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Abstract

The universe’s horizon distance and volume are constructed in the closed cosmic model. The un-
iverse horizon distance distribution increases constantly for t < t,c and decreases for t > t;.. How-
ever, the universe’s horizon volume shows a sudden reduction in the range t = 0.5 Gyr - t,. due to
the change of the universe space from flat to curved then closed in the interval 15.1261 Gyr <t <
tme. On the other hand, this distribution exhibits an abrupt rise in the range t = tp. — t. due to the
change of the universe space from closed then curved to flat in the interval 39.3822 < t < 40.7521
Gyr. The mass of radiation, matter and dark energy within the horizon volume of the universe are
also investigated. These distributions reveal similar noticeable changes as the universe’s horizon
volume distribution for the same reasons. The mass of radiation dominates up to ¢t = 53221.5 yr,
then the mass of matter becomes larger. Afterwards, both distributions of radiation and matter
decrease while the distribution of dark energy rises until ¢t = 10.1007 Gyr, where the mass of dark
energy prevails up to t = t,.. Hence, the distribution of dark energy reduces until ¢t = 40.2892 Gyr,
where the mass of matter becomes prominent again. At t = 53.6246 Gyr the masses of both matter
and radiation become appreciably high such that the intercluster space will vanish and clusters of
galaxies interfere with each other. Furthermore, not only the intergalactic medium will disappear,
but also galaxies will collide and merge with each other to form extremely dense and close cos-
mological bodies. These very dense bodies will undergo further successive collisions and mergers
under the action of central gravity, where the interstellar medium will vanish and the universe
would develop to big crunch at t,c = 53.6251 Gyr. It is interesting to note that the horizon distance
of the universe in the closed model at ¢ = ;. is in very good agreement with the maximum horizon
distances in the five general cosmic models.
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1. Introduction

The distribution of density parameters of radiation, matter and dark energy in the closed cosmic model were in-
vestigated in a previous study [1], where we discovered the main epochs of the universe history in this model. It
is worthy now to study the distributions of equivalent mass of radiation, mass of matter and equivalent mass of
dark energy within the horizon volume of the universe to get deeper sight of the universe evolution in the closed
model.

The reason for considering the equivalent mass of radiation in this study is the significant value of the radia-
tion density parameter in the early universe and before the big crunch as we have seen in [1].

Therefore, it is vital to develop the distributions of the horizon distance and horizon volume of the universe in
the closed model at various time ranges depending on the bases presented in [2]. Description of methodology is
illustrated in Section 2, while algorithm would be shown in Section 3. Results and discussion are displayed in
Section 4. Conclusion is given in Section 5.

2. Methodology

It is obvious from [2] that the horizon distance and horizon volume of the universe in closed cosmic model at the
present time are respectively
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The horizon distance of the universe in the closed cosmic model at any given time is given by
_1/2
dy (t)= Hij'oaé[l— s’y (1-a%)+8%qy, (a® -a%)+8%Qy, (a* -2’ )} da. (17-a)
0

Consequently, the change in the horizon distance of the universe in the time interval between two instants of
scale factors a,,a, iswritten as

Ad, (t) :Hi j:i@—szgglt (1-a%)+ 5%, (a% -a*)+ 5%, (a* —a) | (17-b)
[o]

The horizon volume of the universe in the closed model at any given time is expressed as

V, ()= f(d, (t).k). (18)
Equation (18) indicates that the horizon volume of the universe at t is a function of d, (t) and the curvature
of space k at t. Since this curvature could be flat, open and closed from the big bang to big crunch as evident
from Table 3 in [1]. Thus, the low of V, (t) can be determined according to the value of k at t, as explained in
the following cases:
(1) Flat space (k =0)
We have seen in [2] that the horizon volume of the universe at time t in this case is given by

Y, (6) =65 1) (19)

Therefore, it is obvious from Table 3 in [1] that Equation (19) is used in the time intervals t <6.5321Gyr,
10.0751<t<15.1261Gyr, 39.3822 <t<40.7521Gyr, and 53.48<t<t, .
(2) Closed space (k =+1)
We recall the equation of proper distance of extragalactic object
d,(t)=R(t) f(r,). (20)
where
sin'r,  k=+1
° N r, k=0 (21)
I i k=-1

sinh™*

o]

