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Abstract 
A Cauchy problem for the semi-linear elliptic equation is investigated. We use a filtering function 
method to define a regularization solution for this ill-posed problem. The existence, uniqueness 
and stability of the regularization solution are proven; a convergence estimate of Hölder type for 
the regularization method is obtained under the a-priori bound assumption for the exact solution. 
An iterative scheme is proposed to calculate the regularization solution; some numerical results 
show that this method works well. 
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1. Introduction 
Let Ω  be a bounded, connected domain in ( )1 1n n− >  with a smooth boundary ∂Ω  and assume that H is a 
real Hilbert space. We consider the following Cauchy problem of a semi-linear elliptic partial differential 
equation  

( ) ( ) ( )( )
( )
( ) ( )
( )

, , , , , , , 0 ,
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0, , ,
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u y x x y T
u x x x
u x x

ϕ

 − = ∈Ω < <


= ∈∂Ω ≤ ≤


= ∈Ω
 = ∈Ω

                 (1.1) 

where ( ):x xL D L H H⊂ →  denotes a linear densely defined self-adjoint and positive-definite operator with 
respect to x. The function ϕ  is known, and 1: nf H H−× × →   is an uniform Lipschitz continuous 
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function, i.e., existing 0k >  independent of ,w v H∈ , y∈ , 1nx −∈  such that  

( ) ( ), , , , .f y x w f y x v k w v− ≤ −                              (1.2) 

Further, we suppose ( )1n nλ ≥  be the eigenvalues of the operator xL , i.e., for the boundary value problem  

in ,
0, on ,

x n n n

n

L X X
X

λ= Ω
 = ∂Ω

                                 (1.3) 

there exists a nontrivial solution nX H∈ . And ( )1n nλ ≥  satisfy  

1 2 30 and lim .nn
λ λ λ λ

→∞
< ≤ ≤ ≤ = ∞

                          (1.4) 

Our problem is to determine ( ),u y ⋅  from problem (1.1). 
Problem (1.1) is severely ill-posed, i.e., a small perturbation in the given Cauchy data may result in a dramatic 

error on the solution [1]. Thus regularization techniques are required to stabilize numerical computations, (see [1] 
[2]). We know that, as the right term 0f = , it is the Cauchy problem of the homogeneous elliptic equations. 
For the homogeneous problem, there have many regularization methods to deal with it, (see [3]-[8]). We note 
that, these references mainly consider the Cauchy problem of linear homogeneous elliptic operator equation, but 
the literature which involves the semi-linear cases is quite scarce. In 2014, [9] considered the problem (1.1), 
where the authors used Fourier truncated method to solve it and derived the convergence estimate of logarithmic 
type. Recently, there are some similar works about the Cauchy problem for nonlinear elliptic equation, and they 
have been published, such as [10] [11]. 

In the present paper, we adopt a filtering function method to deal with this problem. The idea of this method 
is similar to the ones in [4] [5] [12] [13], etc. However, note that our method here is new and different from 
them in the above references (see Section 2). Meanwhile we will derive the convergence estimate of Hölder type 
for this method, which is an improvement for the result in [9]. 

This paper is organized as follows. In Section 2, we use the filtering function method to treat problem (1.1) 
and prove some well-posed results (the existence, uniqueness and stability for the regularization solution). In 
Section 3, a Hölder type convergence estimate for the regularized method is derived under an a-priori bound 
assumption for the exact solution. Numerical results are shown in Section 4. Some conclusions are given in 
Section 5.  

