5]" (5. (16)
L \k.)\R -4 B’

where the asterisk refers to the particular star which is being compared to Capella. With the help from the data
for this last star (see Appendix) one gets

11/4 5 11/4
- 1-p.
{%} [g] = 6.0981(#) a7
such that in (16) one gets the following
11/4

1 — Mx
LR =[5 286x102 LTA) (18)

ﬁS

1 *

Since the effective temperature is a conventional measure used to specify the flow of radiant heat emitted per
unit area by any star [1] [2], it is proposed here as a working hypothesis that, for gaseous stars, constants ky and
ki« appearing in equation (18), keep the same proportion among themselves as that of their respective effective
temperatures. In such case, it will be considered that the ratio k/k+ and T,/T,« are numerically equal, such that
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from this point of view, it is always true that

k T
=—=; 19
- (19)

o

where, evidently, 4, is the constant in equation (9) for the case of Capella. Consequently, from relationship (18)
the following numerical equation for the calculation of parameter S« for any gaseous star is obtained

(1-8)" =45 (20)
where
A =(LT.R”)x0.67x107, 21

is a constant for each particular star under study.
Once the parameter f: has been obtained, the following fourth degree equation is used to determine the mass
of the star [1] [2]; considering that #=2.11

1- B, =3.09x107 (M. /O u*p:. 22)

In this way, one gets all the necessary results to calculate the volume, the average and central mass density, as
well as the opacity coefficient and the temperature at the center of the star. The magnitude of the self-generated
magnetic field can also be estimated at any point inside the star.

4.V Puppis

As an illustrative example, lets consider the case of the brightest component of the binary system V Puppis. Ac-
cording to observational data, that star is an eclipsing variable of spectral class B). Its effective temperature is
equal to 1.9 x 10* K; while its bolometric magnitude is —4.75 and its visual magnitude —3.12 [2]. With the help
of the formulas from paragraph 1, it is easy to calculate that

H. =91.3 gauss
R, =5.33x10" cm. (23)
L, =2.67x10" ergs-seg';

such that from (20) the following numerical equation is obtained

2567 =(1-B.)" (24)
Using Newton’s method [7] for the solution of numerical equations, the following results are obtained
. =0.408
A . (25)
1- 4. =0.592.
Substituting these data in (22) one gets that
M, =18.70 =3.71x10™ gr. (26)
Since the volume of the star is
V. =%an =6.34x10” cm’.
Its average density is
p,. =0.0585 gr-cm™ . 27)

It can be seen from the theory of the polytropic gas sphere [1] [2] that the central density is given by the fol-

lowing relationship
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p..=5436p,. =3.18gr-cm™. (28)

Substituting results (25) and (28) in to equation (10) the following value for the central temperature is ob-
tained

T.=412x10"K. (29)

On the other hand, and given that k; = 1.26 x 10%” [1], from the relationship among the effective temperatures
and from (19), it is easy to prove that

k, =4.6x10 . (30)

Finally, with the help of results (28), (29) and (30), and from relationship (9), the following value for the
opacity coefficient is obtained

k, =32.6cm”-gr. (31)

5. The Self-Generated Magnetic Field

The magnitude of the self-generated magnetic field in V' Puppis can be estimated at any region inside the star
with the help of the general relationship [1]

M o

plus the numerical data for M’ and R’ obtained from the theory of the polytropic gas sphere [1] [2]. Thus, the
magnitude of the gravitational potential at the center of the star can be calculated from the following result [2]

GM R
%= R &)
such that
8 34
g = 666X10° 3TIXI0* <6901y io e
2.015x5.33x10
In this case,
16 1/2
. :(“3'14)(3'18;:()55”0 X0'592j — 6.79x10° gauss. (34)

According to the results from the theory of the polytropic gas sphere [2], it is seen that point z = 3.5 indicates
a position placed a bit beyond half the distance from the center to the surface of the star. It is easy to verify that
with this choice over 90% of its mass is being accounted for [2]. In this position the gravitational potential has
the following value

_ 6.66x10° x3.71x10™ x3.5

=8.9x10".
1.8203%5.33x10" )

¢

While also at the same place the mass density is
p.=0.02109p,, =0.0671 gr-cm™.
With these results, one gets that
puh. =5.97x10" .

