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Abstract

In this paper, we developed a new continuous block method by the method of interpolation and
collocation to derive new scheme. We adopted the use of power series as a basis function for ap-
proximate solution. We evaluated at off grid points to get a continuous hybrid multistep method.
The continuous hybrid multistep method is solved for the independent solution to yield a conti-
nuous block method which is evaluated at selected points to yield a discrete block method. The
basic properties of the block method were investigated and found to be consistent, zero stable and
convergent. The results were found to compete favorably with the existing methods in terms of
accuracy and error bound. In particular, the scheme was found to have a large region of absolute
stability. The new method was tested on real life problem namely: Dynamic model.
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1. Introduction

In this paper, we considered the method of approximate solution of the general second order initial value
problem of the form

y'=f(xy.y), y@)=y, y(a)=p5 @
where X, , is the initial point, y, isthe solutionat x,, f is continuous within the interval of integration.
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Equation (1) is of interest to researchers because of its wide application in engineering, control theory and
other real life problem, hence the study of the methods of its solution. Hence, authors proposed methods with
different basis functions and among them are [1]-[9] to mention a few.

Block method was later proposed. This block method has the properties of Runge-kutta method for being
self-starting and does not require development of separate predictors or starting values. Among these authors are
[10]-[12]. Block method was found to be cost effective and gave better approximation.

In this paper, we propose a new one-twelfth step continuous hybrid block method for the numerical inte-
gration of second order initial value problems with constant step-size which is then implemented in block
mode.

The paper is organized as followed: Section 2 considers the mathematical formulation of the method. Section
3 considers the analysis of the basic properties of the method. Section 4 considers the Region of absolute
stability of our method. Section 5 considers the application of the derived method to solve some second order
Ordinary Differential Equations and conclusion.

2. Mathematical Formulation of the Method

We consider the simple power series as a basis function for approximation:

r+s-1

Y(x)= éaj@(x), )

where ¢, (x)=x
And xe [a, b] , a;’s are coefficients to be determined and is a polynomial of degree r+s—1. We construct
a k-step collocation method (MCM) by imposing the following conditions on (2)

Y (Xoei )= Youjr J=01,2,,7 -1 3
Y"(xnﬂ):fnﬂ,j:0,1,2,...,5_1 @

Substituting (1) into (4) gives
oy y)=2i(i-1)ax™ 5)

We shall consider a step-length of k :% with a constant step-size h= %

Interpolating (3) at x=x,,x , and collocating (4) at x=x,,X ,,Xx ,,X ,,X , givesa system of non-
n+— n+—  nN+—  N+—  N+—

linear equation of the form 48 8 24 16 12
AX =B (6)

where A=[a;,a,a,,8,3,,8,8] ,B=|V,Y 1+ f0f o, f ., f ., f | and

n+— nN+— N+— N+—
48 48 24 16 12
B 2 3 4 5 6
Xn Xn Xn Xn Xn Xn
2 3 4 5 6
1 x, x, X, X" X X
n+— — n+— n+— n+— n+—
48 48 48 48 48 48
0 0 2 6x,  12x*  20x®  30x’

X = s ne e e
0 0 2 6x , 12x*, 20x°, 30x*,

n+— n+— n+— N+—

24 24 24 24

0 0 2 6x , 12x*, 20x*, 30x‘,

ne— n+— n+— ne—

16 16 16 16

0 0 2 6x , 12x*, 20x°, 30x*,

n+— n+— n+— n+—

12 12 12 12
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Solving (6) for the a;’s and substituting back into (3) and after much algebraic simplification, we obtained

