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Ope ess

Abstract

This paper is comprised of the modeling and optimization of a multi objective linear programming
problem in fuzzy environment in which some goals are fractional and some are linear. Here, we
present a new approach for its solution by using a-cut of fuzzy numbers. In this proposed method,
we first define membership function for goals by introducing non-deviational variables for each of
objective functions with effective use of a-cut intervals to deal with uncertain parameters being
represented by fuzzy numbers. In the optimization process the under deviational variables are
minimized for finding a most satisfactory solution. The developed method has also been imple-
mented on a problem for illustration and comparison.
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1. Introduction

The modeling of a real life optimization problem in general needs to address several objective functions and
hence become a multiobjective programming problem in a natural way. The goal programming developed by
Charnes and Cooper [1] emerged a powerful tool to solve such multiobjective programming problems. Since
commencement of the goal programming technique, it has been enriched by many research workers such as Lee
[2], Ignizio [3] [4] and many more. It undoubtedly established that goal programming has been one of the major
breakthroughs in dealing with multi objective linear programming problems but still it fails to deal with situa-
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tions when parameters are imprecise or vague. On the other hand, the development of fuzzy set by Zadeh [5]
motivated Zimmermann [6] to give another approach of solving multi objective programming as fuzzy program-
ming. Thus a new dimension of goal programming was introduced as fuzzy goal programming by Narsimhan [7]
[8] and Ignigio [4]. However, one of the major problems which are faced by decision makers is the modeling of
ill conditioned optimization problems or the problems where the coefficients are imprecise and vague. Thus the
classical mathematical programming methods of optimization failed to model such problems. Bellman and Za-
deh [9] gave a concept that the constraints and goals in such situations may be viewed as fuzzy sets.

Further, in many practical optimization problems the decision making becomes further complicated in situa-
tions when multiple objectives are conflicting and non commensurate or imprecise in nature. Thus such method
based on goal programming needs the additional information from decision makers for priority structure of var-
ious goals and their respective aspiration levels. In view of resolving this difficulty of setting appropriate priority
and aspiration levels to various objective functions, Mohanty and Vijayraghavan [10] gave a fuzzy approach to
multiobjective linear programming problem to get an equivalent goal programming problem by developing a
method to compute appropriate priority levels. Kuwano [11] gave a a-optimal solution to fuzzy multiobjective
linear programming problem using goal programming approach. At the same time, Chanas and Kuchta [12] also
considered the imprecision problem in multi objective optimization by considering interval valued objective
functions. The theory of fuzzy goal programming was further enriched by Chen and Tsai [13], Stancinlesu et al.
[14] in view of providing more satisfying solutions. Thus a popular min-max approach in goal programming
was studied by Lin [15], Yaghoobi and Tamiz [16] and Cheng et al. [17]. However, on application side Soliman
et al. [18], Mishra and Singh [19] and Bharati et al. [20] used fuzzy goal programming model in agricultural
sector. Recently fuzzy goal programming problems with interval coefficients and interval weights have been
studied by Sen and Pal [21] and Hossein Hajiagha [22]. The readers may get a review of linear programming in
works of Lotfi et al. [23] and Marbini and Tavana [24]. Recently Cheng [25] used a deviation degree measure of
fuzzy numbers and applied a weighted max-min method to solve a fuzzy multi objective linear programming
problem.

In problem of production planning, financial engineering and in several other areas, there are situations where
one has to optimize the efficiency of the system, and thus the objective functions become ratio of two objective
functions and give rise to fractional programming problem. Further there may be more such fractional objectives
and thus may become a multi objective fractional programming problem. Luhandjula [26] gave a fuzzy ap-
proach to multi objective linear fractional programming problem in fuzzy environment which has been further
developed by Chakraborty and Gupta [27], Pal et al. [28], Pop and Minasian [29] and Cui et al. [30]. The subject
has been vastly envisaged by several workers and thus various approaches have been developed to solve frac-
tional programming problems by fuzzy goal programming method given by Mehrjerdi [31], Singh and Kumar
[32], Biswas and Dewan [33] and Ohta and Yamaguchi [34]. The solution of a fractional programming problem
with interval valued coefficients has been studied by Pal and Sen [35] and Effati and Pakdaman [36]. Singh et al.
[32] considered the solution of a combination of fuzzy multi objective linear programming problem and linear
fractional programming problem using a goal programming approach. Thus motivated with above studies, we
have extended the work of Ohta and Yamaguchi [34] to solve the fractional goal programming problem with
imprecise parameters by computing the appropriate priority and weight to each goals to find optimal solution.
The work done has been organized in various sections as follows. Section 2 provides the preliminaries of the
subject to make the study self sufficient. Section 3 deals with the « cut presentation of multi objective linear
programming problem followed by « cut presentation of linear fractional programming problem with its solu-
tion procedure. The methods developed in Sections 3 and 4 have been implemented on a numerical problem
given in Section 5 followed by result and discussion placed in Section 6.

