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Abstract

The main objective of this paper is to provide the tool rather than the classical adjoint representa-
tion of Lie algebra; which is essential in the conception of the Chevalley Eilenberg Cohomology. We
introduce the notion of representation induced by a 2 - 3 matrix. We construct the corresponding
Chevalley Eilenberg differential and we compute all its cohomological groups.
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1. Introduction

This work is included in the domain of differential geometry which is the continuation of infinitesimal calcula-
tion. It is possible to study it due to the new techniques of differential calculus and the new family of topological
spaces applicable as manifold. The study of Lie algebra with classical example puts in place with so many ho-
mological materials [1]-[3] (Lie Bracket, Chevalley Eilenberg Cohomology...). The principal objective of this
work is to introduce the notions of deformation of Lie algebra in the more general representation rather than the
adjoint representation.

This work is base on 2 - 3 matrix Chevally Eilenberg Chohomology representation, in which our objective is
to fixed a matrix representation and comes out with a representation which is different from the adjoint repre-
sentation. Further, given a Lie algebra V, W respectively of dimension 2 and 3, we construct a linear map that
will define a Lie algebra structure from a Lie algebra V into EndW by putting the commutator structure in
place.
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This does lead us to a fundamental condition of our 2 - 3 matrix Chevalley Eilenberg Cohomology. We com-
pute explicitly all the associated cohomological groups.

2.2 - 3 Matrix Representation Theorem

We begin by choosing V to be a 2-dimensional vector space and W a 3-dimensional vector space, then we called
our cohomology on a domain vector space V and codomain W a 2 - 3 matrix Chevalley Eilenberg Cohomology.
In what follow, we denoted for all ieN by C' (V,W) the space of i-multilinear skew symmetric map on V

with valor in W; we also denoted by (e, )iZ:1 and (w, )iil

that p:V — End (W) is arepresentation of the Lie algebra (V, ) where  is the associated Lie structure.

respectively the basis of V and W. We also suppose

2.1. Description of Cochain Spaces

Since element of 4 of C'(V,W) skew symmetric, then for all k e{1,2}, we have u (e.e )=0 [4]. Let
xeV and weW ,wehave x=Cg +C,e, and w=Cw +Ciw’+C,w*, where C,C,,C;,C;,CleK.

4, €C°(V,W) implies that ,uOZ(Wl,WZ,Wg). w eCHV,W) iff 4 :V —>W isalinear map.
Then,
w4 (X)=14(Cie +Coe,)
=Cy (&) +Co(e,), where g (g)=Clw +C’w* +Cw*,i=1,2
3 , 3 )
=C Y Ciw +C,> C’w,

i=1 i=1
=C! (Cllw1 +Cw’ +Cow* )+ C? (wal +CIw? + C32W3).

Lemma 1: Ifthe dimV =2 and dimW =3, then C'(V,W)=M,,(K).
Proof. Since 14 € C*(V,W) then,

14 (x)=CH(Ciw' + Cow’ + Cow* )+ C* (Cow! + Cow’ + Cw’).
Thus, we define an isomorphic map i, from C,(V,W) to M,,(K) as follows;
C, C!
i (m(x))=|C; CZ|. O
C; C;
u, € C? (V,W) iff u,:VxV —W isbilinear and antisymmetric map; then
Hy (X’ Y) =My (Cllel +Cpe,,Cre + szez)

=1 (Cllel’ CZlel) + i (Cllell Cpe, ) + i (C1zez ' CZlel) T (Clzez ; szez)

=CyCyost, (8,6 )+C,Chrtt, (€,,8,)+Cp,Cou 1, (€5, ) +C1,Coott5 (5, 8,)

=(CuCyp —CCy ) 1y (8118,)

3
= (Cnczz - C12C22 )quzwk

[EN

K
=(CuCy, —Cy,Cy) )(Cllza)l +CL0" +Cha’ )

Lemma2: If dimV =2 and dimW =3 then C?(V,W)=M,,(K).
Proof. From the expression of an element x, in C*(V,W) from above, 1, can be represented as a
Cy,
column matrix | CJ, | of the lie constant structures. O
o
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1, €C¥(V,W) iff 1,:V xV xV >W isatri-linear and skew symmetric map,
then