And the volume of space within d_(t) is expressed as
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where R(t),r,,r,0and ¢ are defined asin [3] [4]. For k =+1, Equations (21), (20) and (22) yield

d,(t)=R(t)sin'r, (23)
Hence Equation (22) gives
% ridr
V, (t)=8xR*(t) | A (24)
ovl-r
Assume
r=sina, dr=cosada, cosa =+1-r’ (25)
Substituting by (25) in (24) we get
sin’lr0
V,(t)=4nR*(t) [ (1-cos2a)da. (26)
0
Let
p=2a, df =2da. 27)
Substituting by (27) in (26) we have
s 13 1 ryl-r’
V, (t)=4nR (t)(sm ! ro) - )2 - (sin’l ; )3 ) (28)
Substituting by (23) in (28) yields
1 r1-17
A (t):471'd’3)(t) 2 3| (29)
(sin’1 ro) (sin’1 ro)
Suppose r, =1, hence «, =g and Equation (29) becomes
16
V, (1) =224 (1), (30)

T
Thus, the horizon volume of the universe in the closed cosmic model at time t in this case is expressed as

16
v, (t)=¥d§(t). (31)
It is evident form Table 3 in [1] that Equation (23) is used in two time intervals extending through
15.1261 <t <39.3822 Gyr.
(3) Open space (k =-1)
Equations (21), (20) and (22) give

d,(t)=R(t)sinh™r, (32)
3 rAdr
V_(t)=8nR’(t . 33
Assume
r=sinh&, dr =cosh&d&, cosh& =+1+r? (34)
Substituting by (34) in (33) we have
V,(t)=4nR°(t) | (cosh2é-1)dz (35)

0
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Let
n=2¢, dip=2d¢. (36)
Substituting by (36) in (35) we get
r, cosh(sinh~r,
V, (t) = 4aR* (t)(sinh 1, )’ ( - )1 ; (37)
P P
(smh ro) (smh ro)
Substituting by (32) in (37) yields
r,cosh(sinh'r,
v, (t)= 4nd? (t)| = ( 3°)_ | (38)
N N
(smh ro) (smh ro)
When r, =1, Equation (38) reduces to
v, (t) = 3.1129831rd$ (t) (39)
Therefore, the horizon volume of the universe in closed cosmic model at time t in this case is written as
V, (t)=3.112983nd; (t). (40)
It is clear form Table 3 in [1] that Equation (40) is used in the time intervals 6.5321<t<10.0751Gyr,
40.7521<1 <53.48 Gyr.
The total density of the universe in the closed cosmic model at time t is
, . P P
p(t)= P+ 5+ 5 (41)
c c
Substituting by (3)-(5) in (41) we get
P'(t) = P + PL + L2,
(1) =Pl Q" (). (42)
where
Q”(t) = Q;;,t + Q,r,,t + Q:’\,t' (43)

From Equation (19), (30), (40) and (42) the total mass of the universe within the horizon volume in closed
cosmic model at time t is

M, (£) =V, (1) /(1) (44)
The masses of matter, radiation and dark energy within the horizon volume of the universe in closed cosmic
model at time t are respectively
Qs

Mo =M ) 3 (45)
QL

Mr,t =Mh(t)Qn(t)' (46)

_ Q. 47)

M,, —Mh(t)Q"(t).

The time interval between two instants with scale factors a,,a, during the universe expansion is given by
Equation (16) in [4] [5] as

1
2

At :i N |:1_QA,D (1_a2)+Qm,o (l_lj"‘gr,o (iz_lJ:| da. (48)
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However, during the universe contraction if a, <a, then modulus of the right hand side of (50) should be
taken.

3. Algorithm

In determination of the distributions of d, (t),V, (t),M,(t),M_,,M, and M, we use the following steps:

(1) Stage of the universe expansion.
a) Set t=0,d, =0 and insert the value of a,, =0.093188,J =1000 for t < 0.5 Gyr, a
J=1600 for 0.5<t<t,.

« = 2.3755873,

m

b) Calculate DAzam—aX.
DBLE(J)
c) Start general DO loop 1 =2, J which includes the following sub steps:

d) a= DA(I —1), a, =DAI.
e) Compute new value of cosmic time t numerically using (48), where t=t+At.

f) Obtain new value of the universe horizon distance d, numerically using (17-b), where d, =d, +Ad, .
g) Determine the corresponding values of V, using (19), (31) and (40), in addition to the values of

H'(t), ol Qn QO Q" (1), 0/ (1), M (), M M and M, using (7), (6), (4), (5), (3), (43), (42),
(44), (45), (46) and (47) respectively.

h) Continue the general DO loop.