2. Filtering Function Method and Some Well-Posed Results 
2.1. Filtering Function Method 
We assume there exists a solution to problem (1.1), then it satisfies the following nonlinear integral equation 
(see [9])  

( ) ( ) ( )( )
( )( )

0
1

sinh
, cosh d ,

ny
n n n n

n n

y
u y x y f u X

λ τ
λ ϕ τ τ

λ

∞

=

 −
 = +
 
 

∑ ∫            (2.1) 

here, nX  are the orthonormal eigenfunctions for the operator xL , and  

( )( ) ( )( ), , , , , , ,n n n nX f u y f y x u y x Xϕ ϕ= =                      (2.2) 

,⋅ ⋅  is the inner product in H. 
From (2.1), we can see that the functions ( )cosh n yλ , ( )( )sinh n nyλ τ λ−  tend to infinity (as n →∞ ),  

so in order to guarantee the convergence of solution ( ),u y x , the high frequencies( n →∞ ) of two functions 
need to be eliminated. Therefore, a natural way is to use a filter function ( ), nq α λ  to filter out the high  
frequencies of ( )cosh n yλ , ( )( )sinh n nyλ τ λ−  and obtain a stable approximate solution, this is so-  

called filtering function method. 
Let δϕ  be the noisy data, and satisfying  

,δϕ ϕ δ− ≤                                        (2.3) 
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where δ  is the error level, ⋅  is the H-norm. According to the above description, for 0r > , we choose the  
filter function ( ) ( )( )( ), 1 1 coshn nq T rα λ α λ= + + , and define the following regularization solution  

( )
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∑

∫

                      (2.4) 

where, ,n nXδ δϕ ϕ= , ( )( ) ( )( ), , , ,n nf u y f y x u y x Xδ δ
α α= . 

In fact, it can be verified that (2.4) satisfies the following mixed boundary value problem formally  
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 − = ∈Ω < < +
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∑

∑
          (2.5) 

Our idea is to approximate the exact solution (2.1) by the regularization solution (2.4), i.e., using the solution 
of (2.5) to approximate the one of (1.1).  

2.2. Some Well-Posed Results 
Let 0 1α< < , 0x > , for the fixed 0 y T rτ≤ ≤ ≤ + , we define the function  

( )
( )

( )
2e, , ,

2 e

y x

T r xh y x
τ

τ
α

−

+
=

+
                                  (2.6) 

then ( ), ,h y xτ  attain unique maximum at the point 0x , and from ( )y T rτ− ≤ + , ( ) ( )T r y T rτ+ − − ≤ + , 
we have  

( ) ( ) ( )( ) ( ) ( )( )

( ) ( )

1
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1, , , , 2

2 2 ,
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T rT r T r
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− −− − − −− + ++ +

≤ = − + − −
+

≤ + + =
+

              (2.7) 

note that, when 0τ = , it can be obtained that  

( ), 2 .
y

T rh y x α
−

+≤                                       (2.8) 

Now, we prove that the problem (2.4) is well-posed (existence, uniqueness and stability for the regularization 
solution), the proof mentality of Theorem 2.1 mainly comes from the references [14], which describes the ex- 
istence and uniqueness for the solution of (2.4).  

Theorem 2.1. Let Hδϕ ∈ , f satisfies (1.2), then the problem (2.4) exists a unique solution  

[ ]( )0, ;u C T r Hδ
α ∈ + .  

Proof. For [ ]( )0, ;w C T r H∈ + , we consider the operator ( )( )G w y  defined by  
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then for [ ]( ), 0, ;w v C T r H∈ + , 1p ≥ , we can prove the following estimate is valid  

( )( ) ( )( )
( )( )

, ,
!

p

p p kC T r
G w y G v y w v

p
α +

⋅ − ⋅ ≤ −                    (2.10) 

where 
1

2Cα λ α
= , ⋅  denotes the sup norm in [ ]( )0, ;C T r H+ . 