2 (X, Y, Z) =H, (Cllel +C8,,Cpe +Cp8,, Cypy + Cszez)
#5(C1181,Cpi€ +Co8y, Ci +Ci, ) + 45 (Cy08,, C8, +C i, Cory +Ciiy )
15 (Ci8, Cpie, Cyre +Cone, ) + 145 (Cpi, Cpy, Ciie + Coy )
+ 115(C1,8,,Cp8,Cyr; + Cip, ) + 115 (C 1085, C o8y, Core +Ci8, )
= 5 (C118,,C8;,Ci€, ) + 143 (C11€, Ci81, Cio8; ) + 15 (Cra€1, i, Cily)
+ i (ClZeZ 1C18,Cy8y ) T (Clzez 1Ca08s) Cllel) + i (C12e2 1C528,,Co08, )
+113(C1,8,,Cy8,,Cyiey ) + 145 (C18, C08,, Cir8,)
=C;,C,iCoutts (e1,6,,8)+C,C,Coy (8y,818,)
+C,,C,,Cau1t5 (81, 8,,€ ) +C1,C,,Cot5 (8,85, 8,)
=C,CCoutts (ez &, e1) +C1,CoCoptts (ez €6 )
+CpCCot (ez 1€ el) +C,CCott (ez 1€, €, )
=0

since u, is a linear anti-symmetric mapping.
Lemma3: If dimV =2 and dimW =3 then C*(V,W)=0.
Proof. Since for every u;, € C*(V,W), we have that z, =0 from the expression of z, above. O

2.2. Diagram of a Sequence of Linear Maps

According to the above results, we have the following diagram where we shall identify and define d° d*,d?
and iy,i,,i, inorder to contruct our 2 - 3 Matrix Chevalley-Eilenberg Cohomology.

0 2
0o - W 4 oww & cvw) & oo

ol S Bl
0 = W B Mpe® B Maa® B 0
Expression of d° [1] [4]:
d®:w —>CH(V,W)
w d°w:V >W
vie dw(v)=p(v)w
Expression of d' [1][4]:
d*:C'(V,W)—>C?*(V,W)
d'a(x,y)=0da(xy), forallainC'(V,W)
=xa(y)-ya(x)-a(u(xy))
=p(X)a(y)-p(y)a(x)-a(u(xy))
Expression of d? [1][4]:
d?:C(V,W)—0
d’a(x,y,z)=6a(x,y,z), forallain C*(V,W)
=xa(y.z)-ya(z,x)+za(xy)-a(u(xy).2)
car((2).y)-a((y.2).%

=0,
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since d? is mapped to the zero space. A direct computation, give us [1]
d*od*=0
Definition of i, :
Io :W —>W
ip (W)=w, YweW
i.e i, Iisthe identity mappings from W to W.
Definition of i;:
i, :CH(V,W)—> M, (R)
C C
i (1m(x))=|C; C |,
C; C
which is the matrix of o, C{eR, i=12 and j=123.
Definition of i, :
i, :C*(V,W)—> M;,(R)
Ch
I, (,Uz (el’EZ)) = C122 ,
Co
which is the matrix of a,, C,,eR, 1=12,3.

2.3. Homological Differential

In this section, we are going to determine expressions of d*,d° and also prove that d'od®=0, d'od®=0
for us to obtain our 2 - 3 matrix Chevalley-Eilenberg differential complex. This is possible unless by stating an
important hypothesis which we call 2 - 3 matrix Chevalley-Eilenberg hypothesis.

Proposition 1: If p(x)p(Y)-p(y)p(X)-p(#(x y))=0, forallx,yinV,then d'od®=0.
Proof. We assume that p(x) p(y)—p(y)p(X)-p(u(xy))=0, forallx,yinV.
By definition, we have that

d’w(x)=p(x)w €))
d'a(x,y)=p(x)a(y)-p(¥)a(x)-a(u(xy)). @
Then by substituting equation (1) into (2),we have
d'd®w(x,y) = p(x)dw(y) - p(y)d"w(x) - d°w(u(x,y))
= p(X) p(Y)W=p(Y) p(X)W=p(u(xY))

=[p(x)p(y)-p(¥)p(x)=p(u(xY))]

=0

w
w

by hypothesis. y
Expression of d':
Let V be a two dimensional Lie-algebra with basis (e,,e,) and the Lie’s bracket x(x,y) where