(2) Stage of the universe contraction

a) Set t=t  =26.8125327 Gyr, d, =d, (t,.)=18.619224 Gpc, and insert the values of
a,,, = 2.3755873,J1=1600 for t _<t<t,t =t_—0.5Gyr, a, =0.093539,J1=90 for t>t..

mi

b) Evaluate DA = ™

DBLE(J1)
c) Start general DO loop 1 =1, J1 which includes the following sub steps:
d) Set J2=J1-1+1 4 = DA(JZ—l), a, =DAJ2.

e) Obtain new value of cosmic time t numerically using (48), where t=t+At.
f) Compute new value of the universe horizon distance d, numerically using (17-b), where d, =d, —Ad, .
Sub steps (g) and (h) are similar to (g), (h) mentioned above in the stage of the universe expansion.

4. Results and Discussion

The distribution of the universe horizon distance in the closed cosmic model until t=0.5Gyr is shown in
Figure 1(a). The distribution increases quite slowly up to t =5.8780 Myr , then the distribution starts raising
rapidly. However, the distribution of the universe horizon distance in the range t=0.5Gyr -t increases very
fast until about t=5.7237 Gyr . Afterwards, it raises gradually as indicated in Figure 1(b). Furthermore, the
distribution of the universe horizon distance in the range t=t -t., where t. =t -0.5Gyr, decreases quite
slowly up to t=46.5790 Gyr, hence it decreases relatively fast as presented in Figure 1(c). Nevertheless, the
distribution of the universe horizon distance in the range t=t, -t, decreases slowly until t=53.4733Gyr,
t, =t —0.0005 Gyr, then it starts reduction sharply towards t=t, asdisplayed in Figure 1(d).

The distribution of the universe horizon volume in the closed cosmic model up to t=0.5Gyr is shown in
Figure 2(a). The distribution increases very slowly until t=18.4785 Myr . Afterwards, the distribution starts
raising appreciably. During this cosmic time range the space of universe is flat. The distribution of the universe
horizon volume continues raising up to t=14.8Gyr , hence the distribution suddenly decreases until
t=16.6667 Gyr, then it increases gradually up to t=t,, as seen is Figure 2(b). The sharp decrease of the dis-
tribution in the range 14.8 <t <16.6667 Gyr because the space of the universe changes from flat to curved then
closed in the interval 15.1261Gyr <t<t_,.

The distribution of the universe horizon volume in the range t=t_, -t. is disclosed in Figure 2(c). The dis-
tribution decreases until t =37.6974 Gyr , hence it shows abrupt raising up to t=40.6579 Gyr , hence it reduc-
es again until t=t.. The abrupt increase of the distribution in the range 37.6974 <t <40.6579 Gyr is due to
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Figure 1. (a) The distribution of the universe horizon distance in the closed cosmic model up to t = 0.5 Gyr; (b) The distribu-
tion of the universe horizon distance in the closed cosmic model in the range t = 0.5 Gyr - t.e; (¢) The distribution of the un-
iverse horizon distance in the closed cosmic model in the range t =t - t+; (d) The distribution of the universe horizon dis-
tance in the closed cosmic model in the range t = t« - t,.
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Figure 2. (a) The distribution of the universe horizon volume in the closed cosmic model up to t = 0.5 Gyr; (b) The distribu-
tion of the universe horizon volume in the closed cosmic model in the range t = 0.5 Gyr - t.,; (€) The distribution of the un-
iverse horizon volume in the closed cosmic model in the range t = t. - t+; (d) The distribution of the universe horizon vo-
lume in the closed cosmic model in the range t = t. - t,.

the fact that the universe space changes from closed then curved to flat in the interval 39.3822 <t <40.7521 Gyr.
The distribution of the universe horizon volume in the range t=t, -t, is presented in Figure 2(d), which is
reducing gradually towards t=t,_.