2. Preliminaries

Definition 1. Fuzzy Set

Let X is a collection of objects denoted by x, then a fuzzy set A in X is a set of ordered pairs:
A= {(x,yA(x))|x € X}, where ; (x) is called the membership function or grade of membership of x in A
that maps X to the membership space [0,1].

Definition 2. Fuzzy Number

A Fuzzy set A of real line R with membership function ﬂA(X) R— [0,1] is called a fuzzy number, if it
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holds following axioms.

1) A isnormal set.

2) A isconvex fuzzy set.

3) u;(x) is upper semicontinuous.

4) A is bounded.

Definition 3. Trapezoidal Fuzzy Number (TFN)

A trapezoidal fuzzy number with parameters a<b<c<d denoted by A:((a,b,c,d,yA» as given in
Figure 1 isa FS on real line R whose membership function is defined as follows:

% if a<x<b
Hy (x) =11 ifb<x<c
% ifc<x<d

If in a trapezoidal FN we take (b= c) then it becomes a triangular fuzzy number (TFN) with the parameters

a<b<d.
Definition 4. a-cut of a fuzzy number
Let A be a fuzzy number defined on X and number « e [0,1] be any numbers, then a-cut of a fuzzy num-

ber is a crisp set and denoted by A, , is defined as A, ={x| u, (x) >} which is a crisp interval.

Therefore, a a-cut of a triangular fuzzy number denoted by A= <(a,b,c,yA)> can be represented by the fol-
lowing interval,

A, =[A:,A;’]:[aJr(b—a)a,c—(c—b)a].

It is important to note that if we put a=b=c then, above fuzzy number turns out to be a crisp real number.
Definition 5. a-cut of a LR-fuzzy number

Let A be a LR-fuzzy number denoted by A= (a,b, B,7), then its a-cut is defined as
(Ax) =[ A A ]=[(a=B)+pa,(b+y)-ye] whichisa crisp interval.

3. Multi-Objective Goal Programming Formulation with a Cut of the Fuzzy
Numbers

Let us consider a multi-objective optimization problem with n decision variables, m constraints and k objective
functions,

Max Z(X)={C,X,C,X,C;X, -, C, X}
st AX;(2,=<)b i=123m (1)
X;20 j=123,.n

H(x)

a b c d
Figure 1. Membership function of TEN.
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1 n
sional vectors respectively, A is a m x n matrix with fuzzy parameter and 5. and Ck are fuzzy numbers.
Since the above problem (1) have fuzzy coefficients which have possibilistic distribution in an uncertain inter-
vals and hence may be approximated in terms of its a-cut intervals.
Let A, be a-cutinterval of fuzzy number A defined by the definition (4) A, =J;A(';, Al
Where A- and A’ are the lower and upper bound of the a-cut interval A, of fuzzy number. Since C,
the coefficients of the objective function are fuzzy numbers, a-cut interval of Ck can be defined as

(), =|(C). (6] |

where (Ck)L and (Ck )U is given as in definition of a-cut interval. Thus (Ck) can be represented as a

where X ={X, X, X3, %, } C (k=12,--,K) and Bi(izl,z,&---,m) are n dimensional and m dimen-

closed interval [(Ck ): (G, )H,such that C, E[(ék ): (G )Z}

Now the lower and upper bound for the respective a-cut intervals of the objective function are defined as

[(z. (X))a]L =>".(C )L X; @)
[(z.(0),] =X0.(G) ;- @)

In the next step, we to construct a membership function for the maximization type objective function Z, (X ) ,
and can be replaced by the upper bound of its a-cut interval i.e.