For 1p ≥ , we firstly use the induction principle to prove  
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Note that, for 0 1α< < , from (2.7), ( ), , 2h y xτ α≤ . Meanwhile, use the basic inequalities  
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( )( ) ( )( )

( )( )
( )( )( ) ( )( ) ( )( )( )

( )( )
( )( )( ) ( )( ) ( )( )( )

( )

( )( ) ( )( ) ( )( )( )

( )( ) ( )( )( )

2

2

0
1

2

0
1

2

2

0 0
1

1

2
2

0
11

, ,

sinh
d

1 cosh

sinh
d

1 cosh

2e d d
2 e

2

n

n

ny
n n n

n n n

ny
n n

n n n

y
y y

n nT rn

y
n n

n

G w y G v y

y
f w f v X

T r

y
f w f v

T r

f w f v

y f w f v

τ λ

λ

λ τ
τ τ τ

λ α λ

λ τ
τ τ τ

λ α λ

τ τ τ τ
λ α

τ τ
λ α

∞

=

∞

=

−∞

+
=

∞

=

⋅ − ⋅

−
= −

+ +

 − ≤ − + + 
 

 
 ≤ − + 
 

 
≤ −  

 

∑∫

∑ ∫

∑∫ ∫

∑∫

( ) ( )( ) ( )( )

( )

( )

2
2

0
1

2
22

0
1

22 2

d

2 , , , , , , d

2 d

.

y

y

T r f w f v

k T r w v

k C y T r w vα

τ

τ τ τ τ τ
λ α

τ
λ α

 
≤ + ⋅ ⋅ − ⋅ ⋅  

 

 
≤ + −  

 

≤ + −

∫

∫
 

When p i= , we suppose  
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then for 1p i= + , by (2.12), it similarly can be proven that  
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By the induction principle, we can obtain that  
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hence, it is clear that  
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We consider [ ]( ) [ ]( ): 0, ; 0, ;G C T r H C T r H+ → + , and from real analysis, we know  
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There must exist a positive integer number 0p , such that 
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0 1
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it shows that the equation ( )0pG w w=  has a unique solution [ ]( )0, ;u C T r Hδ
α ∈ + . Noting that  

( )( ) ( )0pG G u G uδ δ
α α= , thus, ( )( ) ( )0pG G u G uδ δ

α α= . By the uniqueness of the fixed point of 0pG , we have 

( )G u uδ δ
α α= , so the equation ( )G w w=  has a unique solution [ ]( )0, ;u C T r Hδ

α ∈ + .                   □ 

In the following, we give and prove the stability of the regularization solution.  
Theorem 2.2 Suppose f satisfies (1.2), 1uδ

α  and 2uδ
α  be the solutions of problem (2.4) corresponding to the  

measured datum 1
δϕ  and 2

δϕ , respectively, then for 0 y T r< ≤ + , we have  

( ) ( )1 2 1 1 2, , ,
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where 
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where , ,i n i nXδ δϕ ϕ= , 1, 2i = . 

By (2.17), (2.18), (2.7), (2.8) and (1.2), we have  

( ) ( )

( )( )
( )( )

( )( ) ( )( ) ( )( )( )
( )( )( )

( )
( )( )( ) ( )

( )( )
( )( )( ) ( )( ) ( )( )( )

2

1 2
2

1 21, 2,

0
1

2

1, 2,
1

1 20
1

, ,

sinhcosh
d

1 cosh 1 cosh

cosh
2

1 cosh

sinh
2 d

1 cosh

n n nn n n y
n

n n n n

n
n n n

n n

ny
n n

n n n

u y u y

y f u f uy
X

T r T r

y
X

T r

y
f u f u X

T r

∞

=

∞

=

∞

=

⋅ − ⋅

 − −− = + + + + + 
 

≤ −
+ +

−
+ −

+ +

∑ ∫

∑

∑∫

δ δ
α α

δ δδ δ
α α

δ δ

δ δ
α α

λ τ τ τλ ϕ ϕ
τ

α λ λ α λ

λ
ϕ ϕ

α λ

λ τ
τ τ τ

λ α λ

( ) ( )
( )

( ) ( )( ) ( )( )( )

( )
( )

( )( ) ( )( )( )