The distribution of mass and energy within the horizon volume of the universe in the closed cosmic model
until t=0.5Gyr isshown in Figure 3(a). The distributions of radiation and total mass decrease very slowly up
to t=134596 yr and t=162061yr respectively, then they reduce more rapidly. However, the distribution of
matter increases so slowly until t=181161yr and it decreases rapidly afterwards. This distribution intersects
with the distribution of radiation at t=53221.5yr and coincides with the distribution of total mass at
t=3.2819 Myr . The distribution of dark energy increases continuously towards t=0.5Gyr . The distribution
of mass and energy within the horizon volume of the universe in the closed model in the range t=0.5Gyr -t
is illustrated in Figure 3(b). It is noticeable that the distribution of radiation intersects the distribution of dark
energy at t=0.6618 Gyr , hence it reduces very fast up to t=23.0147 Gyr . Afterwards, it raises gradually until
t =14.9265 Gyr , then it decreases abruptly up to t=16.3971Gyr, where it starts increasing again towards t, .
The distribution of matter decreases up to t=22.2794 Gyr, hence it raises very slowly towards t_, . This dis-
tribution coincides with the distribution of total mass up to t=1.9853 Gyr , and intersects with the dark energy
distribution at t=10.1007 Gyr . The matter distribution indicates obvious decrease in the range
t =14.9265-16.3971 Gyr . The distribution of dark matter increases until t=14.9265 Gyr , hence it also shows
marked decrease up to t=16.3971Gyr. Afterwards, it raises slightly towards t .. The total mass distribution
reduces up to t=14.9265Gyr, then it decreases abruptly until t=16.3971Gyr. Hence, this distribution in-
creases gradually towards t, . The noticeable decrease of all four distributions in the range about
14,9225 <t <16.3971Gyr is due to the change of the universe space from flat to curved then closed in the
range 15.1261<t<t ..

The distribution of mass and energy within the horizon volume of the universe in the closed model in the
range t=t, -t is illustrated in Figure 3(c). The distribution of radiation reduces very slowly until
t =37.9839 Gyr, then it raises suddenly up to t=40.4032 Gyr . Hence, this distribution decreases again until
t =52.5807 Gyr where it intersects with the distribution of dark energy, then it starts raising towards t.. The
matter distribution increases so slowly up to t=37.9839Gyr, hence it exhibits marked raise until
t =40.4032 Gyr and intersects with the dark energy distribution at t =40.2892 Gyr . Afterwards, the distribu-
tion of matter shows substantial increase towards t. and coincides with the total mass distribution at
t=512903Gyr hence forth. The dark energy distribution reduces gradually until t=37.9839 Gyr where it
displays outstanding raise up to t=40.4032 Gyr, hence it decreases again towards t.. The total mass distribu-
tion reduces also gradually until t =37.9839 Gyr, then it exhibits obvious increase up to t=40.4032 Gyr . Af-
terwards, it raises very fast as the matter distribution. The prominent increase of the four distributions in the in-
terval about 37.9839 <t < 40.4032 Gyr is owing to the change of the universe space from closed then curved
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Figure 3. (a) The distribution of mass and energy in the closed cosmic model up to t = 0.5 Gyr; (b) The distribution of mass
and energy in the closed cosmic model in the range t = 0.5 Gyr - t.,; (c) The distribution of mass and energy in the closed
cosmic model in the range t = t - t«; (d) The distribution of the mass and energy in the closed cosmic model in the range t =
i = i,

to flat in the range 39.3822 <t <40.7521Gyr . The distribution of mass and energy within the horizon volume
of the universe in the closed model in the range t=t, —t, is displayed in Figure 3(d). The radiation distribu-
tion increases quite slowly until t=53.5032 Gyr , hence it starts raising appreciably fast.

The distribution of both matter and total mass coincide on each other and lie over the radiation distribution.
The two distributions increase gradually up to t=53.5274 Gyr , then they raise up. However, the dark energy
distribution decreases so slowly until t=535742 Gyr, afterwards it reduces substantially.

Estimations of d, (t),V, (t),M(t),M_(t),M (t) and the equivalent number of the Coma-like clusters to
the mass of matter within the universe horizon volume N, (t) in the closed cosmic model at special times
are presented in Table 1. It is interesting to note that at t=t, =t,. —0.0005 Gyr , the horizon volume of the un-
iverse V, (t,)=0.0003(10 Gpc)’.