[(z.(0),] =20.(G) x, - @)

Similarly to construct a membership function for minimization type objective function Z, (X ), and can be
replaced by the lower bound of its a-cut interval that is

L n ~
[(z(0), ] =Z5u(C). %, )
And the constraint inequalities
YL(A)X 28 i=12-m, (6)

Z_l(AJ)X 2B i=m+Lm+2--,m, @)

can be written in terms of a-cut values as

Zn:(/sij)L X; S(éi)z i=m +1m +2,---,m,

and the fuzzy equality constraint

YU(A)X =B i=m+lm,+2,m (8)
can be transformed into two inequalities as
Zn:(/lij):Xj g(Bi)Z i=m,+1Lm,+2,--,m
j=1
LI ENT| ~\L .
Z(Aj)a X; Z(Bi)a i=m,+1m,+2,---,m

=

Thus the undertaken maximization problem is transformed in to the following multi objective linear program-

ming problem (MOLPP) as



A. K. Nishad, S. R. Singh

Max [(Zk(x))m]U ZZL(ék)Z X, k=12,3-K

Subject to

S(A) x,2(8), 112

n (9)
;(Ai)zxjﬁ(gi)z i=m+Lm+2,,m,

%(Ai):xjﬁ(gi)z i=m,+1,m,+2,--,m

X j=12,3,n

Now consider the transformation of objectives to fuzzy goals by means of assigning an aspiration level to
each of them. Thus applying the goal programming approach, the problem (9) can be transformed in to fuzzy
goals by taking certain aspiration levels and introducing under deviational variables to each of the objective
functions. In proposed method the above maximization type objective function, is transformed as

Z?zl(ék )Z Xj _Ik
(] _Ik

where d, >0, is under deviational variables and g, is aspiration level for the k™ goal and the highest accept-
able level for the k™ goal and the lowest acceptable level I, are ideal and anti-ideal solutions and are computed
as for appropriate values of « [0,1]

+d, 21 (10)

g =MaxY" (G ) X, k=123 K (11)

b =MinY (C) X, k=123-K. (12)

Now using min-sum goal programming method, the above fuzzy goal programming problem is converted in
to single objective linear programming problem as follows.
Find xe X soasto

Min Z :Z?:lwkdk‘
Subject to
Z?:l(ék )Z Xj _Ik
9 — I
S(A)%,2(8), i-120m

+d, 21

Zn:(éj)Lst(Bi)U i=m +1m +2,---,m, (13)
j:l a a
Zn:(AJ—):XjS(Ei)Z i=m,+1m,+2,--,m

2(5\]): X, z(éi): i=m,+1L,m,+2,--,m
=

j:112|3|'”1n
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Here, Z represents the achievement function and the weights wy attached to the under deviational variables
d, ,an

for maximizing case

9 —
W = (14)
for minimizing case

U — G

4. Fractional Goal Programming Formulation with a-Cut of the Fuzzy Parameters

Let us consider a fractional optimization problem with n decision variables, m constraints and

X v g
Malximizezk(X):CE“—H)N(k k=123 -k
d, X + S,
Subject to (15)
AX;(z=<)b i=1,23;--,m

tively, A isam x nmatrix with fuzzy parameter,and C, d, &, £ and b, are fuzzy numbers.

It is also to assume that d, X + B, >0,Vxe X .

Since, above problem (15) have fuzzy coefficients which have possibilistic distribution in an uncertain inter-
vals and hence the problem can be written in terms of its a-cut intervals.

Now the lower and upper bound for the respective a-cut intervals of the objective function are defined as

where X ={x,%,,%;,"*, X, }, and b(i=123,,m) are n_dimensional and m dimensional vectors respec-

L(qqu@g
(Ze(X)), | === (16)
[ ) (do), x+(4)

(QiXﬂ%t.
(d.), x+(A),

In the next step, we to construct a membership function for the maximization type objective function Z, (X),
and can be replaced by the upper bound of its a-cut interval i.e.

(17

[(z.(x)),] =

U (Ck)u X +(d).

