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Abstract

Adopting a dynamic contact numerical method, some problems such as the central collision, transverse colli-
sion and oblique collision between two beams are researched. Numerical expressions for these cases are de-
duced. Using a self-developed finite element program some examples are computed, and compared with the
analytical solution of the central collision, this numerical algorithm is proved to be reliable. For the other
numerical results that have no analytical solution to be used to compare with, they are also reasonable
through the theoretical analysis. For the transverse and oblique collision, the ideal results can be obtained by

using a smaller time step.
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1. Introduction

During these years, many engineers and theoretical re-
searchers have done a great quantity of work for the elas-
tic collisions between structures. Lauren [1] studied on
the problem of contact and impact with and without fric-
tion by using an algorithm of energy-momentum, giving
an unabridged numerical solution of the central collision
between rods. D. Baraff [2] investigated the problem of
rigid-body simulation with large numbers of contact
points, discussing how to handle the contact force of
system of rigid bodies with and without Coulomb fric-
tion and presenting an approximate method on handling
the static and dynamic friction. Liu Shu [3] presented a
dynamic contact numerical method and the equations of
velocity and displacement were deduced. Ruan and Yu
[4] studied the collision between two deformable struc-
tures using a simple mass-spring system. Literature [5]
proposed several local contact models for a collision
between a beam with cylindrical cross-section and a
simply supported beam with rectangular cross-section,
comparing the results obtained experimentally and sug-
gesting some local contact models. Taking the classical
St. Venant’s solution as reference, Escalona [6] devel-
oped a new numerical method based on the theoretical
solution to identify the elastic wave, stress as well as
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velocity yielded on the contact surface, which shows an
excellent agreement with thoretical results. Pashah etc. [7]
investigated the structural response for a low velocity
impact using an impact models, pointing out that the
selection of the impact model depends on the structural
response, finding out there were more than 2 collisions
happened between a sphere and a simple-supported beam.
Liu [8] presented a multiple contact impact separation
method to solve the collision between a free-free beam
and a simple-supported beam, but the free-free beam is
always in a horizontal state during the collision process.
T. Narabayashi [9] employed an analysis method to solve
the collision between bar and beam, in which the impact
force was assumed as an exponential function and satis-
fied the condition of continuity of the displacement.
Ruan [10] experimentally indicated that most of the plas-
tic deformation occurred in their mid-span during the
collision between a flying free-free beam and a simply
supported beam, obtaining energy dissipation ratio which
had a good agreement with theoretical prediction. From
the literatures published these years, researches on the
numerical computation for the oblique collision between
two beams were not found. Based on the dynamic con-
tact theory, expansion form of time-integration expres-
sion is deduced, and some examples are calculated by
means of a self-developed finite element program to
prove the numerical expression is reliable.
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2. Numerical Expression of the Oblique
Collision

2.1. Time-Integration Expression for Dynamic
Contact Problem

Collision between two beams is the dynamic contact
problem that needs to consider the surface contact of the
beam, requiring to meeting the boundary condition and
initial condition besides the contact condition on the
contact surface. Handling the dynamic contact problem,
the equilibrium conditions of the contact force and the
compatibility conditions of the displacement on the con-
tact surfaces must be considered at the same time. The
contact forces R and 7 on the contact surfaces are equal
and opposite interaction forces, respectively, shown in
Figure 1.

If a contact happened, the conditions on the normal
direction can be described as

m (U =T ) =D, 20 (1)

where U?*' and U 71 are the displacements at the
next time-step without the collision force. Displacement
coordination conditions for the non-penetration collision
in the normal and tangential direction can be stated as

]V(UI.PH —UI.JH)—DO -0
2
T (UP+1 _UP+1) T (UP Uf) ( )

where N = dlag( My My ﬁi(m))
and m is the amount of contact nodes.

