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Abstract

N-soliton solutions and the bilinear form of the (2 + 1)-dimensional AKNS equation are obtained
by using the Hirota method. Moreover, the double Wronskian solution and generalized double
Wronskian solution are constructed through the Wronskian technique. Furthermore, rational so-
lutions, Matveev solutions and complexitons of the (2 + 1)-dimensional AKNS equation are given
through a matrix method for constructing double Wronskian entries. The three solutions are new.
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1. Introduction

It is one of the most important topics to search for exact solutions of nonlinear evolution equations in soliton
theory. Moreover, various methods have been developed, such as the inverse scattering transformation [1], the
Darboux transformation [2], the Hirota method [3], the Wronskian technique [4] [5], source generation proce-
dure [6] [7] and so on. In 1971, Hirota first proposed the formal perturbation technique to obtain N-soliton solu-
tion of the KdV equation. Satsuma gave the Wronskian representation of the N-soliton solution to the KdV equ-
ation [8]. Then the Wronskian technique was developed by Freeman and Nimmo [4] [5]. In 1992, Matveev in-
troduced the generalized Wronskian to obtain another kind of exact solutions called Positons for the KdV equa-
tion [9]. Recently, Ma first introduced a new kind of exact solution called complexitons [10]. By using these
methods, exact solutions of many nonlinear soliton equations are obtained [11]-[16].

The AKNS (Ablowitz-Kaup-Newell-Segur) equation is one of the most important physical models [17]-[19].
In 1997, Lou and Hu have obtained the (2 + 1)-dimensional AKNS equation from the inner parameter dependent
symmetry constraints of the KP equation [20]. Moreover, Lou et al. have studied Painlev ¢’ integrability of the
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(2 + 1)-dimensional AKNS equation [21]. In this paper, we will apply the Hirota method and the Wronskian
technique to obtain new exact solutions of the (2 + 1)-dimensional AKNS equation.

This paper is organized as follows. In Section 2, the bilinear form of the (2 + 1)-dimensional AKNS equation
and its N-soliton solutions are obtained through the Hirota method. In Section 3, the double Wronskian solution
and generalized double Wronskian solution are constructed by using the Wronskian technique. In Sections 4 and
5, rational solutions and Matveev solutions are given. In Section 6, complexitons of the (2 + 1)-dimensional
AKNS equation are provided. Finally, we give some conclusions.

2. N-Soliton Solutions of the (2 + 1)-Dimensional AKNS Equation
We consider the following (2 + 1)-dimensional AKNS equation [21]
P+ Py + PU, =0, g -0, —qu, =0, u,+2pq=0. (21)
Through the dependent variable transformation
h
T

q= uzz%, (22)

Equation (2.1) is transformed into the following bilinear form

(D,+D?)g-f =0, (2.3a)
(D,-D})h-f =0, (2.3b)
D,D, f - f +2gh=0, (2.3¢)

where D is the well-known Hirota bilinear operator defined by
DD} f-g=(8,-0,)" (8, -0,)" fF(t.X) G (' X)] ity -
Expanding f, g and h as the series
ftxy)=1+FPe? 4 F0e% 4oy §O)2 4 (2.4a)

2j+

g(txy)=gWe+ g0t 4.4 gPIUH 4 (2.4b)
h(t,x,y)=h"e+h®g? 4. HEIH g2 L (2.4c)

substituting Equation (2.4) into (2.3) and comparing the coefficients of the same power of ¢ yields

o +9% =0, g +g? (D, +D?)g" - £,

€19 =—(D,+ sz)<g<1) RICICR f(z)),...,

WO —h =0, K —h = (D, —D2)n® - £2),

he® - = (D, - sz)(h(l) ICINCN f<2>),...,

£ =—gWht, 2f®-_pp . _ 2(g<1>h<3> +g@n )
i =-D,D, . f(4)_(g(1)h(5)+g(3)h(3)+g(5)h(l)),..._

Taking
g =ed, & =amt+kx+lLy+&?, (2.53)
hY =e™, n =ayt+Bx+py+m°. (2.5b)

We can obtain
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1
fO____ = eam §fM_0 m=46,-
(k+ ) (k+7)

g™ =0, h"=0 n=35. w=-k% a =4

Letting =1, then g, =g®, h=h®, f =1+ f®. Thus, the one-soliton solution is given as follows.