Since the radius of the Coma cluster is reo,,, =3.6 Mpc [5], then V; (t,) =1.5738x10°V oy, , Where Vo,
is the Coma cluster volume. However, the mass of matter within the horizon volume of the universe at t=t, is
M, (tn):l.7455><1013MCOMA .This indicates very clearly that the intercluster medium will disappear at t=t,
and galaxy clusters will interfere with each other. Furthermore, the radius of the Milky Way galaxy is
Ny, =50 Kpc [6]. Thus, V, (tn):5.8742><10“VMW , where V,,, is the Milky Way galaxy volume. Neverthe-
less, it is found that Mm(tn)=4.3638><1016MMW . Therefore, not only the intergalactic spaces will vanish at
t=t,, but also galaxies will collide and merge with each other to form extremely dense and close cosmological
bodies. These very dense bodies will undergo further successive collisions and mergers under the action of cen-
tral gravity, where the interstellar medium will vanish and the universe would develop to big crunch at
t,. =53.6251Gyr .

It is also interesting to note from Table 1 that the horizon distance of the universe at maximum expansion is
d, (t,. ) =18.6192 Gpc . This horizon distance is in very good agreement with the maximum value of the un-
iverse horizon distance in the observed general cosmic model A, d, (t;)=19.0103Gpc, where t; =124 Gyr.
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Table 1. Estimations of the horizon distance, horizon volume, mass of radiation, mass of matter, mass of dark energy and the
equivalent number of the Coma-like clusters to the mass of matter within the universe horizon volume in the closed cosmic
model at special times.

t d, (t) Gpc V, (1) IOg(Mr/Mo) IOg(Mm/Mo) IOg(MA/Mo) Neows (t)
tm 0.1356 0.0209u, 28.4321 28.4321 18.3292 1.352u;
(53221.5) yr
ta 12.9717 18.2854u, 22.9777 24.2252 24.2252 8.3970u,
(10.1007) Gyr
b 14.4420 25.2348u, 23.2298 24.0515 24.3294 5.6291u,
(13.7) Gyr
e 18.6192 32.8742u, 23.6535 23.7347 24.3906 2.7141u,
(26.812.53) Gyr
tunz 14.0058 23.0168u, 23.6758 241474 24.1474 7.0198u,
(40.2892) Gyr
b 0.9972 0.0003u, 27.7134 28.5430 20.5951 1.7455u;
(53.6246) Gyr

where t, =t,_—0.0005 Gyr , U = (Gpc)®, u; = (10 Gpc)®, u, =10 and u, =10°.

The value of d, (t,.) isalso in high agreement with the values of d, (t;) in the other four general cosmic
models as shown from Table 1 in [7].

5. Conclusions

In this paper we have investigated the distributions of the universe horizon distance and the universe horizon
volume in the closed cosmic model. It is found that the universe horizon distance distribution increases con-
stantly for t<t . and decreases for t>t . However, the universe horizon volume distribution shows sudden
reduction in the range t=0.5Gyr-t,, due to the change of the universe space from flat to curved then closed
in the interval 15.1261Gyr<t<t_, . On the other hand, this distribution exhibits abrupt raise in the range
t=t,, -t. because of the change of the universe space from closed then curved to flat in the interval

39.3822 <t <40.7521Gyr .

Distributions of mass of radiation, matter and dark energy within the horizon volume of the universe were al-
so investigated in the closed cosmic model. These distributions reveal similar noticeable changes as the universe
horizon volume distribution for the same reasons. The mass of radiation dominates up to t=53221.5yr, then
the mass of matter becomes larger. Afterwards, both distributions of radiation and matter decrease while the dis-
tribution of dark energy rises until t=10.1007 Gyr, where the mass of dark energy prevails up to t=t,,.
Hence, the distribution of dark energy reduces until t=40.2892 Gyr where the mass of matter becomes prom-
inent again. At t=53.6246 Gyr the masses of both matter and radiation become appreciably high such that the
intercluster space will vanish and clusters of galaxies will interfere with each other. Furthermore, not only the
intergalactic medium will disappear, but also galaxies will collide and merge with each other to form extremely
dense and close cosmological bodies. These very dense bodies will undergo further successive collisions and
mergers under the action of central gravity, where the interstellar medium will vanish and the universe would
develop to big crunch at t,, =53.6251Gyr .
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