(Z.(X)), | =————+ (18)
&0 G
1 Zk(X)ng
M(X%:Uzd:?f]_h L, <Z,(X)<g, (19)
0 Z, (X)<l,

Similarly we construct a membership function for minimization type objective function Z, (X ), and can be
obtained by replacing the upper bound by lower bound of its a-cut interval as

C (G X (@)
(Ze(X), | =———% (20)
=00 =Gy
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1 Z,(X)<g,
#e(X)= uk_[ﬁzk_(;))“} 0, <Z,(X) <y, (21)
0 Z,(X)>u,

And the constraint inequalities and equalities are transformed as defined in the Equation (6), (7) and (8).

Now the undertaken maximization problem is transformed in to the following linear programming problem
(LPP) as

Maximize [(Zk (X))a]U =~ ‘a

Subject to

S(A)%,2(8)  i-t2cm

ZHZ(AJ)LXJ.S(E)U i=m +1m +2,-,m, 22)
j:l a [24

%(AJ):XJ»S(E): i=my+1,m,+2,--,m

Zn:(AJ)U XjZ(Bi)L i=m,+1,m,+2,---,m

j:l a a

X, >0 j=12,3-,n

Further consider the conversion of objectives to fuzzy goals by means of assigning an aspiration level to the
objective function. Thus applying the goal programming method, the problem (22) can be transformed in to
fuzzy goal by taking certain aspiration levels and introducing under deviational variables to the objective func-
tion. In proposed method the above maximization type objective function, is transformed as

[(z.(x),] -

9 — I

+d; >1 (23)

where d, >0, is under deviational variables and g, is aspiration level for the k™ objective goal and the high-
est acceptable level for the objective goal and the lowest acceptable level |, are ideal and anti-ideal solutions
and are computed as for appropriate values of « e [0,1]

k=M f ~ f 24

N @ XA o

h:Mmg;%Eiﬁﬁg (25)
@ X (a)

Now using min-sum goal programming method, the above fuzzy goal programming problem is converted in
to single objective linear programming problem as follows.
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Find xe X soasto
MinZ =37 wd,

Subject to

” (26)
Z(A;)ijs(éi)u i=m+1Lm +2,--,m,

j=L “ @

_Zn;(Ai):Xjﬁ(éi): i=m,+1m,+2,---,m

=

JZ:‘(AJ): ij(gi): i=m,+1,m,+2,---,m

X. >0 j=12,3,---,n

Here Z represents the achievement function and the weights w; attached to the under deviational variable
d, , and are defined as in Equation (14).

Linearization of Membership Goal

For simplicity to solve the problem (27) we linearize the membership goal which is non-linear in nature and can
be write in the following form

L[(z.(x)),] - +d, 21 @7)

1
g — I

Introducing the expression of [(Zk (X ))a ]U from Equation (18), the above goal can be written as

where L, =

L, ((ék ), X +(d )‘;)+((&k ). X +(A, ):)dk’ > LG, (28)
where L, =(1+1,L,) and G, :(d~k): X +(/§k):

Now by using the method of variable change given by Kornbluth and Steuer [36] the goal in the expression

(28) can be linearized as follows.
L

Let D, = ((dk )L X +(Bk) )dk’ , then the linear form of the (28) can be written as
L ((ék ) X +(a, )j)+ D > L/G, (29)
with D; 20 and (d,) X +(4,) >0.

Now in decision making, to minimize the negative deviational variable d, in the expressipn (27) means we
are going to maximize the membership goal function, and also minimize D, (dk) X +(ﬂk) which is a non
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linear term.

It may be noted that when membership goal is fully achieved, the value of negative deviational variable be-
comes zero (d, =0), and when achievement of membership goal is zero at this time value of negative devia-
tional variable is one (d, =1) for k™ objective. The involvement of d, <1 in the solution leads to impose the
following constraints to model the problem

~ \L ~ \L
D, /(d,). X +(4). <1= D, ((dk) X +(4,) )so. (30)
Now for a given value of a, under the framework of Goal Programming, (min-sum Goal programming) [10],

the problem under consideration can be presented as.
Find X so as to

Minimize Z= 3" w,D,
Satisfying
g«é)X+mQ)+D>LG

Subject to

Jzn:( ) X >(L5’) i=12,---,m

JZ:;(AJ):XJ»S(&)Z i=m +1m +2,-,m, 31)
Zn:(Aj)LX,S(Ei)U i=m,+1,m,+2,--,m

j:l a o

Zn:('&ij)u X,-Z(Igi)L i=my+1,m,+2,---,m

j:l a a

o, -((d.); x+(A); )<

X, >0 i=12,3-.n

D, >0

Here Z represents the achievement function and the weights w; attached to the under deviational variable D, ,
and are defined as in Equation (14).

