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Abstract

In this paper, we find a new large scale instability which appears in obliquely rotating flow with
the small scale turbulence, generated by external force with small Reynolds number. The external
force has no helicity. The theory is based on the rigorous method of multi-scale asymptotic expan-
sion. Nonlinear equations for instability are obtained in the third order of the perturbation theory.
In this article, we explain in detail the nonlinear stage of the instability and we find the nonlinear
periodic vortices and the vortex kinks of Beltrami type.
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1. Introduction

It is well known that the rotating effects play an important role in many theoretical and practical applications for
fluid mechanics [1] and are especially important for geophysics and astrophysics [2]-[4] when one has to deal
with rotating objects such as the Earth, Jupiter, the Sun, etc. Rotating fluids could generate different wave and
vortex motions, for example, gyroscopic waves, Rossbywaves, internal waves, located vortices and coherent
vortex structures [4]-[7]. Among the vortex structures, the most interesting are the large scale ones since they
carry out the efficient transport of energy and impulse. The structures which have characteristic scale much
more than the scale of turbulence or the scale of external force which generates this turbulence are understood as
large scale ones. In this paper we find a new large scale instability in obliquely rotating flow which is influenced
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by the small scale external force with zero helicity. Its axis of rotation does not coincide with the Z axis. This
force supports small scale turbulent fluctuations in fluid. The nonlinear large scale helical vortex structures such
as Beltrami vortices or localized kinks appear as a result of the development of this instability in rotating fluid.
This supposes that the external mall-scale force substitutes the action of small-scale turbulence. Further we con-
sider that the external force acts in the plane (X, Y). Instability occurs only when the vector of angular velocity
of rotation Q s inclined relatively to the plane (X, Y), as shown in Figure 1. If the fluid is rotating around the
axis Z strictly, then instability does not occur. The helical 2D velocity field W, ,W, turns around the axis Z
when Z changes in the periodic wave (Figure 2) and makes one turn in the kink (Figure 3). The found instabil-
ity belongs to the class of instabilities called hydrodynamic a-effects. For these instabilities the positive feed-
back between velocity components is typical:

oW, — AW, —a, aiwy =0,
Z

B
OW, — AW, +az, —W, =0,

Y

Figure 1. In general, the angular velocity Q is inclined relatively to
the plane (X, Y) in which there is an external force F,, .

-1
-2

Figure 2. Nonlinear helical Beltramiwave, which corresponds to the
closed trajectory in the phase plane (C, =0.1, C,=0.1). The spiral

is oriented along Z axis and inclined relatively to the axis of rotation.

C2)
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Figure 3. Localized solution (kink), which corresponds to the
separatrice in the phase plane (C, =0.1, C,=0.1).

and leads to the instability. a-effect origins from magnetic hydrodynamics where it engenders the increase of
large scale magnetic fields (see for example, [8]). Later it was extended to ordinary hydrodynamics. Several
examples of hydrodynamics a-effect [9]-[16] are known for today. From this point of view, in this study we
found a new example of the a-effect. The theory of this instability is based on a rigorous method of multi-scale
development, which was proposed by Frisch, She and Sulem for the theory of the AKA effect [14]. This method
allows finding the equations for large scale perturbations in the form of secular equations of the asymptotic
theory, to calculate the Reynolds stress tensor and to find the instabilities. The small parameter of asymptotical
development is the number of Reynolds R,R <1. Our paper is organized as follows: in Section 2 we formulate
the problem and the main equations in rotating system coordinates; in Section 3 we discuss the concept of mul-
ti-scale development and we give the secular equations. In Section 4 we calculate the velocity field of zero ap-
proximation. In Section 5 we describe the calculation of the Reynolds stress and find the large scale instability.
In Section 6 we discuss the saturation of the instability and find the nonlinear stationary vortex structures. The
results obtained are discussed in the conclusions given in Section 7.