Based on Newmark-f method, equations of the veloc-
ity and displacement could be written as follows in
time-domain integration [3]

T, dzag(,(l) i) tz(m>)
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3)
The second equation of Equation (3) can more con-
veniently and clearly be written as

U™ =0""+APH(R" +7") (4)
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where
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LA g (5)

_ﬂcm-lj
4

In Equation (4), Up. is the displacement at the next
time step without the collision force. In other words, the
total displacement at the next step consists of two parts,
one is the displacement caused by the equivalent load
and the inertia of the structure, the other is caused by the
collision force.

Collision force plays a core role in the collision prob-
lem using the dynamic contact method. So the first step
is to judge whether the contact has happened between
structures. Then the collision force can be calculated by
the displacement coordination condition using Equation
(2). With the collision force solved from above, the dis-
placement and velocity are easily to be obtained.

H :M_l(l

2.2. Expansion Forms of Time-Integration
Expression

As shown in Figure 2, beam A moves to beam B with a
velocity v, in axial direction. It is assumed that the con-
tact node on beam A is node i and that on beam B is
node j. It is clear that the relative velocity and collision
force in tangential direction will not exist.

r 7 p+l
Ui

normal displacement K\ 'tangential
// \ displacement

\\>

/o —
U.p+1 _U{7+l
i J

face.

Figure 2. Central collision of beams.
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According to Equation (1), if the displacements of
node i and node j is met the condition
—p+l —p+l

UAi,x _UB_f,x _DO 20 (6)

then the contact has happened between beam A and
beam B, where U fjl_t' and U g/_”: are the displacements

of the contact nodes in axial direction at the next
time-step without the collision force, and Dy is the dis-
tance between node i and node j in the axial direction at
initial time.

To obtain the value of collision force R, for beam A,
Equation (4) can be written as follow

p+l —p+l
UAi,,\‘ Ai,x

p+l| | —p+l 2

A |=| UL |+ H,(¢)] 0 (7
Ur —p+l 0

Ais Aig

And for beam B, it can be written as follow

p+l —p+l )
UB[.X Bi,x —R

p+1 —

" ;j:i +ArPH,(¢)] 0 (8)
U§+1 —p+l O

0.0 Bi g .

Wil

)f node i B

[ ] \ I ] X

- I
% node j

Figure 3. Node-to-node transverse collision between beams.

where a is the angle between the axial direction of beam
A and the horizon. Angle is a = 90° when the transverse
collision happened.

According to the Equation (1), if the displacements of
node i and node j is met the condition

—p+l —p+l

Ua,, =Us,, =D, 20 (10)

then the contact has happened between beam A and
beam B. Where U fji*: and ﬁé’;i are the displacements

of the contact nodes in y direction at the next time-step
without the collision force.

It is assumed that all variables used bellow are trans-
ferred by T. Using the Equation (4), for beam A, it can
be written as follow

Substituting Equation (7) and Equation (8) into the
first equation of Equation (2) leads to the equation in
which includes the collision force R. And solving the
equation just made, we can calculate R. Then other vari-
ables such as the velocity, displacement can be obtained
at the next time step.

A sketch of the transverse collision between beams is
shown in Figure 3. The node i on beam A with velocity
vy is impacted to the node j on beam B. It is easily known
that the tangential collision force equal to zero due to no
the relative velocity in that direction.

Different from the central collision, before added to
the general matrix of beam, the stiffness and mass matrix
should be transferred by a transformation matrix T. Spe-
cific operation can be easily found in books on the FEM.
Transformation matrix T can be denoted as

p+l —p+l )

Uii | | U 0
:*)1 = _{A”i +ArH, (1) R (11)
p+l — o+l
ALY Ui:ra 0

And for beam B, it can be written as follow

U§+1 —gﬂ 0
p+l —p+l 2
By |=|Us, |[+ACH, (1)| -R (12)
p+l —p+l 0

UB['H gi,/} .

[ cosa sina 0 0 0 0
—sina cosa O 0 0 0
0 0 1 0 0 0

[T]= . )
0 0 0 cosa sina O
0 0 0 -sina cosa O
| 0 0 0 0 0 1
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Then like the way did as the central collision, we can
obtain the key variable R, with which all variables will
be solved.