(e, 8,)=Che +Che, and W a three dimensional vector space with basis (Wl, W2,W3) . We define

p:V —>End(W) by
Vll VlZ Vl3

Vi p(v)= fy, where M, =|v,, Vv, V, | and f,, isa linear mapping associated to the matrix M, .
V31 V32 V33

838
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8 &
Let M=|b b, [eM,, f,:V>W defined by
Cl CZ
. ax+a,y
fM( j bx+bh,y :—M[ j
y CX+C,Y Y
Therefore;
Aty (Vo v, ) ==y - fy (V) 4V, fy (V) = fy (1(ve V).
Since
V11V2 ,U(Vlel +Vzez’V1e1+Vzez)
= ,U( ellvlez)+ﬂ(Vlelvvzez)+ﬂ(vzezvvle1)+/“(Vzez’vze2)
= ( i 22 V2V1 )/U(elvez) = (VlVZ _V2V1 )(Cllzel + C12e2)
Ch (V3 - ViV )& +C5 (v; — 3 e,
Therefore,
fu (/J(Vllvz )) = fy [(Cllz (Vivg _Vivlz)el + C122 (Vivzz _nglz)ez )}
(alclz (VlVZ Vévlz ) + a2C122 (V11V§ _Vévlz ))Wl
(blc12 (v V2 — )+ b,C2 (vllvj A ))W2
+ (chllz (v11v22 —v§v12 ) +¢,C5 (vllvi -3V} )>W3.
Also, we have
AV, +a,V; vy +a,V,
fu (V) =| by +b,v; |, £y, (v,)=| bV +bv5 |
CV; +C,V, V7 +C,V7
P(vy) fu(v,)=M, - f, (v,), where
Vi Vo Vi
Mv2 = V221 V222 V§3
Vi Vi Vi

p(vy)- fy (v,), where

1 1 1

le =V Vp Vi
1 1 1

V3 Va Vg

So,

2

1 1 2 1 1 2 1 1
M,, - fy (v,)= ((aivl + azvz)v11 + (blv1 + bzvz)v21 + (clv +C,V, )vsl)w1
1 1 2 1 1
+ ((aivl T8,V )VlZ + (blvl +h,V; )sz A szz Vi )Wz

1 1 2 1
+((a1v1 +a2v2)v13 +(b1vl +b,v; )v23 +(cv; +c,v, 3)W3
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2 2\,,1 2 2\, 2 2)\,,1
le Ly (Vz) = ((a'lvl +a,V, )Vn +(b1V1 +b,v; >V21 +(°1V1 TGV, )V31)W1
2 2\,,1 2 2\,,1 2 2\,,1
+((31V1 T8,V )V12 +(b1V1 +h,v; )sz + (Clvl TGV, )V32)W2
2 2)\,,1 2 2\,,1 2 2\,
+((a1v1 +a2v2)v13 +(blv1 +b2v2)v23 +(clv1 +c2vz)v33)w3.
Therefore,
1
d*fy (vi,v,)
=-M, - fy (v,)+ M,, - fu (V)= fu (,U(Vlvvz))
1 1 1),,2 2 2\ L
[(aiv +a,V ) (alv +a,V, )vll+(b1v1 +b2v2)v21—(b1vl +b2v2)v21
+(C1Vi +C,V, )Vszl _(C”.I.Vlz +(:2\/22)\/31 a,Ci, (V A ) a,C}, (V A )J Wy
(v )= (@ +apvs ), + (b +b,vh )V, — (b +y7 v,
(Clvl TGV, )Vaz (Clvlz + szzz )Vaz b1012 (V1V2 Vévlz)_ b2C112 (Vllvzz _Vévlz )] W,
+[ a‘lvl + azvz V13 (a1V12 + 32V§ )V113 +(b1Vi + bzvé )V§3 _(b1V12 + b2V§ )V§3
2 2 1,2 2 (1,2 _ L2
+(C1V1 +GV; )V33 _(Clvl +GV, )V33 c1C12 (VlVZ VoVi )_CZC12 (Vlvz —Vo\y ):| Ws.