=Y,
e L 2 U A . L +a8y , ~a8y,
128 wLi 11520 ol 17280 el 23040 nl 69120 =1
a2=5h2fn
a, =320 | —24h°f | +2K2f | -an’f O )
e e n+E M 3
a, =280h°f +88h?f , —448h2f | +912h°f , —832h*f
s g e "
a5=41472h fl _55296h 2 1 +32256h2f 1_6912hZf 1_2304h2fn
5 N+ n+— n+— n+—
48 24 16 12
oo ATASS o 221184, 147456, 36864, 36864,
5 n+— n+— n+— n+—
48 24 16 12
where
X=X, dg 1
- R 8
a=— T )]
1 1
Evaluating (2) at q=—, —and— gives the main method below,
24 16 12
y | =-Y,+2y 1—#h2f 1+;h2f 1+Lhzfn+m+ 19 h*f, + 17 h*f . (9)
e i 552960 o nl 138240 ni 276480 552960 46080 nii
VR IV VS SCY RS SUCY S A ' S Y S Y S To)
ek i 184320 el 17280 nl 92160 nel 552960 1280 nk
TR VItV A SRS = SCP L LAY S Sy S L CT)
e ns 276480 o 23040 e 46080 ;10240 69120 n;
The Predictors are expressed as follows:
hy, = L e 2 LI L _ 29 ey L T hey . _ 307 e f, +48y 2 - 48y, (12)
128 ni 11520 el 17280 el 23040 nel 69120
hy' | =—Lh2f N —hzfn—ihzf . +ih2f 1 +ih2f , +48y |, —48y, (13)
n*@ 69120 n+ﬁ 512 11520 ”*ﬂ 720 n+ﬁ 4320 ”*ﬁ n*@
hy | = bt el g el g B3 ey 30 e agy _agy (1)
L 713824 nel 69120 3840 i 17280 i 17280 nek  nk
hy' , U L 119 h*f + 263 1, L +ih2f . +ih2f , +48y | —48y, (15)
wl 23040 vl 69120 11520 nl 108 i 160 nk o nek
hy | =209 pop 3 g, 30 g (101 L ST oy L +48y , 48y,  (16)
i 69120 il 2560 2304 vk 5760 ni 17280 mk Vml

Formation of the Block for One-Twelfth Step Block Method
The combination of Equations (9), (10), (11) and (12), yield the block of the form
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Yl Y L]
L oo o], 000 1] "z
010 0| ™| (000 1||Y,2
= 24
0010y, ,| 0001,
n+— 1
0001 *| |o0 o0 1| "=
Vi Y,
12
1 47 29 7 - .
6144 552960 829440 1105920 || nk
11 1 1 .
L pz| 1440 6912 12960 69120 || ™
13 3 1 1 f,
10240 20480 6144 40960 15
I L "l
| 540 2160 1620 ]
000 0 ¢ 1 (000 1 iy
3317760 || T 1 48 || Y 1
12 12
000 —2 f 000 - Y
h 201360 il 214 =
000 fy 000 —|Y.
122880 || "4 16 || "
000 —|Lh] Jooo 1LVl
L 12960 | i 12
Writing (17) explicitly gives
y 1:yn+ih2f L= A7 peg 1+ih2f L - T ey L+ 367 hzfn+ihy;
I 6144 s 552960 nen 829440 nl 1105920 n+b ' 3317760 48
y ., :yn+ih2f 1—Lh2fwz4+ih2f 1—Lh2f L+ 53 hzf,14rihyr’1
s 1440 0l 6912 12960 n- 69120 neb 207360 24
VRSV S BCP N P S Y . PR
= 10240 w5 20480 i 6144 i 40960 s 122880 16
1 1 1 7 1
=y +—h’f | +——h*f | +——h’f | +———h’f +—hy’
o T e i Tote0 " ik T1e20 ek T120600 P12 00

12 48 24 16

Substituting (18) into (13)-(16) gives the following Block-Predictor as follows

y' :—323 hf _ hf | + 53 hf |, — 19 hf +—251 hf, +y;
ns 17280 o 1440 o 17280 o 34560 ;34560
VAP I~ S S S ™ S S S
nl 1080 ni 180 nl 1080 i 4320 el 4320
VDL~ S S S S S ™ . Y S
”*E 640 ”*ﬁ 160 ”*E 640 ”*E 1280 ”*E 1280
4 1 4 7

7
" =——Nf +—nhf +—nhf +——nf +——nhf +Vy
Yot T135 nt Too et T135 nit T1080 net T1080 Y

12 48 24 16 12

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)
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3. Basic Properties of One-Twelfth Step Method
3.1. Order and Error Constant of the Block
Let the linear operator defined on the method be é[ ( h] Where,
k .
A[y(x);h]=AC, }:( ) F—h® [ f (y,)+bF (Y,)], (26)

i=0
Expanding the form Y, and F(Y, ) in Taylor series and comparing coefficients of h, we obtained
A[y(%);h]=Coy(X)+Cihy’ (X)++-+ChPy (x)+C  hPHy P (X)+C, 0P 2y P2 (X) 4+

Definition: The linear operator and the associated block method are said to be of order p if
C,=C,=---=C,=C,,=0,C,,#0. C,,, is called the error constant. It implies that the local truncation

error is givenby T, C hP*2yP*?(x )+O(h‘”3).