By now we’ve just analyzed a node-to-node collision
which is the basement of the more complicated collision.
Then a simple model of node-to-surface collision be-
tween beams is shown in Figure 4. Beam A4, with velocity
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Figure 4. Node-to-surface transverse collision of beams.

X

Vo in y direction, moves to the point (not the node) in jth
element of beam B. The horizontal distance between axis
of beam A and node j as well as node j + 1 are x; and x;,
respectively. The length of a contact element of beam B
is /.

Linear interpolation is used to get the variables at con-
tact point from the variables on the nodes located in the
two sides of the contact element. Take the collision force
as example, the collision force of beam B is distributed
to the node j and node j + 1 by the static equivalent prin-
ciple.

It is easily known that the collision force in x direction
equal to zero due to being no a relative velocity in x di-
rection.

The first step is to judge whether the contact has hap-
pened between beams. According to the Equation (1), if
the displacements of node i and node ;j is met the condition

—p+l —p+l

Uk, —Us,, —Dy 20 (13)

then the contact has happened between beam A and beam
B, where U{" and U are the displacements of the

contact points in y direction at the next time-step without
the collision force, and the subscript j, denotes the con-
tact point of element.

It is assumed that all variables used bellow are trans-
ferred by T. To obtain the collision force, for beam A
Equation (4) can be written as follow

ET AL. 789
p+l —p+l
A x Ajx 0
p+l | | —p+l 2
=T |+ acH, | R (14)
p+l —p+l 0
Ai’/} Ar.ﬁ .
And for beam B it can be written as follow
p+l pl :
B. Bj x
X E
p+l —p+l 0
Bjy Bjy —fl R
p+ —p+l
Ug i Bg ) 0
= +At'Hy (15)
p+l —p+l 0
B/+l,x B/+l,x
P+l —p+l _é:zR
Bty B
j+Ly 0
p+l
B j+1,60 7o
{ ’ Bj+l.€ .

where &, = xy/l,, & = x1/l,, H(¢) can be written as (16).

An equation of displacement coordination conditions
is used to obtain the collision force. Combined Equation
(14), Equation (15) and Equation (16), it may be written
as follows

—p+l

=Un,, +APHy 5 R

y

p+l
A

.
U‘I;;,.i = ﬁgjl +ACHS, 5 (<4R)
(_§2R)

Then depending on the linear interpolation, we can get
the vertical displacement of the contact point as follow

)

—p+l

:UB

p+l1
B

277B
iy j+l,y +At H3j+2,3j+2

+1

1 —p+l —p
UI};;«}' = 51 UB_/,}’ + 52 UB_,‘+1,y (1 8)

2( g8 21yB
—Ar (51 Hy 50+ S H 050,

In above expression the subscript j, denotes the con-
tact point of beam B.

According to the displacement coordination in the nor-

mal direction, i.e. the first equation of Equation (2), it

)R

H, 111 H, 112 H 113 H, II,N—Z H II,N—I H, ll,N
H§1 H212 H213 HZI,N—Z HZI,N—I HZI,N
H311 H312 H313 H31,N—2 H31,N—1 H31,N
H, (t): : : : : : : ,(I=A,B) (16)
H]IV—Z 1 H]1\7—2,2 Hzlxuz 3 H]1\7—2,N—2 Hzlvfz,zvfl Hzlvfz N
HZIV—I 1 H11v4,2 Hll\f—l 3 HZIV—I N-2 Hzlxu N-1 Hzlxu N
| Hy,  Hy,  Hy, Hyy,  Hyy, Hyy
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may be written as follow
U}(;)f - Ug;‘v -D,=0 (19)
Substituting Equation (17) and Equation (18) into
Equation (19), we can get

—p+l

—p+l —p
_ QZIUB/,_V +&, Us,, +Dy=Ux,
2 A 2r7B 2r7B
At <H3i—l,3i—1 +&Hy 5,16 H3j+2‘3j+2)

(20)

As shown in Figure 5, Beam A, with velocity v, and
rake angle a, moves to the point (not the node) in jth
element of beam B, it is a general position for two beams.
For example, when 0 < a <1, b >0, initial angle a, = 90°,
it is the case of the transverse collision.