Now, we compute d*f, (e,,e,) where e and e, are basis vectors of V.
By replacing the constants v; =1,v; =0,{ =0 and v, =1, we obtain d'f,, (e,e,) which is given as;

' fM (91! ez) = (a1e121 - azeil + b1e221 - bzeil + 019321 - Cze§1 - a1C112 - azclzz ) W,
+ (a'lelzz - azeilz + blegz - bzeéz + C16322 - Czeéz - blcllz - bzcllz ) W,
+ (318123 — 8,8, +bieg; —b,e5; +Cel; — 85 —¢,Cp, —C,Cp ) Wj.
Thus,
a1e121 - azelll + blezzl - bzeél + Cleszl - Czeél - aicllz - azclzz

71 2 1 2 1 2 1 1 2
d fM (el’ ez) =1 3,6, —a,6, + blezz - bzezz +C€;5, — G5, — blclz - bZClZ
2 1 2 1 2 1 1 2

83 — 3,63 + 0,85 —b,€5; + €855 —C 85 —C,Cp, —C,Chy

Hence, d':M,, — M, isdefined by

a & alelzl - azell1 + blegl - bzez + C1€§1 - Czeél - aICl12 - & 122
b1 bz = a1e122 - azellz + blezzz - bzeiz + 01e§2 - Czeéz - blcllz - b2C122 with
G G aie123 - azeia + b1e§3 - bzeéa + C19323 - Czeés - Clcllz - Czclzz
& €, € e €, e
Me1 = e;l e;z 623 ) Me2 = e221 e222 e223
e;l e%z €3 €3 e322 e323

Corollary 1: If
i (ee;)
= (318121 ~ 8,8, +hej, —b,e;, +cef; —c,65 ~a,Cl, —a,Cl )Wl
+ (aielzz - azeiz + blegz - bzegz + 016322 - Czeéz - blcllz - bzcllz )W
+ (a1e123 - azells + blezzs - bzeéa + C1€323 - Czeéa - Clcllz - 02C122 )Ws

then d*:M,, — M,, is defined by

840
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2 1 2 1 2 1 1 2
a & a6, — a6, + b1e21 - b2e21 + G851 —C85 — aiclz - azcu
2 1 2 1 2 1 1 2
bl bz = a6, —ae, + bleZZ - bzezz + €85 —Co65 — blclz - b2C12
2 1 2 1 2 1 1 2
G G 63 —a,6; + bleZS - bzezs +C€55 — G655 — C1C12 - C2C12

2.4. Fundametal Condition of 2 - 3 Matrix Chevalley-Eilenberg Cohomology

We now state the main hypothesis for our 2 - 3 matrix Chevalley-Eilenberg Cohomology, which we suppose
that (&) p((e;) - p(&) p(&) - p(1(e18,)) =0.

. 1 2 _
ie M,M, -M_M, ~C'M, ~C3M, =0

[(9%19121 + ellzegl + 61136321) - (e121e111 + 6122621 + e1239;1) + (61119122 + eizezzz + eiaegz )
e — (elzleiZ + elzze;Z + elzseéz ) + (e%le123 + ellzezzs + ei3e§3 ) - (elzleia + elzzegs + 81236;3) !
- C1lzei1 - ClZZelzl - Cllzeiz - Clzzefz - Cllzeis - Clzzelz3] =0
[(€hieh + bt + bt ) - (el + ehehy + ety )+ (ehiel, + ehel, + bl
- (62216112 + eieiz + 62236;2 ) + (6216123 + e%zezza + e;36323 ) - (ezzleis + ezzzeis + 62236;3) and
- Cllzeil - C1228221 - Cllzeéz - Clzzezzz - Cllze;3 - C1226223:| =0,
|:(eéle121 + 63,85, + €383, ) - (eszlelll + 65,85, + €585, ) + (eélelzz + 63,85, + €585, )
- (e§1ei2 + eazzeiz + eszzeéz ) + (eélelzs + e%zezza + egsee?s ) - (e321e113 + es%ze;s + e§3e§3 ) :
- Cllze§1 - C1223§1 - Cllzeéz - Clzzegz - C1128§3 - C1229323J =0
This is an important tool in the construction of our 2 - 3 matrix cohomology differential complex.
2.5. Expression of d°
From the diagram,
d’=i0d%i;"
iy W —>W
wii(w)=1,(w)=w YweW.

d®:w —C'(V,w)

Vll v12 v13
W p(W)V=fy =V Vyy Vo
V31 v32 v33

where
vll v12 v13 Wl
d°M (V) =[Vy Vy V|| W

3
v31 v32 v33 w

Vp WV, WP+ VWP
= | Vo W+ Vo, WP + VW
Vg W+ Vgp W+ Vg W
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e e, e )(w) (e e e)(w
[(d°(M)(e) d°(M)(e,))]=|| e e ek ||w | |eh € il w