B g4 - e’ B 2(k1 + ﬂl)e§1+m+913 (2 6)
p= 1+ gttt » 4= 1+ ettt ! - 1+ eftnts ! '
where %3 = —;.
(k1+ﬂ1)(|1 +71)
In the same way, we can obtain the following N-soliton solutions of Equation (2.3).

2n 2n

o= S| S+ S, | @72
=01 j=1 IKj<p

2n 2n

9 =2A (#)eXD{Zﬂjeﬂ + ﬂ,-upﬁ,-p} (2.7b)
#=0,1 j=1 Kj<p
2n 2n

= S A e S S i, | 010

#=01 j=1 <Kj<p

where

oy =—k{, a; =, &.;=n;, (J=1--n), (2.82)
e =2(k; =k, )(1;-1,). (i<p=23-n), (2.80)
l+inep) _ Z(ﬁj —ﬂp)(}/,— _7,/)), (i<p=23-n), (2.8c)

0; 1 .
g i) — _ , (J’p :1’2,...,n)’ (28d)

(kj +ﬁp)(lj +7p)

A(m), A(u) and A;(u) take over all possible combinations of x; =0,1(j=1,2,---,2n) and satisfy the
following condition

n n

n n n n
Zﬂj zzlumj’ ziuj =1+Z'un+j’ 1+Zlui =Z/’ln+j'
=1 =1 = =1

j=1 j=1

3. The Double Wronskian Solution and Generalized Double Wronskian Solution

Let us first specify some properties of the Wronskian determinant. As is well known, the double Wronskian de-
terminant is

WM (@) = det (0,0, 0} pip, 0,7, 0} ),

where o = (¢, (X),0,(X), - @yom (x))T and y = (y, (X)W, (X), - Wyem (x))T. The following two determi-
nantal identities were often used [4] [5]. The one is

|D,a,b||D,c,d|-|D,a,c||D,b,d|+|D,a,d||D,b,c| =0, 3.1)

where Disa Nx(N-2) matrixand a,b,c and d represent N column vectors. The other is

N N
Zl|al""!aj—1’baj’aj+l”"'aN | = [Zlbj}al’.”’a'\‘ |’ (3.2)
1= j=
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where a; (1< j<N) are N column vectorsand be; denotes (b ;,b,a,;, - byay; )T.

Employing the Wronskian technique, we have the following result.
Theorem 1. The (2 + 1)-dimensional AKNS Equation (2.3) has the double Wronskian solution

g ZZWN+2,M (g[),l//), f =W N+1,M+l(¢;l//), h :_ZVVN,M+2 ((/J,l//), (33)

where ¢, and y, satisfy the following conditions

1 .
P x Z_E/lj%’ Pie =205 500 Py = Pjxo (i=12, N+M +2), (3.43)

1
t/ﬁﬁ;ﬂﬂ//p Vie =W Viy=Vie (1=12N+M+2). (3.4b)

Proof. In the following, we use the abbreviated notation of Freeman and Nimmo for the Wronskian and its
derivatives [4] [5], then Equation (3.3) becomes