5. Numerical Illustration

In view of illustrating the developed method in previous section, we consider the modelling and optimization of
a problem of electronic component maker dealing in domestic and overseas markets as undertaken by Ohta and
Yamaguchi [18]. The company wishes to make a mid-term production plan for three months. The company has
two types of products, A and B, estimated and anticipated prices and expected gross margins products are shown
in Table 1. The time required for individual products in the process and amount used of the principle materials
are shown in Table 2 with amount of the expected demand shown in Table 3.

The company cherishes the idea of determine the Amount of production which satisfies the following goals
and other fuzzy number with good balance as shown in Table 4.

Supposing that the amount of domestic production is x; and the amount of overseas production is x, for prod-
uct A and the amount of domestic production is x3 and the amount of overseas production is x4 for product B.
Now using data from Table 1 to Table 4, the mathematical formulation for all the fuzzy goals of the under taken

problem of production system are as follows.
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Table 1. Price and grass margin of each product ($).

Product A Product B
Price
Domestic 12=(12.0,12.2,0.2,0.2) 20=(19.5,20.0,0.2,0.9) ,
Overseas 9=(8.0,10.0,0.10.1) 20=(185,22.0,0.30.2) ,

Grassmargin

LR

Domestic 32=(3.2,32,0.105) 7.9=(79,7.9,0.1,0.4)

LR

Overseas 26=(25,27,02,0.7) 7.8=(7.6,8.0,0.3,0.8),

LR

Table 2. The time required in the process (hours) and principle materials (units).

Product A Product B
Process 0.16=(0.60,0.61,0.02,0),, 0.25=(0.240,0.243,0.02,0.02)
Materials 4=(4.0,4.1,0.10,0.15) 9=(8.9,9,0.1,0.1)

Table 3. Expected demand.

Product A Product B
Domestic 720 - 780 420 - 480
Overseas 900 - 1200 600 - 800

Table 4. Aspiration levels of goals and other
fuzzy numbers.

15000 = (18300,18300,600,0)

L*

580 = (560,560,0,110)

*R
18000 = (17000,17000,0,2500).

750 = (750,750,70,0)

750 =(750,750,0,80).,

1120 =(1120,1120,220,0)

IS

1080 =(1080,1080,0,120)

*R

460 = (460,460,60,0)

L*

440 = (440,440,0,60)

*R
720=(720,720,120,0)

L*

680 = (680,680,0,120)

*R




A. K. Nishad, S. R. Singh

1) Ratio of operating to net-sales

?:éxl + EYSX2 + 7f)x3 + ﬂBX4 -9750
12%, +9x, + éf)x3 + éf)x4

Maximize

2) Overseas rate of sales

- Ox, + 20,
Maximize =——=————"—=
12x, +9x, + 20x, + 20X,

3) Grass margin
Maximize 3.2x, +2.6x, + 7.9, + 7.8x, > 15000
4) Process (hours)
Maximize 0.16x, +0.16x, +0.25x, +0.25x, > 580
5) Principle material (units)
Maximize 4.0x, +4.0x, +9.0x, +9.0x, >1800
6) Domestic demand of product A (unit)

. (32)
X, 2 750

X 3750
7) Overseas demand of product A (unit)

xzzﬂ%

xzjlfO\BT)

8) Domestic demand of product B (unit)

Solving the above problem by proposed method as described in section 2, first we replace the fuzzy numbers
in coefficients by their a-cuts and thus above multi-objective linear fractional programming problem (32) is

transformed into the following problem
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Maximize Z, :

Maximize Z,

Maximize Z,

(3.7-05a)% +(34-0.7a) X, +(8.3—0.4c) X, +(8.8—0.8a ) X, —9750
(11.8+0.2) X, +(7.9+0.12) X, +(19.3+0.2c) X, +(18.2+ 0.3 X,
_ (10.1-0.1a) x, +(22.2-0.2a) X,
(11.8+0.2a) x, +(7.9+0.1a) X, +(19.3+0.2r) X, +(18.2+0.3a) X,
3.7-0.50)% +(3.4-0.7a) X, +(8.3-0.4a) X, +(8.8-0.8a),

g
Maximize Z, :(0.161-0.001) x, +(0.161—0.001c) X, +(0.263—0.02cx ) X, +(0.263—0.02c) X,
i

Maximize Z,

s.t.