2. The Main Equations and Formulation of the Problem

Let us examine the equations of motion for non-compressible rotating fluid with the external force F, in ro-
tating coordinates system:
%+(VV)V +2QxV =—iVP+vAV+F0 @
Po

divw =0 (2

The external force F, is divergence-free. Here Q is angular velocity of fluid rotation, v is viscosity and
P, s constant fluid density. Let us designate the characteristic amplitude of force as fy, and its characteristic
space and time scale as 4o and t, respectively.

Then F, = f,F, (%tlj We will designate the characteristic amplitude of velocity, generated by external

0
force as vq. Further we choose the dimensionless variables (t, X,V ) :

F
x—>i, t—>l, V—>l, F,>-2 P P ,
ty Vo fo PRy
2 f 2
tozﬁ, PO:VO_V, fOZVO_l/' Vo = oo
v Ao A 1%
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Then, in dimensionless variables the equation (1) takes the form:

%+R(V~V)V+D><V:—VP+AV+FO, (3)

AoV 40° 1) .
R= ,|D|:\/Ta. Where R and Ta=——— are respectively the Reynolds number and the Taylor
14 v

number on scale 4,. Further we will consider the Reynolds number as small R <1 and will construct on this
small parameter the asymptotical development. Concerning the parameter D, we do not choose any range of
values for the moment. Let us examine the following formulation of the problem. We consider the external force
as being of small scale and of high frequency. This force leads to small scale fluctuations in velocity. After av-
eraging, these rapidly oscillating fluctuations vanish. Nevertheless, due to small nonlinear interactions in some
orders of perturbation theory, nonzero terms can occur after averaging. This means that they are not oscillatory,
that is to say, they are large scale. From a formal point of view, these terms are secular, i.e., they create the con-
ditions for the solvability of large-scale asymptotic development. So, the purpose of this paper is to find and
study the solvability equations, i.e., the equations for the large scale perturbations. Let us denote the small scale
variables by X, =(X,,t,), and the large scale ones by X =(X,T). The small scale partial derivative operation

0 0 0 0 . .
PVt and the large scale ones —,— are written, respectively, as 0;,0,,V, and 0©;. To construct a
XO 0

multi-scale asymptotic development we follow the method which is proposed in [8].

3. The Multi-Scale Asymptotic Development

Let us search the solution to equations (2) and (3) in following form:

V(X,0) = W (X) % () + RYy + ROV, + R, 4o, @
P(01) = e P (X)+ oz Po () + 2 Po(X)+ R () +R(R+R(X))+ R 4R+ (5)

We introduce the slow variables X =R’x, and T =R, which lead to the following expressions for the
spatial and temporal derivatives:

ii=ai+R2vi, (6)
OX
%:at+R4aT, @
aZ 2 4
W:ajj+2R ajVj+R ajj. (8)

Using initial notation, the system of equations can be written as:
(0, +R; V' +R(8; +R*V,)(VV')+DlgyV* o
=(0,+R*V)P+(0; +2R%0,V, +R'V V' + F,
(0, +R*V, V' =0. (10)

Substituting these expressions into the initial equations (2) and (3) and then gathering together the terms of
the same order, we obtain the equations of the multi-scale asymptotic development and write down the obtained
equations up to order R* including. In the order R~ there is only one equation:

0P, =0=P,=P,(X). (11)
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Inorder R we have the equation:
0,P,=0=P,=P,(X).
Inorder R™ we get a system of equations:
W' -0, W' + DIg W =—(8,P, +V,P;) -0 W' W],
oW’ =0.
The system of equations (13) and (14) gives secular terms

-VP,=Dlg W,

(12)

(13)

(14)

(15)

which corresponds to a geostrophic equilibrium equation. In zero order R°, we have the following system of

equations:
0y — 0V +0; (Wvd +vW 1 )+ Dlgyvs =—(0,R, + VP, )+,
ovy =0.
These equations give the following secular equation:
VP,=0= P, =Const.
Let us consider the equations of the first approximation R:
oV —0;v, + Dlgy vy +0, (Wflvlj +VW +viv) )
=-v;(W'W})-(aR+VP,),
oV, + VW' =0.
Secular equations follow from this system of equations:
VW' =0,