2

2 2
22

1, 2, 1 20
1 11

22 22

1, 2, 1 20
1 11

2 222

1 2 0
1

2e 2e2 2 d
2 e 2 e

8 8 d

8 8

n n

n n

n

y y
y

n n n nT r T r
n n

yy
y

T r T r
n n n n

n n
y y

y
T r T r

y f u f u

y f u f u

k y

−∞ ∞

+ +
= =

−∞ ∞− −
+ +

= =

− −
+ +

   
≤ − + −      + +   

≤ − + −

≤ − +

∑ ∑∫

∑ ∑∫

∫

λ λ τ
δ δ δ δ

α αλ λ

τ
δ δ δ δ

α α

δ δ

ϕ ϕ τ τ τ
λα α

α ϕ ϕ α τ τ τ
λ

α ϕ ϕ α
λ

( ) ( )
2

2

1 2, , d .T r u u+ ⋅ − ⋅
τ

δ δ
α αα τ τ τ

 

Subsequently,  

( ) ( ) ( ) ( ) ( )
22 2

2 2 2

1 2 1, 2, 1 20
1

, , 8 8 , , d ,
y

y
T r T r

n n
k T r

u y u y u u
τ

δ δ δ δ δ δ
α α α αα ϕ ϕ α τ τ τ

λ
+ +

+
⋅ − ⋅ ≤ − + ⋅ − ⋅∫  

using Gronwall’s inequality [15], we have  
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            (2.19) 

then from the above inequality (2.19), the stability result (2.16) can be obtained.                         □ 

3. Convergence Estimate 
In this section, under an a-priori bound assumption for the exact solution a convergence estimate of Hölder type 
for the regularization method is derived. The corresponding result is shown in Theorem 3.1.  

Theorem 3.1. Suppose that f satisfies the uniform Lipschitz condition (1.2), and u given by (2.1) is the exact 
solution of problem (1.1), uδ

α  defined by (2.4) is the regularization solution, the measured data δϕ  satisfies 
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(2.3). If the exact solution u satisfies  
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, 1C  is given in Theorem 2.2.  
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For 0 y T≤ ≤ , we get  

( ) ( ) ( ) ( )
2 22

2 22 2
0

1

, , 8 8 , , d ,
y

y
T r T rk Tu y u y E u u

τ

α αα α α τ τ τ
λ

+ +⋅ − ⋅ ≤ + ⋅ − ⋅∫              (3.6) 

use Gronwall’s inequality [15], it can be obtained that  

( ) ( )
2

1

82 2
2 2 2

1

8, , 8 1 e ,
k Tyy

T r k Tyu y u y E λ
αα α

λ
+

 
 ⋅ − ⋅ ≤ +
 
 

 

thus  

( ) ( )
1

2, , .
y

T ru y u y Cα α
−

+⋅ − ⋅ ≤                                (3.7) 

From (3.2), (3.4), (3.5), (3.7) and (2.3), we can obtain the convergence result (3.3).                    □ 

4. Numerical Experiments 
In this section, we verify the accuracy and efficiency of our given regularization method by the following 
numerical example  

( ) ( )
( ) ( )
( )
( ) ( )

cos , , 0 π, 0 1,
0, , 0 π,
0, 0, 0 π,
,0 ,π 0, 0 1,

yy xx

y

u u u g y x x y
u x x x
u x x
u y u y y

ϕ
 + = + < < < <
 = ≤ ≤
 = ≤ ≤
 = = ≤ ≤

                     (4.1) 

here we take ( )0,πΩ = , ( )2 0,πH L= , 
2

2xL
x
∂

= −
∂

, then 2
n nλ =  and ( ) ( )2 sin

πnX x nx= . 