X
X

X
X
X
X
X
X

X1|

4.25-0.150) X, +(4.25-0.15a) X, +(9.1-0.1) X, +(9.1-0.1c) X,

, >(680+70a) (33)
(

IA

830-80c)
(900 + 220)
(1200-120c)

IN IV

\Y

(400 + 60cx)
500 - 60 )
(600+120a)
<(800-120c)

Xy, %5, %X, 20

IA

[\

Now to consider the solution of above problem (33), we apply the developed fuzzy fractional goal program-

ming method developed in section 4 and 5 and consider its solution for « =0.4, and compute various required
parameters. Aspiration level of fraction goal (Z; and Zy) is given as g, =0.342, |, =0.045 and g, =0.962,
I, =0.313 and weight of fraction goal is calculated as defined in (14) i.e. w, =3.367, w, =140, We also
compute w, (i =3,4,5) for other linear goals as defined in (14), and aspiration level for other goals Z; (i =3,
4, 5) is given in Table 3. Now on implementation levels and weight to the goals, the above fractional program-
ming problem can be equivalently written in linear programming problem given as below.

Minimize Z =3.367D, +1.40D, +0.0016d, +0.0090d, +0.0004d_
st.

1.809x, —1.362x, —5.0830x, — 7.3770x, — D; < 32828.282

17.6085x, — 3.732x, + 28.725x, — 6.9142x, — D, <0

~11.88x, —7.94x, ~19.98x, ~18.33x, + D, <0

~11.88x, —7.94x, ~19.98x, ~18.33x, + D; <0

~0.0058x, —0.0052x, —0.0135x, —0.0141x, —d; <0

~0.0014x, —0.0014x, —0.0023x, —0.0023, —d; <0

—0.0016x, —0.0016%, —0.0036x, —0.0036x, —d; <0 (34)

x, > 708

X, <798

X, > 988

x, <1152

Xy =424

X; <476

X, > 648

X, <752
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where
X, Xy, %3, X, 20 and D;,D,,d;,d,,d; >0.

The above linear programming problem (34) has been solved by the MATLAB®, and optimal solution for deci-
sion variables are obtained as

X, =708, X, =1152, x, =424, X, =752.

And the values of objective functions are Z; = 0.149 or 14.9%, Z, = 0.713 or 71.3%, Z; = 15885.52, Z, = 604.04,
Zs = 18447.96.

6. Results and Discussion

The developed method uses the a-cut representation of fuzzy numbers which deals with imprecision in optimi-
zation problem. We compare the results obtained by the proposed method with the results of Ohta and Yama-
guchi [33] in terms of satisfaction of various goals. The achievements of various goals by method of Ohta and
Yamaguchi are Z; = 13.53%, Z, = 64.99%, Z; = (14504.9, 15003.7), Z, = (580.8, 586.8), Zs = (18082.21,
18383.8), whereas by the proposed method the achievements of goal are Z; = 14.9%, Z, = 71.3%, Z; = 15885.52,
Z,=604.04, Zs = 18447.96. Clearly the level of satisfaction of each goal by the proposed method is higher than
the previous results. The proposed method has a further advantage that in general it is a difficult task to set
priority weight for various goals in multi-objective programming problem. The situation becomes more tedious
when the goals are conflicting in nature. It is hard to set a definite weight for a fractional goal obtained in mod-
eling by taking the ratio of two objective functions. The proposed method also computes the appropriate weight
to each goal and hence provides a better solution.

Thus for modeling the optimization problems having vagueness and imprecision in information with fuzzy
optimization approach various methods are available in literature for various situations. The fuzzy optimization
problems are classified in various categories, such as problems with fuzzy coefficients in constraints, fuzzy
coefficients in objective functions and problems with fuzzy inequalities. The proposed method is more suitable
to find the optimal solutions of the problems having L-R number fuzzy coefficients to various field of produc-
tion planning problem, transportation problem, and other real world multi-objective programming problems.
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