g=2‘|\l/+\l;|\7?l‘, fz‘ﬁ;l\A/l‘, h=—2‘l\/|?1;m]+ (3.5)
First, we calculate various derivatives of g and f with respect to x and t.
fX:‘N/—\l,N+1;m‘+‘ﬁ;m,M +1‘,
fxx=‘N/—\2,N,N+1;m+‘N/—\1,N+2;M‘+2‘N/—\1,N+1;|\7?1,|v| +]{
+‘N;M/—\2,M,M +1‘+‘ﬁ;|\7?1,M +2‘,
gxzz‘ﬁ,N+2;l\7?1‘+2‘N/:1;i\/l/—\2,M‘,
gXX:Z‘N/—\l,N+1,N+2;lﬂ‘+2‘ﬁ,N+3;l\7—\1‘+4‘ﬂ,N+2;M/—\2,M‘
+2‘I\T+\1;M/—\3,M —1,M‘+2‘I\/I+\l;l\7—\2,M +1‘,
ft:—2(‘N/—\2,N+1,N;ﬁ‘+‘N/—\1,N+2;ﬂ‘)+2(‘ﬁ;|\7—\2,M +1,M‘+‘N;|\7?1,M +2‘),
gt=—4(‘N/—\1,N+2,N+1;|\7—\].‘+‘Q,N+3;|\7?1‘)
+4(‘ﬂ1;m,M,M—4+‘@;m,M +4)
Then a direct calculation gives
gtf—ftg+gxxf—ngfx+gfxx=6‘N;ﬁ”l\/|?1,N+l,N+2;M/\—l‘

2 N;M(‘N,ms;ﬁ—j—z

N, N +2;|\/|/—\2,M‘+‘|\T?1;|\T—\:-;,M —1,M‘)

+6 N;ﬁHN/?l; M —2,M +4—2‘@,N,N +1;MHN/?1; M?q

+2 I\T+\1; I\W?l‘(3‘lq?1 N +2;m+2‘ﬁ?1, N +1; I\T—\l,M +4) (3.6)
2 ﬂi;hfﬂ(s‘ﬁ;m/—\z,lvl,lvl +1‘—‘N;|\T—\1,M +2‘)

-4 N,N +2;I\7?1Mlﬁ,N +1;m+‘ﬁ;l\ﬁ,M +4)

4N M/—\Z,M‘("I\T?LN +1;m+‘ﬁ;|\7?1,|v| +4)
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Utilizing Equation (3.2) and Equation (3.4), we get

—_

(z%AjJ‘N,N +2;I\7?1‘=—‘N/—\1,N +LN +2;|\7?]HN,N +3M JHN,N +2; M/—\Z,M‘, (3.72)
[Z%/IJ‘N/:L I\/I/—\Z,M‘:—‘ﬁ,N +2;I\T—\2,M‘+‘N/:1;M/—\3,M —1,M‘+‘N/+\1;|\T—\2,M +q, (3.7b)
(zgljj\mN | = N2 NN NN 2 NN MM ], @

(Z%lj)‘ﬁ;ml,M +4:—‘ﬂ?1, N+LM —1,M +1‘+‘N;I\T—\2,M,M +1‘+‘N;I\7?1,M +2‘. (3.7d)

Noting
(Z%lj)‘ﬁ,N +2 I\leHN;M\‘:‘ﬁ,N +2 M?]{Z%/ljj‘ﬁ;m, (3.82)
(Z%lj} NTiLM —2,M |‘N;M‘=‘|\T+\1;|\A/—\2,M‘(Z%/1jjr;m, (3.8b)
(Z%ij]‘N/—\L N+LM [N+ =1 =[N =L N +1;|\AA‘(Z%,11)‘I\T+\1; M1, (3.80)
[Z%zj)‘ﬁ;l\ﬁ,m +]HN/+\1; M—\q=‘ﬁ;|\ﬂ,m +4(2%sz‘@; I\W?l‘ (3.8d)

Using Equation (3.7) and Equation (3.8), then Equation (3.6) becomes
9. f - fig+9,f-2g,f, +df,
:S‘N/—\l, N+1N +2;|\7—\1Hﬁ;w+8‘l/\l\;l\/l/—\2,M,M +]HN/:1; l\qu
. o o . (3.9)
—S‘N,N L2 M —].HN "IN +1;M‘+8‘N LM —2,M +1HN;M‘
+8‘N/—\1,N +2;ﬁHN/+\1;I\T—\].‘—S‘l\l/:i;i\/l/—\Z,MHN;M/ji,M +J+

According to (3.1), it is easy to see that Equation (3.9) is equal to zero. So, the proof of Equation (2.3a) is
completed. Similarly Equations (2.3 b) and (2.3 ¢) can also be proved.