3

1 1 1 2 2 2 3
eBl e32 e33 w eSl e32 e33 W

1 1 2 1 3 2 2 2 2.3
g W +e,W +eLw  eaW +eLw’ +esw
1 1 2 1 3 2 2 2 2,3
=| e W +e,W +e W S W +elw’ +esw
1 1 2 1 2 2 2 2 3
W +epW +eLW  en W+ eL,w’ +esw

X
v :( j and W :(wl,wz,w3). Thus, using the basis vectors e and e, inV, we have

eilwl + eizwz + e%3W3 elzlwl + elzzw2 + e123W3 nov
d°(e,e,) =| W +ep,W +epW’  esW +e,w +elw [=| 7, 7, |.
e W +eLw +eew’ el wh+elw’ +eiw? Vs Ve
Hence, the mapping d°:W — M,,, is defined as;
W) (egW epW bepW  ew +epw’ +efw’
W, || epW +ep, W + el W el W +el,w? +esw’
W, e W +eLw +eew’ el wh el w’ +eiw
ewW + e, W +eL W’ eiw, +e5w +esw’
Corollary 2: If d°(e,,e,)=| W' +e5,W* +e,W° e W' +eZ,W +eZw’
e, W +ep,w +eLw’ el wh+elw’ +elw’

then the mapping d°:W — M, is defined as;

W, e W +e,w +e, W W +eLw’ +eLw’
W, || 5w +e5,W +e5W el W +el,w’ +enw’
W, e W +epLw +eLw’ el wh+elw’ +eiw?
nor
The matrix d° (el,ez) has been assigned to the matrix | y, , | to simplify the composition of d' and d2.
Vs Vs

Proposition 2: d'0d°® =0. i
Proof. Since d?od'=0,d" =i,0d"i,* and d°=i0di,", We have:

d'od* = (i,0d"0i; *)o(i,0d0i," ) =1i,0d"0(i; "0}, )od °0i," =i,0d"0d 0i;* = ,0i," =0,
Which gives us our 2 - 3 matrix Chevalley Eilenberg homological hypothesis
(Mo M,, =M M, —CLM, ~CEM, =0). O

Remark 1: By straightforward computation, we have
o 718AW! — 7,8 W' + 7,8 W — 7, €W + 185 W — 7,85,W' — 7,Ci, W — 7,Coow! 0
d'od” (M)= iBEW = 128, W + €W’ — 7,8, W + 158, W — ye€5,W* — 7:CiW* —7,CoW” (=] 0
P8 = 1o83W° + Y3€3W° — 7,85 W + 1e85W’ — 7€3,W’ — 7,CW” — 7, CoW’ 0

2.6. Determination of the kerd' and Imd*
kerd' ={Ae M, (R)|d'A=0}.
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d*A=0 iff

Now, we compute the Imd* using the standard basis

2 1 2 1 2 1 1 2

a6, —a,6, + b1e21 - b2921 +C€5 —C85 — a1C12 - a2C12 0
2 1 2 1 2 1 1 2

a6, — a6, + blezz - bzezz +C85 —Cy85 — blClZ - bzclz =0
2 1 2 1 2 1 1 2

63 —a,6, + b1e32 - bzesz +C€55 — C,€655 — C1C12 - C2C12 0

2 1 2 1 2 1 1 2
e, —ae, + b1e21 - b2821 +C,€3 —Cof5 — a1C12 - a2C12 =0

2 1 2 1 2 1 1 2
e, —a,6, + b1e22 - bzezz +Ci€3 — G865, — b1012 - b2C12 =0

2 1 2 1 2 1 1 2
Q€3 — a6, + b1e32 - bzesz +C,€33 —C€55 — C1(:12 - C2(:12 =0.