p+2
Expanding the block in Taylor series expansion gives

1 ]
w(?sj- 1., 367 ,oeh?l o1 1Y a4 (1Y 29 (1Y 7 1Y)
D e Gl Al Wy -2 |- (—J— - - = - =
=L 48 3317760 “ j1| 6144\48) 552960\ 24) 829440(16) 1105920(12
1 j
(ﬂj y y—ihy 53 hzy"—ihHZ _1(1Jj_1[1jj+ 1 (1]i+ 1 (1)j
=R " 207360 " % j!| 1440\48) 6912\24) 1296016/ 69120(12 @7)
(&)
Ej- 1., 49 , &hi?| 13 o3 1Y o1 1y o1 (1Y
Yo = Yo —=hy, - h?yy =2 - ( j—if - = - =
! 122880 - 10240\ 4 20480\ 24 ) 6144\16) 40960\ 12
)
wﬁj 1 7 z, hi*2 1(1}1' 1(1}1 1(1]1
——h ' hiy - SO (o R N et U B el
% j! Yo~ n Vi 12960 " " Jzo j!{ 540\ 48) 2160\ 24) 1620\16
Comparing the coefficients of h, the order of the block isp =5

107 1 1 1 T
5917648890101760 ' 23115815976960 '14611478740992 '11557907988480

oo"“

With error constant C,__, :{

3.2. Consistency

In numerical analysis, it is necessary that the method satisfies the necessary and sufficient conditions.
A numerical method is said to be consistent if the following conditions are satisfies
1) The order of the scheme must be greater than or equal to 1 i.e. p>1.

3) p(r)=p'(r)=0.

4) p"(r)=2lo(r).
where, p(r) and o(r) are the first and second characteristics polynomials of our method. According to [3],
the first condition is a sufficient condition for the associated block method to be consistent. Our method is order

p =5. Hence it is consistent.
3.3. Zero Stability of the Method
The general form of block method is given as
Ay = Aly -+hm[ Wy +BOY ] (28)

Applying (22)-(25) to (26) gives
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H:AA(O) _ A(i):” -l

o o o
o o r o
o - O o
==
|
o o o o
o o o o
o o o o
e
I
o

A*-2*=0,4=0,0,0,1

Since no root has modulus greater than one and |/1| =1 is simple, the block method is zero stable in the
h—0.

4. Region of Absolute Stability of the Block Method

According to Areo and Adeniyi [12], we express this stability matrix

M(z)=V +zB(M —zA) U (29)
together with the stability function
p(n.2)=det(n1 -M(2)) (30)
Hence, we express the block method (18) in form of
Y A U 1 h*f(y)
=== === === === (31)
Yi+1 B \ Y|—1
0 0 0 0 0 ]
367 1 AT 29 T
3317760 6144 552960 829440 1105920
53 1 1 1 1
A=| 207360 1440 6912 12960 69120
49 13 3 1 1
122880 10240 20480 6144 40960
o1 0
L 12960 540 2160 1620 J

) 01
367 1 47 29 7 01
- - 01
5_|3317760 6144 552960 829440 1105920 | ., _ U-lo 1
7 1 1 1 01 01
| 12960 540 2160 1620
01
T g
Y.L o
48 48
y
y f yn+ 1 n+—
Y= n+% f(y): ”+% Y= 8| Y= 48
f y Vit
Y.L ol " "i
16 16
32
y f (32)
n+E_ n+E

The elements of the matrices A, B, U and V are substituted and computing the stability function with Maple
software yield, the stability polynomial of the method which is then plotted in MATLAB environment to
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produce the required absolute stability region of the methods, as shown by the figure below
The graph Figure 1 shows that our method is A-Stable and the plot covers a large region of the complex
plane zeC".

5. Implementation of the Method

In this section, we discuss the strategy for the implementation of the method. In addition, the performance of the
method is tested on some modeled examples of second order initial value problems in Ordinary Differential
Equations. Absolute error of the approximate solution are then compared with the existing methods. In particular,
the comparison are made with those proposed by Awoyemi et al. and Ehigie et al.

Discussion of the results of the methods are also done here.

5.1. Numerical Experiments

The method is tested on some numerical problems to test the accuracy of the proposed methods and our results
are compared with the results obtained using existing methods.
The following problems are taken as test problems:

5.2. Implementation of the Method

5.2.1. Dynamic Problem
A 10-kg mass is attached to a spring having a spring constant of 140 N/m. The mass is started in motion from
the equilibrium position with an initial velocity of 1 m/sec in the upward direction and with an applied external
force F(t)="5sint. Find the subsequent motion of the mass if the force due to air resistance is —90xN.