Vi (WWh)=-v,P,

(16)

(17)

(18)

(19)

(20)

(21)
(22)

Secular equations (21) and (22) are satisfied by choosing the following geometry for the velocity field (Bel-

trami field):
W =(W7%(Z)W%(2),0); T,=T,(2);
VP, =0= P, =Const.
In the second order R?, we obtain the equations:
OV, =0 Vs =20,V vy +0, (W_‘lvzj +VW I +viv] vy ) +Dley vy
=V, (Wi +vpW 1)~ (8P +ViR),
oV, +V,v, =0.

It is easy to see that there are no secular terms in this order.

Let us come now to the most important order R®. In this order we obtain the equations:

O + O WYy —(0v5 +20,V v +V WY )+ v (W) + W ) +viv] )
+0, (W_ilv;' +VIW I+ viv +viv] iy ) +Dlgyvi =—(0,R, +V,R),

0V, +Vyv, =0.

G2

(23)

(24)

(25)

(26)



M. Kopp et al.

From this we get the main secular equation:

oW — AW +V, (\E) - VP, @7)

1
There is also an equation to find the pressure P,:

-V.P,=Dlg W' (28)
4. The Velocity Field in Zero Approximation

to calculate the Reynolds stress V, (viv; | . First of all, we have to calculate the fields of the zero approximation
v('j . From the asymptotic development in zero order we have:

It is clear that the most important is ttucluation (27). In order to obtain these equations in closed form, we need
d\Vo — 0V +W0, Vg + DVey vy =—0,R, + Fy, (29)
Let us introduce the operator DAO :
D, =8, —0; +W*a,. (30)
Using 5; , We rewrite equation (29) in the form:
DyVh + Dlgy vk =—0,P, + Fy, (31)

Pressure P, can be found from condition divV =0.

[D<a] v
=" — (32)
Let us introduce the designations for the operators:
[Dx3]
Pij = aj 6—2 (33)

and for velocities: vy =u,,v) =Vv,,V; =W,. Then excluding pressure from (31), we obtain the system of equa-
tions to find the velocity field of zero approximation:

o~

(50+§X\X)u0+(P D

w2

)v0+(l5;+Dy)w0 =F,

o~

(I5;+Dz)u0+(l5;+I5;/)vo+(PZ DX)WO:FOV, (34)

-
(PXZ - Dy)u0 +(PyZ + Dx)v0 +(DO + PZZ)WO =F.
In order to solve this system of equations we have to set the force in the explicit form. Let us choose now the
external force in the rotating system of coordinates in the following form:
Fy =0, Fy, = fo(iCosp, + jCosg, ); @ =k x—apt, @, =k, x—ayt,
k, =k,(10,0), k, =k,(0,1,0).

It is obvious that divergence and helicity of this force us equal to zero: FjrotF =0. Thus, the external force
is given in the plane (x, y), which is orthogonal to the projection of angular velocity Q.
The solution for equations system (34) can be found easily in accordance with Cramer’s Rule:

A A, A,
U, =—,V, =—, W, =—. 35
AT AT A (39)
Here A is the determinant of the system (34):
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D,+P, P,-D, P, +D

XX yX z X y

A=|P,+D, D,+P, P,-D,],

yX z X y
A =|RY D,+P, P, -D,
0 Pyz +D, D,+P,
D,+P, F P,+D,
A, =|P,+D, F' P,-D,
P.-D, 0 D,+P,

6\0+5; F |-

P,-D, P,+D, 0

Expanding the determinant, we obtain:

o~ o~

%=§R@+§ﬂ@+§y{m+q(%—qﬂq

(7 0)7+0)-(F -0 )6 e,

=(6+ 7[5+, )8+ )7 +0.)% )]
(70 J(F +0)(E ) (%0, )7 )]
{70, [[F2 <07 -0.)-(6 47 -0,

In order to calculate the expressions (40)-(43) we present the external force in complex form:

F =%(ei‘”2 +e""’2), FY =%(e""l +e’i“’1).