10 01 00
A=/0 0|, A=|0 0|, A=|1 0},
00 00 00
10 elzl_ClZZ
If A={0 0] then d'A=| €}
00 e
01 . _eil_Cllz
If A,={0 0| then d'A, = e,
00 -,
00 e’
If A,=|1 0| then d'A,=|e%;-C2
00 e
00 —e5,
If A,=|0 1| then d'A,=| -}, -C},
00 €55
00 e,
If A=/0 0] then d'A =| ¢
10 el,-C)
00 e,
If A,=|0 0] then d'A = ek,
01 -et, —Cl,
Thus, we have the image matrix as follows:
_ e121 - C122 _eil - Cllz e221
M, = e122 _e1lz
e123 _ei3 9223

3)
(4)
®)

00 00 00
0 1], A=l0 0|, A=|0 0]
00 10 01

1
—€x

2 2 1 1
€ — ClZ —€% _Clz

1
—€53

2 1
€31 —€3
2 1
€3 —€3

2 2 1 1
€33 — ClZ —€33— C12

Next, we calculate the rank of the matrix M, which will help us to know the kerd®* and Imd* by using
the dimension rank theorem of the vector spaces [5] [6]. y
We now reduce the matrix M, to reduce row echelon form. We then replace the entries of the matrix M,

by the follows constants:
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&; 8, a3 8y s G
a'21 a22 a'23 a24 a'25 aZG
8y 8yp g3 By Gy g
an e121 C122’ ay = 6122; 8y = 6123;
&, e%l - C112; 8y = _eiz; 8y = _eis;
2. _ a2 (2. _a2-.
where %3 e21i %s = ezzl C”; % e231, Let 5 —C%5 =0 and by dividing each of the
&y =65 A==€, —Cpp; |8y =€)
a5 = e§1; Ay = eazz; 8y = e§3 - Clzz;
& = _eil' 8y = _eér 8y = elzz _Clzz-
entries of row 1 by e} —C7 and carrying out the following row operation e,R —R, and e3R —R,, we
obtain
= s L as s
&y &y &y 8y &y
A=10 8y (%J -8y, ay [%J —8; 8y (%J —8y ay [%\J —8y Ay [%] — 8
0 8 (%J —8p 8y [%J —83 8y (%J —8 8y [%j —8p 8y [%j — 8
2 _elll — C112 2 2 i i i
Let a=¢, = 2 —(e22 —Clz) be such that ¢ =0 and by carrying the following row operations
€1 —Lp
1 -6, —C}. <_ ll_cllz) . (_ ll_CllZ)
~R,, —L 2R, -R and |¢€: —e2, |R,—R,, and setting | e5| ~—--L |-(-€L) |=t,
’ e121 _Clzz ’ [ ’ (9121 - Clzz) = i ’ (elzl B Clzz) ( 3)
thus we obtain the following matrix.
1 0 0
0 1 0
1 a12 a13 a'13 1 a13 1 a13 a13
——2la, | E|-a, |- —|ay||-a —t|a,| = |-a, |- £ -
a all 21[a11 23 a11 a 21 ail 23 a 21 ail 23 a31 a11 a33
la, 8y a, 1 a4 1 8y 8y
=|—ay| 2 |-a, |- —|a,=|-a —t| a, | 2 |-a, |- -
B a all 21 ( all 24 311 a 21 all 24 a 21 au 24 a31 ail a34
la, &5 a; 1 &5 1 &5 &5
—Lla,| 2 |-a [-—— —|ay|=|-a —t| a,| = |—-ay |- e
a all Zl(ai1 25 aﬂ a 21 aﬂ 25 a 21 all 25 a31 aﬂ a35
1 a12 a’lG a16 1 a16 1 a’ls a’lG
——la, | 2 |—a, |- —|ay| 2 |-a —t| a,| =2 |—ay |- £ |-
o ail ZI[ail 26 aﬂ a 21 a11 26 a 21 ail 26 a31 ail a36
Let B _Ly e & ~(e3,-C5) |- e & —(e3,) | be such that B0, and by carry the
- 12 22 12 3 23 ’
a (9121 - Clzz ) <e121 - C122 )
following row operations
1 111 11 .
F 3 E{;%[aﬂ [%} —a23] —%} R,—R, and —;[am [i: - aBJ R; — R, . By setting
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111 a; A, a3 11 83 i
| %2 o I _s d n=—= e . . Also, if we let
m /J’l:a a, {aﬂ(auj azgj all} and n ﬂa(aﬂ IJ azsj SO, ITwe le

we obtain the following matrix.