When the collision happened, beam A can’t be kept
moving forward as before any more. Node i (a contact
node on beam A) may move in x direction, i.e. the end-
point of beam A may slide along the beam B if the fric-
tion is not big enough. When a contact slide happens
along the beam B, it must meet the below inequality

7. > a1, R 1)

where 1 is the coefficient of friction, 7 is the tangential
collision force, and R is the normal collision force.

Beam A will rotate when the collision happened be-
tween beams, because one side of beam A (contact node
i) is hindered while the other side is still free. Thus the
angle between the axial direction of beam A and horizon
will change with time, denoted as a(#). So the mass and
stiffness matrix will also change with time relate to the
angle o(f), denoted as My(r) and K,(¢), respectively.
Therefore, the mass and stiffness matrix should be cal-
culated at each time step. Correspondingly the transfor-
mation matrix T is modified into a more exact expression
as Equation (22).

Then we can get the exact mass and stiffness matrix
with the help of T(¢) at any time step.

Node-to-surface contact form is the main form for the
oblique collision between beams owing to that the
node-to-node model is just a special model during the
process of a dynamic contact. So the node-to-surface
dynamic contact analysis method should be applied for
the oblique collision. The tangential collision force does

not equal to zero due to being the relative velocity in the
tangential direction, denoted as 7. Like handling the
normal collision force, force 7 is also distributed among
the nodes located in the contact element of beam B by
the static equivalent principle.

The first step is to judge whether the contact has hap-
pened between beams. According to the Equation (1), if
the displacements of node i and ; is met the condition

—p+l —p+l

U, ~Uh ~b>0 (23)

then the contact has happened between beam A and
beam B, where Ul.’: "' and (7 ; ' are the displacements

of the contact points at the next time-step without the
collision force, and the subscript j. denotes the contact
point in element.

It is assumed that all variables used bellow are trans-
ferred by T(¢). For beam A Equation (4) can be written as
follow

p+l —p+l
A[.x Ai,x T
UL = T8 [+ArfH, (6)| R (24)
p+l —p+11 0
Aio Aig

And for beam B it can be written as follow

p+l T7p+l :
Bjx B _§ r
p+l Up“ 1
Bjy Bjy —(fl R
p+l —p+l
UBJ.B UBj.B 2 0
= +APH (1) (25)
p+l —p+l —ff T
Bjitx B 2
Ut —p+l &R
By B.
J+Ly 0
s —p+l
Bjig
S Bj+lﬁ .

where & = xy/l,, & = xi/l,, H(f) is the same as that given
by Equation (16). Unfold Equations (24) and (25) to
form the new equations including the collision force. In y

cosa(t) sina(t) 0
—sina(t) cosa(r) 0

0 0 1

TO= 0o 0
0 0 0

0 0 0
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Figure 5. Node-to-surface oblique collision of beams.

direction the equation can be written as follow
U/f: :Uiﬂ +Ar (HA 1,3i— T+ H 13HR)
_At (H, 1,3/- 2§1+H1 13]+1§2)
—-Ar ( 3j-13 ) 1§1+H;j—1,3‘j+2§2)R
U}é);lh _UBm) (H 3j42,3)— 251 +H3]+2 3/+1§z)

_At (H 3j+2,3 /- 1§1+H,+23/+2§2)

i,y

—p+l

U”+l =Us,

(26)

Using a linear interpolation method we can get the dis-
placement at the contact point of beam B in y direction,
which is written as follow

Up+l §1Up+1 +EUL p+1

Hj 13- 251 +Hj 13j+1‘§1§2
+H3J+2 3)- 6% +Hj+23]+16822
H, 13- 151 +H, 13,+2§1§2

— A 5 R
+H 3j+2,3)— 1§1§2+H 3j+2, 3/+2§2

— AP

@7
In x direction the equation can be written as follow

—p+l
U/f;: =Ua,, +Ar* (HA 2,3i- T+ HG 23i- 1R)