Then all operators in formulae (40) - (42) act from the left on their eigenfunction. In particular:

D,e'2 =e“2 D, (k,,~@, ), D =€ Dy (k;,~,),
Ae”? =2A (K, —a, ), A6 =eA(k;, )

To simplify the formulae, let us choose k, =1, @, =1, f, =1.

Now let us designate:

(36)

@)

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)
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Dy (Kp, —@,) =1-i(1-w, ) = A, Dy (k. —) =1-i(1-w,) = A, (46)

Before doing further calculations, we have to note that some components of tensors Igij(kl) and Igij(kz)
vanish. Let us write the non-zero components only:

P,(k)=D,, P,(k)=-D,, P,(k,)=-D,, P,(k,)=D,. (47)
Taking into account the formulae (45)-(47), we can find the determinant:
A(ky)= AL+ DA, Ak, )= AT+ DA, (48)
In a similar way we find velocity field of zero approximation:
eWZ
L=1"M cc, (49)
2 Ay +Dy
ipy
=M L cc, (50)
2 A’ +D?

ei§02D g
w=t o v 1€ cc. (51)
2A+Dy 2 A +D;

We note that the angular velocity D, component disappears from the expression for the velocity field of ze-
ro approximation, which is a consequence of the properties of an external force.
5. Reynolds Stress and Large Scale Instability

To close the equations (27) we have to calculate the Reynolds stresses w,u, and w,v, . These terms are easily
calculated with the help of formulae (49)-(51). As a result we obtain:

D
1D oo 1o -
2|A§+D§|

2|a} +0if
Now equations (27) are closed and take form:

D
AW, — AW, +31—V:0,

0z 2 |Ay + D2|
01 D,
oW, —AW, _Egmz

(83)

We calculate the modules and write the equations (53) in the explicit form:

D
oW, — AW, + =2 ) =0,

2‘324(1 W) [D§+Wy(2—wyﬂ
oW, —Aaw, — =2 D, _=0.
2524(1 w) [Df+wx(2—wx)]

(54)

With small W, , W, we obtain the linearized equations (54):
W - AW aW =0
oW, —A x‘“vg , =0,

5 (55)
OrW, — AW, +az, —W, =0.
Z
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_ZDy(Dj—z) :ZDX(DXZ—Z)

(4+D2) " (4+D2)

The system (55) describes the positive feedback between the components of velocity. We will look for the
solution of linear system (55) in the following form:

W, W, ~exp(yT +ikzZ). (56)

Substituting (56) in equation (55), we obtain the dispersion equation:

yzi,laxayk—kz. (57)

The dispersion equation (57) shows the existence at a,a, >~ 0 of the large scale instability with maximum
a,a
growth rate ..., =%, at the wave vector k. :% /axay. As a result of the development of instability

the large scale helical Beltrami vortices are generated in the system. When «,, <0, damped oscillations with
a frequency a, = Jaxayk arise instead of instability. In fact the behavior of y depends on how is located the

external force F;,F’ with respect to the perpendicular projections of the angular velocity of rotation and the
values of components D,,D,. If one of the component D,,D, is zero or equals to \/5 then the instability is
absent. Instability exists in the following cases:

1.D, = 2,D, ~/2;

2.D,,D, = 0,D, <+/2,D, </2;
3.D,<0,D,<0,D}>2,D? -2
4.D,<0,D,<0,D} <2,D} <2
5.D,<0,D,>=0,D?>2,D <2;0r D} <2,D} - 2;
6.D, ~0,D, <0,D} >~ 2,Df <2;0r D} <2,D} > 2;

In all other cases damped oscillations occur.