1 0 0

0 1

0 0 1
iX—iﬁ ay, @J—aﬂ _ 2 nlx_i a,; B Ay ix
it @ 3y, 1 a; s a a,

1. 1la, a_ls) as 1. 1( (3 1
m—y-—"2la |25-a, |- noy-—|a,|=|-a.| —y
B a ay, “ ay, # Ay, B al a, # B
1 1la, aiej as 1 1f (2 i
m—z————=| a — [—a -—— N—Z-——| a — |—a —Z
B a a; “ a, “ a, B al a, ® B

Hence we obtain the reduce row echelon form of l\7|1~ of rank 3 [5] [6].

We wish to consider now the cases of the matrix M, of rank 1 and rank 2 since the case of rank Zero is

trivial.

Rank 1: By setting each of the entries on row 2 and 3 of matrix A to zero, we obtain the rank of l\7|1 to be 1.
Rank 2: By setting each of the entries on row 3 of matrix B to zero, we obtain the rank of M, to be 2.

Proposition 3; if

(6121 _CIZZ) =0, (_elll _Cllz) 0, e121 =0, _e;l = O,e321 = 0’_e%1 =0,

e.L22 =0, _eiz = O’(ezzz _Clzz) = 0,(—6;2 _Cllz) = 016322 = 07_9;2 =0,

6123 =0, —6113 =0, 6‘53 =0, _eés =0, e§3 - Clzz =0, _eéa - Cllz =0,
0 00O0O0T O
then [0 0 0 0O O 0| andthe rankM, =0. Further
0 000O0T O

kerd*=R® and Imd'=0.

_ 1 _ 1
Proposition 4: From matrix A, if e —C2 =0, (efl —C122) M —(—ellz) =0,
(ell _Clz)

, el 2
e [%J - (e222 - C122) =0, e} {%J B <_e;2 h Cll?) =0, & [(fﬁ] - e322 =0,
1

12 11 C12



J. Dongho et al.

2| _\TFst) | o
e“[(efl—cfz) (~e)=0, then
1 A, &3 A, A5 G

a, A, a, a; a ) )
0 0 0 0| and rankM, =1. Further, kerd'=R® and Imd'=R.

0 O
0o 0o 0 0 0 O

Proof. Since the rankM, =1, we have that dim(Imd*)=1, thus Imd'=R . We now show that
kerd" = R° . By the dimension rank theorem, we have that dim(kerdl) + dim( Imdl) =6 which is
dim kerd')=6-1=5. O

_al et
Proposition 5: From matrix B, if 7, {((in—cczlz))}—(—eiz) =0,
€n —Cp

l 2 e’ (a2 _2) || 2 elz _p2 | =

a t| e, —(elzl _11C122) (ezz Cp )J [ela, [—(elzl _10122 )J ezSJ =0,

1 -€ -€

;t e -(9121 _2(1:122) - (—822 -Cp )J - [6123 {_(9121 _2(1:122 )J - (_eés )J =0,
lt e122 6321 - e:fz - e123 6321 - (8323 - Clzz) =0,

a (9121 - C122 ) (9121 - 0122 )

L e . —(-e3) |-| €% i —(-e}-Cj,) [=0, then
a (e121 - Clzz) (e121 - Clzz )

1 0 0
1 0
1a, B3 a, 1 &3
——=ay| — |8, |-— —|a,|—|-a 0
a all 21 aﬂj 23 all a 21 811 23
la, &y a, 1 &y
——= - |- -—— = == 0
a aﬂ aZl au] a'24 all o aZl aﬂ a'24
1 a12 a15 a15 1 a15
——= — |- -— — — |- 0
a aﬂ a21 aﬂ) a25 a11 a a21 ail a25
1a, amJ a, 1 (&g
——=ay| — |-y |—— —|ay|—|—a 0
a ay, “ ap “ a; «a “ ap “

and rankM, =2. Further, kerd'=R* and Imd'=R’. ) )
Proof. Since the rankM, =2, we have that dim( Imd*) =2, thus Imd* = R?. We now show that kerd'=R*

By the dimension rank theorem, we have that dim (kerd")+ dim(Imd*)=6, that s dim(kerdl) =6-2=4.
Proposition 6: if

P
elzl_Clzzio’ a:efz[%
11~ 1o

J_(_eil_cllz)iol
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_l 2 e121 (a2 _ 2] ] a2 a5 2
ﬁ—a{eu[(elzl_clzz)} (ezz Clz)] [eu[—(elzl_clzz)J EZ3J¢O, then