2 B B
(H3j—2,3j—2§1 +H3j—2,3j+1§2 )T
B
_At (H3, 23— 1§1+H, 23,+2§2)
—p+l

p+l
UB UBMX (H 3j+1,3j— z§1+Hj+1 3]+1§2)

j+lLx
B
-Ar (H3/+13/ 1§1+H,+|3/+2§2)

—p+l
p+l p+ _
UB“ = UBj,x At

(28)
Using the linear interpolation method we can also get

the displacement at the contact point of beam B in x di-
rection, which is written as follow

Copyright © 2011 SciRes.

p+l p+1 p+l
UB]-‘,_X - §1UB- +§2U

B
HzB, -2,3j- 2651 +H} 231+1‘§16€2
+H 3j+1,3)- 26165 +H}+13,+1‘§z
H, 2,3)- 1%81 +H, z3,+2§1§2
+H 3j+1,3)— 1616, + H; ,+13,+z§2

There are two variables R and 7, so two equations are
needed for solution. Substituting Equations (26)-(29) into
the displacement coordination Equations (2) in both nor-
mal and tangential direction, we can obtain two equa-
tions including R and 7 written as below

—AF (29)

—A#

—p+l

—p+l
UZi,y +Ar? (HA 1,3i- T+ Hy —1,3i- ) GUs,,

—é: Egﬂ +At2 Hj l3/ Zél +H/ 13/+]§1§2
2 JLy
/+23/ 25152

2 H] 1,3j- 151 +H] 13]+2§1§2

B
3j+2,3j—1§1§2 + H31+2 3]+2§2

r (30)

2
/+2 3/+1§2

+At R=D,

—p+l —p+l

Ua,, +Ar? (H£72’3i721+1‘[£72 3i- ) §1UB,X
Hsj 23~ N +Hj 2341615
+H3,+1 32615 +Hj+13j+1(§2
) Hg 23~ & +H, 2342615

+H 3j+1,3/- 1§I§Z+H /+l3/+2§2
_717P p
- UAi.x _UBje,x

—p+l

§2UB/+1\’ At2
GD

+At

In formula (31) the subscript je denotes the contact
point in beam B.

Then combined with Equation (3), the velocity and
displacement can be easily obtained after solving Equa-
tions (30) and (31) during the time domain.

3. Numerical Examples
3.1. Central Collision of Beam

As shown in Figure 2, beam A moves to beam B with
velocity vo = 1 m/s. Beam B is static locating 0.5 m on
the right of beam A. Length of both beams is 10 m, and
the area of section of beams is 0.4 m”. Material constant:
Young’s modulus is £ = 100 N/m?, the density of beams
is p = 1 kg/m’. Both beams are divided into 10 elements,
i.e. the length of the element is 1m. The time step is At =
0.01s.

By numerical calculation using dynamic contact
method, the collision force, displacement and velocity
results of the contact node i and j are shown, in Figures
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6, 7 and 8, respectively.

It is shown in the Figures 6, 7 and 8 that this numeri-
cal algorithm is proved to be reliable compared to the
analytical solution. Elastic wave must be considered in
the analysis of the structural collision when Young’s
modulus is small, since it will take much time for the
wave propagation.

3.2. Transverse Node-to-Node Collision of Beam

As shown in Figure 3, the length of beam A is 5 m, and
is 10m of beam B, the area of section of beams is 0.4 m”.
The distance between nodes i and j is 0.1 m, and x coor-
dinate of the contact points is 5 m. Beam A with vy = 1
m/s moves to a simply supported beam B. Both beams
are divided the length of the elements of 1m. So it is the
node-to-node collision. Material constant: Young’s modu-
lus is £ = 100 N/m?, the density of beams is p = 1 kg/m’.
The time step takes Az =0.01s.