6. Saturation of Instability and Nonlinear Vortex Structures

It is clear that with increasing of amplitude nonlinear terms decrease and instability becomes saturated. Conse-
quently stationary nonlinear vortex structures are formed. To find these structures let us choose equations (54)

0 . . . . .
— =0 and integrate equations one time over Z. We obtain the system of equations:

oT
d 1 D
EWX:E41 2 DZy 2 T
; ( _Wy) +[ yl;'Wy< _Wy)] (58)
1 X
d—ZWy :—E > . 2 +C2.
4(1-w,) +[DX +WX(2—WX):|
Let’s take for this system new variables: 1-w, =u,,1-w, =u,. Then we obtain:
du, 1 D
=-= ; ! +C,,
dZ  2(DZ+1) +2(1-DZ)u? +uj
(59)
du
&, 1 D, +C,.
dz 2

(DX2 +1)2 +2(1— Df)uf +u!
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The system of equations (59) can be written in Hamiltonian form:

du, _ﬁ
dz au,
du, _oH

dz ou,

Where Hamiltonian H has the form:
H =h(D,,u,)+h(D,.u,),

X1 X

with function h(D,u):

+Cu.

h(D,u)=

2 du
27 (D?+1) +2(1-D?)u? +u*

Integral in expression (61) is calculated in elementary functions [17]. Let us choose for simplicity
D, =D, =D =1. Inthis case, the function (61) is equal to [17]:

2
h(u):i In%%wctg 2u2 +Cu.
16 u—2u+2 2—-u

The sum h(u,)+ h(uy) can be written down as one formula. Then Hamiltonian is equal to:

1, (uf+2ux+2)(uf,+2uy+2) 1 2uy(uf—2)+2ux(u§—2)
2

H 16 (uX —2ux+2)(u§—2uy+2)+ﬁ

+Cu +Cou
2 2 2 9 4 1¥x 2%y
ux+uy —Ux y ~

(60)

(61)

(62)

(63)

It is easy to construct the phase portrait of Figure 4 for Hamiltonian (63) and specific values C, =0.1,
C, =0.1. The phase portrait shows the presence of closed trajectories in the phase plane around elliptic points
and separatrices that connect hyperbolic points. It is obvious that the closed trajectories correspond to nonlinear

periodic solutions. The separatrices correspond to localized solutions of kink type.

w

N
1

0 <
) /\
=27 T T T T /l\ T

-2 -1 0 1 2 3 Wx

Figure 4. Phase plane for Hamiltonian (63) (C,=0.1, C,=0.1). We see the

presence of closed trajectories around the elliptic points and separatrices which
connect the hyperbolic points. Phase portrait is typical for Hamiltonian systems.
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7. Conclusions and Discussion of the Results

In this work we found new large scale instability in rotating fluid. It is supposed that the small scale vortex ex-
ternal force in rotating coordinates system acts on fluid which maintains the small velocity field fluctuations
(small-scale turbulence with low Reynolds number R,R «1). For the real applications this Reynolds number
should be calculated with the help of the turbulent viscosity. The asymptotic development of motion equations
by small Reynolds number allows obtaining motion equations for the large scale. These equations are of the hy-
drodynamic a-effect type, in which velocity components W,,W, are connected by the positive feedback. This
may result in the appearance of the large scale vortex instability. This instability is responsible for the formation
of large scale Beltrami vortices in rotating fluid with small scale external force. With further increase of ampli-
tude the instability stabilizes and passes to a stationary mode. In this mode the nonlinear stationary vortex struc-
tures are formed. The most interesting structures belong to a variety of vortex kinks. These kinks connect sta-
tionary hyperbolic points of the dynamical system (58).

Note that in contrast to previous work on the hydrodynamic a-effect in rotating fluid, the method enables us
to construct an asymptotic development in a natural way and to explore non-linear theory of nonlinear stationary
vortex Kinks.
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