It follows from Newton’s second law

mx =—kx —ax+ F (t) (33)
or
X+3X+£x:w (34)
m m m

If the system starts at t = O with an initial velocity v, and from an initial position x,, we also have the
initial conditions.

500 f T T T T T !
400 -
300 -
200
100 |

0,

Im(z)

-100 |
-200
_3()()_........;.....

-400 -

-500 i i I i i i
-1400 -1200 -1000 -800 -600 -400 -200 0 200
Re(z)

Figure 1. Region of absolute stability of our method.
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x(0)=x,, X%(0)=v, (35)
Now if m=10,k=140,a=90 and F(t)=5sint. The equation of motion, (28) becomes

X+9>’(+14x:%sint (36)

Applying the initial conditions x(0)=0 and %(0)=-1 to (30), we use the maple function
dsolve{{i&(t)+9>’<(t)+14x(t):%sin(t),x(o):o,x(o):— }] (37)

We get the exact solution

9 L, 99 ., 9 13 .
t)=——e —e " ———cos(t)+——sin(t 38
X( ) 50 +500 500 ( )+500 ! () (38)

Note that the exponential terms, which come from the homogeneous solution represent an associated free
overdamped motion, quickly die out. These terms are the transient part of the solution. The terms coming from
the particular solution however, do not die out at t — oo ; they are the steady-state part of the solution.

5.2.2. Problem 2
y'—y'=0, y(0)=0, y'(0)=-1 h=01 (39)
Exact solution: y(x)=1-exp(x).
5.2.3. Problem 3
y"-100y =0, y(0)=1, y'(0)=-10, h=0.01 (40)
Exact solution: y(x)=exp(-10x).
5.2.4. Problem 4
y"+y=0, y(0)=1=y'(0), h=01 (41)

Exact solution: y(x)=cos(x)+sin(x).

5.2.5. Problem 5

y'—x(y')’ =0, y(0)=1, y’(0)=%, h=0.003125 (42)
Exact solution: 1+1In(ﬂ}
2 2—X
5.2.6. Problem 6
(y') (n’j 1 3
"_ ) , — ==, "(16) = — 43
yzyyy64y(n)2 (43)

Exact solution: y(x)=sin’x.

6. Conclusion

We have proposed a new one-twelfth step hybrid block method for the numerical solution of second order initial
value problems of ordinary differential equations in this paper. The method is consistent, convergent and zero
stable. The method derived efficiently solved second order Initial VValue Problems as can be seen in the low error
constant and hence better approximation than the existing methods as can be seen in Tables 1-6. We have
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Table 1. Result of test problem 1.

X-value
0.10000000
0.20000000
0.30000000
0.40000000
0.50000000
0.60000000
0.70000000
0.80000000
0.90000000
1.00000000

Exact Result
—0.064362051546
—0.084307205226
—0.084052253134
—0.075293042133
—0.063570639604
—0.051421170694
—0.039930529564
—0.029498658628
-0.020212691313
-0.012026994254

Computed Result
—0.064362064290
—0.084307235669
—0.084052294635
—0.075293087518
—0.063570683902
—0.051421211160
—0.039930565039
—0.029498688913
—0.020212716720
—0.012027015325

Error in our Method
1.274442¢-08
3.044226e-08
4.150135¢—08
4.538448e—08
4.429806e—08
4.046609¢—08
3.547450e—08
3.028463e—08
2.540758e—08
2.107144e—08

Table 2. Result of test problem 2.

X-value Exact Result Computed Result Error in our Method Error in Ehigie [12]
0.00000000 0.000000000000 0.000000000000 0.0000000000 0.00E+00
0.10000000 —0.105170918076 —0.105170914197 3.878669¢—09 3.38E-04
0.20000000 —0.221402758160 —0.221402741657 1.650316e—08 7.95E-04
0.30000000 —0.349858807576 —0.349858767673 3.990346¢-08 1.40E-03
0.40000000 —0.491824697641 —0.491824622047 7.559449¢-08 2.16E-03
0.50000000 —0.648721270700 —0.648721144076 1.266245e-07 3.13E-03
0.60000000 —0.822118800391 —0.822118604536 1.958546e—07 4.33E-03
0.70000000 —1.013752707470 —1.013752421828 2.856427¢—07 5.79E-03
0.80000000 —1.225540928492 —1.225540528183 4.003098e—07 7.56E—03
0.90000000 —1.459603111157 —1.459602566974 5.441831e-07 9.70E-03
1.00000000 —1.718281828459 —1.718281106834 7.216251e-07 1.22E-02

Table 3. Result of test problem 3.