1 0 0
0 1 0
0 0 1
1o tapl, (A , | & 1, 10 fas) 1
mﬂx a ay = an} = a, nﬂx a aﬂ[ail s X
1. 1a, aﬁj a, 1. 1 (aﬁ 1
moy-—321g | 35| 5 |-25 pZy_—|a, |3 |-a,| —y
B a ay, “ a, ® a Vit al * a, » B
1, LA, (), | s 1, 1 (&) 1
mﬂz a ay, i allj e Ay nﬂz a azl[an o ’

and the rankM, =0. Further, kerd'=R® and Imd'=R®.
Proof. Since the rankM, =3, we have that dim(Imd")=3, thus Imd" = R®. We now show that
kerd® = R®. By the dimension rank theorem, we have that dim(kerdl) + dim(lmdl) =6, thatis
dim kerd")=6-3=3. O
Now, we compute our quotient spaces of the 2 - 3 matrix Chevalley Eilenberg cohomology which are
H®(V)=Kerd®/Imd™, H'(V)=Kerd"/Imd® and H?(V)=Kerd?/Imd".
For H°(V), we have the following quotient space:
Casel: Imd*=0 and Kerd®=0

Kerd®/Imd*=0.

For H'(V), we have the following quotient spaces:
Case 1: Imd°=R® and Kerd'=R®

Kerd"/Imd® = R®.
Case 2: Imd°=R and Kerd'=R®

Kerd®/Imd® = R®.
Case 3: Imd°=R? and Kerd'=R®

Kerd®/Imd® = R*.
Case 4: Imd°=R® and Kerd'=R®

Kerd"/Imd® = R®.
Case 5. Imd°=R* and Kerd'=R®

Kerd'/Imd® = R?.
Case 6: Imd°=R® and Kerd'=R®

Kerd"/Imd° =R .
Case 7: Imd°=R® and Kerd'=R®

Kerd"/Imd® =0,
Case1: Imd°=0 and Kerd'=R®

Kerd®/Imd® = R®.
Case 2: Imd°=R and Kerd' =R®

Kerd®/Imd® = R*.
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Case 3:

Case 4:

Case 5:

Case 6:

Case 1:

Case 2:

Case 3:

Case 4:

Case 5:

Case 1:

Case 2:

Case 3:

Case 4:

Case 1:

Case 2:

Case 3:

Case 1:

Imd® =R? and Kerd'=R®

Imd® =R® and Kerd'=R°®

Imd® =R* and Kerd' =R°®

Imd® =R° and Kerd' =R°®

Imd® =0 and Kerd!=R*

Imd° 2R and Kerd'=R*

Imd® =R? and Kerd'=R*

Imd° =R® and Kerd'=R*

Imd® =R* and Kerd'=R*

Imd® =0 and Kerd'=R®

Imd° =R and Kerd'z=R®

Imd® =R? and Kerd' =R®

Imd® =R® and Kerd' = R®

Imd® =0 and Kerd® = R?

Imd° =R and Kerd'=R?

Imd® =R? and Kerd" = R?

Imd® =0 and Kerd‘z=R

Kerd'/Imd® = R®.
Kerd'/Imd® = R?.
Kerd'/Imd° =R .
Kerd"/Imd® = 0.
Kerd®/Imd® = R*.
Kerd"/Imd® = R®.
Kerd®/Imd® = R?.
Kerd"/Imd° =R .
Kerd/Imd® =0.
Kerd"/Imd® = R®.
Kerd®/Imd® = R?.
Kerd*/Imd° =R .
Kerd"/Imd® = 0.
Kerd'/Imd® = R?.
Kerd'/Imd° =R .

Kerd"/Imd® = 0.

Kerd*/Imd° =R .
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H
an

Case2: Imd°=R and Kerd*=R
Kerd"/Imd® = 0.

For H?(V), we have the following quotient spaces:
Case 1: Imd'=0 and Kerd?=R®

Kerd?/Imd* = R®.
Case2: Imd*=R and Kerd?=R®

Kerd?/Imd* = R?.
Case3: Imd'=R? and Kerd?=R®

Kerd?/Imd* =R .
Case 4: Imd'=R*® and Kerd?==R?

Kerd?/Imd*=0.

We suggest that further research in this direction is to carry out the deformation on the Cohomological spaces
® H' and H? which are 32 in number and apply a specific example with sl, ((C) We will also carry out
extensive study on the solution of our system of linear equations on the 2 - 3 matrix Chavelley Eilenberg

fundamental condition.
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