Consequently, the self-generated magnetic field has the following magnitude at that position

O,
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" _[2x3.14x5.97x10“‘ x 0.592

12
=7.37x10" gauss.
0.408

If H+ is compared to H.« then it is easy to verify the fact that H+=0.11 H_«
is also valid for V' Puppis [1]. The following graph showing the general behavior of the self-generated magnetic
field of this star was obtained with the previous values and the one derived from Equation (1) (Figure 1).

To end this paragraph, the distance at which ¥ Puppis is found can be estimated using the visual and bolome-
tric magnitudes from the following expression [§]

m, —M,, =5.024 log%; (36)

where r is the distance in parsecs. From the direct calculation it is obtained that this system is found at 427 par-
secs from Earth; such distance being equivalent to 1391 light-years.

6. The Effective Temperature and the Constant k

By direct calculation from the law of radiation absorption (9) and from relationship (10), it can be shown that

k, = constant (ﬂJ kT 37
B
where k. and T, are, respectively, the opacity coefficient and the temperature calculated at the center of the star,
and
3
constant = —=- (38)
ap

According to definitions (6), the ratio (1 — £)/f is equal to the ratio between the pressure from the radiation
and that from the hot gases, p,/p,. The numerical value of this ratio for a particular star, is used to get an idea on
its degree of stability [2]. On the other hand, the product chcl/ ® is a combination between the factor that helps
the thermal flow on its way towards the stellar atmosphere, and the factor opposing such flow. Therefore, such
combination not only determines the magnitude of the flow of radiant heat emitted through the surface to outer
space; but also sets the thermodynamic state for the photosphere to keep its effective temperature at the level
corresponding to that energy flow. Hence, it can be stated that for any gaseous star, and for a given value of the
average molecular weight, there is a very close relationship between the thermodynamic state at which its pho-
tosphere is kept, and the dynamic and energy processes generated in its interior.

Since result (37) remains valid for any gaseous star, the following comparison can be made

1/2
b (&) [L] (=A)F
k_‘(k MT) (1-p)p’ >

1E3 c* c*
where again, quantities without an asterisk belong to the brightest component of the binary system Capella;
while the asterisk is used to indicate parameters from any other star for which its numerical values are known.

Hes

0.507 R«

Figure 1. V Puppis’ magnetic field.
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For instance, in the case of ¥ Pupp is one has that

Ko_02704 y ; =0.2737. (40)

1% ex*

In the case of the Sun, the following results are obtained

00008 y TTG=0.9058. 41)

10 e®

Finally, given that Capella and &Cepheid have the same effective temperature, the following relationship is
valid

kT (42)
kl(g T;’(g

As it can easily be seen, the matching is complete when the effective temperatures are equal. When they are
not, the differences start at the third decimal place. Therefore, it is consideredthattheworkinghypothesisisvali-
dandveryusefultoclosetheproposedtheory.

7. Conclusion

It can be assured, from the solution to the problem previously posed, that the physical state of the stellar surface
is determined by the dynamic and energy processes generated inside the star. The magnitude of the thermal rad-
iation flow passing through the surface sets the energy conditions of the stellar atmosphere. Therefore, the effec-
tive temperature is the vehicle used by the star to send information to outer space on what is happening in its
deeper interior. It is also concluded that the magnitude of the self-generated magnetic field of the star and calcu-
lated at its surface, and taking the criterion of the bolometric magnitude as intermediate datum, is the link be-
tween the effective temperature and the radius or the stellar mean density. Additionally, it is concluded that the
effective temperature is also the important factor to determine the mass and the opacity coefficient of the star,
through the parameter £ which is the basic element relating those two parameters. On the other hand, this is a
way of giving a theoretical explanation to the Hertzsprung-Russel Diagram.
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Appendix
Physical and astronomical constants
G =6.66x10" ergs-cm-gr”
R =8.26x10" ergs-mol-gr' - K™
a=7.64x10" ergs-cm™ -K™
c=3x10" cm-sec”’
Relevant data for Capella are the following
T, =52x10°K
R=9.55%10" cm
L=48x10" ergs-sec”'

B=0717
- f=0283
k, =69 cm” - gr'

T =9.08x10° K
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