X-value

0.00000000
0.01000000
0.02000000
0.03000000
0.04000000
0.05000000
0.06000000
0.07000000
0.08000000
0.09000000
0.10000000

Exact Result

0.0000000000000000
0.9048374180359596
0.8187307530779818
0.7408182206817173
0.6703200460356393
0.6065306597126341
0.5488116360940276
0.4965853037914099
0.4493289641172210
0.4065696597405976
0.3678794411714401

Computed Result

0.0000000000000000
0.9048374180377620
0.8187307530850245
0.7408182206971640
0.6703200460624931
0.6065306597537941
0.5488116361518505
0.4965853038687461
0.4493289642167549
0.4065696598649566
0.3678794413234651

Error in our Method

0.000000+00
1.802336e—12
7.042700e—-12
1.544664e—11
2.685374e—11
4.115996e—-11
5.782286e-11
7.733625e—11
9.953394e-11
1.243591e-10
1.520249e-10

Error in Ehigie
Ey(7/4) [12]

0.00E+00
4.08E-06
8.21E-06
1.24E-05
1.67E-05
2.12E-05
2.59E-05
3.09E-05
3.62E-05
4.18E-05
4.79E-05
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Table 4. Result of test problem 4.

X-value
0.000000
0.100000
0.200000
0.300000
0.400000
0.500000
0.600000
0.700000
0.800000
0.900000
1.000000

Exact Result
0.000000000000
1.094837581925
1.178735908636
1.250856695787
1.310479336312
1.357008100495
1.389978088305
1.409059874522
1.414062800247
1.404936877898
1.381773290676

Computed Result
0.000000000000
1.094837581922
1.178735908611
1.250856695772
1.310479336286
1.357008100457
1.389978088254
1.409059874458
1.414062800169
1.404936877807
1.381773290574

Error in our Method
0.000000e—00
3.099965e—12
2.533729¢—-11
1.497313e-11
2.533840e—-11
3.748513e—-11
5.069922¢—-11
6.442646e-11
7.796741e—11
9.066370e—11
1.018543e-10

Error in Ehigie Ey(7/4) [12]
0.00e—00
4.25e-06
8.46e—06
1.26e—05
1.66e—05
2.04e-05
2.40e-05
2.74e-05
3.06e—05
3.34e-05
3.59e—05

Table 5. Result of test problem 5.

X-value Exact Result Computed Result Error in our Method Error in Awoyemi et al. [6]
0.00000000 0.000000000000 0.000000000000 0.000000e—00 0.0000e—00
0.10000000 1.050041729278 1.050041729278 3.086420e—14 2.6070e—13
0.20000000 1.100335347731 1.100335347731 2.420286e—13 1.9816e—09
0.30000000 1.151140435936 1.151140435936 8.442136e—13 6.5074e—09
0.40000000 1.202732554054 1.202732554052 2.102762¢e—12 1.5592e—-08
0.50000000 1.255412811883 1.255412811879 4.368728¢—12 3.1504¢-08
0.60000000 1.309519604203 1.309519604195 8.227641e-12 5.6374e—08
0.70000000 1.365443754271 1.365443754257 1.439715¢-11 9.6164¢—08
0.80000000 1423648930194 1.423648930170 2.408451e—11 1.5686e—08
0.90000000 1.484700278594 1.484700278555 3.921441e-11 2.4869e—08
1.00000000 1.549306144334 1.549306144271 6.294920e—11 3.8798e—08

Table 6. Result of test problem 6.

X-value Exact Result Computed Result Error in our Method Error in Ehigie Ey(7/4) [12]
0.52401544 0.250360930682 0.250360930682 1.515454e-14 000e—00
0.53401544 0.259074696912 0.259074696917 4.695411e-12 1.66e—09
0.54401544 0.267884830052 0.267884830070 1.825978e—-11 4.70e—08
0.55401544 0.276787806164 0.276787806205 4.093692e-11 3.09e-07
0.56401544 0.285780064178 0.285780064251 7.270995e-11 5.45e-07
0.57401544 0.294858007310 0.294858007424 1.141097e-10 8.65e-07
0.58401544 0.304018004504 0.304018004668 1.646641e-10 1.28e—06
0.59401544 0.313256391883 0.313256392108 2.249845e-10 1.79e—06
0.61401544 0.331953526392 0.331953526767 3.750489e-10 2.42e—06
0.62401544 0.341404794918 0.341404795382 4.646992e—-10 3.17e-06

also applied our method to the dynamic problem and the result is as displayed in Table 1.
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