It is clear that ( ) ( )( )2, π 2u y x x x y= − +  is an exact solution of problem (4.1), thus  
( ) ( ) ( ) ( )( )( )2 2, 2 π 2 2 cos π 2g y x x x y x x y= − + + − − + , ( ) ( ) ( )0, 2 πx u x x xϕ = = − . We choose the measured  

data as ( ) ( ) ( )( )1 2 1x x xδϕ ϕ ε= + − , where ε  is an error level, and  

( ) ( )
2

1 2
2

0

π: .
N

ii iiL
ii

x x
Nδ δδ ϕ ϕ ϕ ϕ

=

 = − = − 
 

∑                         (4.2) 

Let 0 10 1My y y yµ= < < < < < = 
 for 0,1, 2, , Mµ =  , the regularization solution ( ),u y xδ

α µ  with  

y
Mµ
µ

=  can be computed by the following iteration scheme  

( ) ( ) ( ) ( ) ( )1, 2, ,, sin sin 2 sin ,mu y x v x w x w x w mxδ
α µ µ µ µ µ= = + + +                (4.3) 

here 
( )( )
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, 1 cosh 1

j
j

a
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j r
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µ α
=

+ +
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j
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j
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j
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µ
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µ
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( ) ( ) ( ) ( )( ) ( ) ( )π
0 0

21 2 1 , sin d .
πjv x x x x x jx xδ δ δϕ ϕ ε ϕ ϕ= = + − = ∫                 (4.5) 

For a fixed 0 1y< ≤ , in order to make the sensitivity analysis for numerical results, we define the relative 
root mean square error between the exact and approximate solutions as  

( )
( ) ( )( )

( )( )

2

0

2

0

1 , ,
.

1 ,

N

ii ii
ii

N

ii
ii

u y x u y x
Nu

u y x
N

δ
α

ε =

=

−
=

∑

∑
                            (4.6) 

We adopt the above given algorithms to compute the regularization solution at y
Mµ
µ

=  with 50M = ,  

for 1, 2, , , 1, , 4.M j mµ = = =   Taking 0.5,r =  for 0.001,0.005,0.01,0.05,ε =  the numerical results   
for ( ),u y ⋅  and ( ),u yδ

α ⋅  at 0.6,1y = , ( )30,50µ =  are shown in Figure 1 and Figure 2, respectively. For 
0.00001,0.0001,0.001,0.01,0.05ε = , the relative root mean square errors for the various error levels ε  and 

regularization parameters α  at 0.6,1y =  are shown in Table 1. In the computational procedure, the regulari- 
zation parameter α  is chosen by (3.2), and α δ=  is computed by (4.2). 

From Figure 1 and Figure 2 and Table 1, it can be observed that our regularization method is effective and 
stable. Meanwhile we note that the smaller ε  is, the better the calculation effect is. Table 1 shows that the 
numerical results become worse when y approaches to 1, which is a common phenomenon in the computation of 
ill-posed Cauchy problems for the elliptic equation. 

 

  
(a)                                                       (b) 

  
(c)                                                       (d) 

Figure 1. Exact and regularized solutions at 0.6y = . (a) 0.001=ε ; (b) 0.005ε = ; (c) 0.01ε = ; (d) 0.05ε = .                  



H. W. Zhang, X. J. Zhang 
 

 
1608 

  
(a)                                                       (b) 

  
(c)                                                       (d) 

Figure 2. Exact and regularized solutions at 1y = . (a) 0.001ε = ; (b) 0.005ε = ; (c) 0.01ε = ; (d) 0.05ε = .                     
 

Table 1. The relative root mean square errors for various ε  and the regularization parameters α  at 0.6,1y = .                   

ε  0.00001 0.0001 0.001 0.01 0.05 

α  1 8303e−06 1 8303e−05 1 8303e−04 0 0018 0 0092 

( )0.6 uε  0 0087 0 0088 0 0094 0 0284 0 1036 

( )1 uε  0 0094 0 0095 0 0105 0 0290 0 1111 

5. Conclusion  
We use a filtering function method to solve a Cauchy problem for semi-linear elliptic equation. The results of 
the well-posedness for the approximation problem are given. Under the a-priori bound assumption, the conver- 
gence estimate of Hölder type has been derived. Finally, we compute the regularization solution by constructing 
an iterative scheme. Some numerical results show that this method is stable and feasible. 
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