By numerical calculation using dynamic contact method,

35
r—— Collision force
3.0
2.5
2.0

15

Collision force / N

1.0

0.5

-0.5 I L L L L L L L L L 1 L |
0.0 0.5 1.0 15 2.0 2.5 3.0

time/s

Figure 6. Force of central collision of beam.
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_025 n 1 n 1 n 1 n 1 n 1 n 1
0.0 0.5 1.0 15 2.0 25 3.0
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Figure 7. Velocity of contact node of central collision of
beam.
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Figure 8. Displacement of contact node of central collision
of beam.

the results of the collision force, displacement and veloc-
ity of contact node i and j are shown in Figures 9, 10 and
11, respectively.

It is shown in Figures 9 and 10 that there are three
times collision between beams A and B, i.e. the elastic
wave propagated three times during the whole time do-
main. A large deformation has been made due to a small
stiffness of beams.

3.3. Node-to-Surface Transverse Collision of Beam

Parameters of beams are the same as one in 2.2 but x
coordinate of the contact points is 4.5 m. If beam B is
divided into 10 elements, then it is a node-to-surface
collision. If beam B is divided into 20 elements, then it is
a node-to-node collision.

Linear interpolation method is chosen for the node-to-
surface contact, the collision force is distributed to the
nodes j and j + 1 by the static equivalent principle. Dis-
placements, which is gotten from interpolation and
non-interpolation of the point at x = 4.5 m, are shown in
Figure 12.

It is shown in Figure 12 that the results obtained from
different models are close. The maximal displacement in
x =4.5 m gotten by a interpolation model is smaller than
that gotten by a subdivision model. When beam B is sub-
divided into 20 elements, the results are more exact. But
the collision problem is very sensitive to the value of
time step, so it may take much more time to calculate as
using a subdivision model. As a result, it is suggested a
suitable large size of elements should be chosen to save
compute time within the error allowed.

3.4. Oblique Collision of Beam

As shown in Figure 5, the length of beam A is 5 m, and
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Figure 9. Force of transverse collision of beam.
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Figure 10. Vertical displacement of contact node.
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Figure 11. Vertical velocity of contact node.

is 10 m of beam B, and the area of section of beams is
0.4 m>. Beam A, with v, = 1 m/s and rake angle a, moves
to a simply supported beam B. Material constant:

Young’s modulus is £ = 1.8el1 N/m? the density of

beams is p = 8400 kg/m’. Friction coefficient is u = 0.3.

Copyright © 2011 SciRes.

Time step takes Az =0.00001 s.

It is analyzed in section 1 that the beam A will rotate
when the collision happens and the angle a will change
with time. Thus it is easily known that the dynamic con-
tact position will change with angle a too. Now it is
shown in Figure 13, the displacements of node i in beam
A and the central point j of beam B are obtained with
three different initial angle o = 90°, 60° and 45°. And the
collision force obtained with two different initial angle o
=90° and 45° is shown in Figure 14.

It is shown in Figure 13 that the vertical deformation
of beam B is not the same when having different value of
angle a. With the angle a decreased, the displacement of
beam B in y direction becomes smaller, so do the re-
bound velocity in vertical direction and normal collision
force. The primary reason may be that with o, decreased,
the velocity of beam A in vertical direction also becomes
smaller. And in the result, the impact on beam B be-
comes smaller too.

0.5

Node-to-surface(interpolation)
0.0 Node-to-node(non-interpolation)

-0.5
-1.0

-1.5

Displacement /m
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Figure 12. Vertical displacement of contact point obtained
from interpolation and non-interpolation model.
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Figure 13. Displacements of beams with oblique collision in
direction y.
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Figure 14. Normal collision force.
4. Conclusions

Collision problem are widespread in civil and mechani-
cal engineering. Investigated the beam element and
compared with the analytical solution, it is assured that
the finite element dynamic calculation program devel-
oped in this article is reliable. Node-to-surface dynamic
contact analysis method should be applied for the
oblique collision owing to that the node-to-node model is
just a special case during the process of a dynamic con-
tact. The time step for integration should be very small to
get a convergence result because the time for the wave
propagation is small and the collision force is large in the
transverse collision.
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