In the following, we give some exact solutions. From Equation (3.4), we deduce that

A _

b _ afi _ A j

p;=e7'c;, y;=e"d;, ¢ _?x+?

where ¢; and d, (j=12,---,N+M +2) arearbitrary real constants.

Taking c; =d; =1, the double Wronskian solution of Equation (2.3) is obtained as follows:

12
y+71t, (3.10)

f =‘e"§j,6xe"’ﬂ',~-~,a§e‘51;e5j,axe'fj,-~-,6x”'e5"‘,
g= Z‘e”j 0,87, 0N et 5 el ... oM et ‘

h= —Z‘e’g" 0,87, AN Yo i e 0 et N et

Letting N=0 and M =0 gives
f =g 4 _efré‘zY g :(ﬂ’l _lz)effrfz, h :(ﬂi _lz)eﬁﬁfz,

then one-soliton solution of Equation (2.1) is
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1 gt 1 et
DZEM-MM’ R TE)
e &H-& eél_éz

(/12 Al)smh(gz &) Z(A1 %)sinh(fz—fl)'

Choosing N=1 and M =0 vyields
:%(ﬂi_ﬂz) “G-ftl | = (;{3 21) §1+§z§3+ (/12 Aa)eﬁﬁzéa

2%(11_27)(12 _13)(/11 _%)e*e”re”z*ﬁz,
h :(/71 _Az)eéﬁfrés +(2*2 _%)eféﬁfﬂfs +(j3 _ﬂj)eéréﬁés_

So, we have
p:l (/11—/12)(/12—13)(11—23)e‘51"52“53
2 (21 _Az)e*e‘ré‘fr«fa +(/13 _ﬂl)eﬁfﬁfz*fa +(12 _%)esﬁ*fz*fs !
qop AR )R b (dy e SR 4 (A -2 e B
(Al ﬂg)e G—62+¢3 +(/13 21)e &+62-G3 _,_(/LZ ﬂs)eé H-& !

O T R
2 (ﬂl — /'Lz)efﬁrﬁﬁﬁ + (ﬂg — ﬂl)e*ﬁ*fz*«fg + (22 _ ﬂs)eé*fz*é
. (2o =25 ) (A =2y — A @575
(ﬂl _ﬂvz)e_‘fl_éﬁé3 -I‘(ﬂ3 —jl)e‘§1+52‘53 + (AZ _23)951-52—53 ’

Similarly, when N =0 and ™M =1, we get
(/11 lz) —G1—52+S3 +( _ ) *51“32*53 _|_(ﬂ2 %)851*52*53
p= (ﬂl ﬂz)eiﬁﬁz & +( _ )e51 Sa+és +(12 /‘{3) G+é+s !
%)

qzl ( _ )( (ﬂi_ﬂg)eiﬁe‘z*fa
2 (/'Ll _12)851%52-53 +(/'13 _21)651-52*53 +(ﬂ.2 _ﬂs)e—ﬁ*fz*fs !

[ (A=)t 2= 255 (= A) (= 2y + 2 )
2 (j’l — lz)efﬁ‘ff‘% +(ﬂ3 _ﬂl)e'frfz*'é% +(ﬂ'2 _ﬂs)e—§1+§2+§3
+ (ﬂz—ﬂg)(ﬂz + A — Al) Gteates
(A = 2,) 5% 4 (Jy = 1) 6177 1 (4, — 4y )e 7™ |
In the following, we will prove that Equation (2.3) has the generalized double Wronskian solution. First, we

give the following lemma [19].
Lemma 1. Assume that P = ( pij) isan x| operator matrix and its entries p, are differential operators.

B=(b;) isan Ixl function matrix with column vector set b, and row vector set b;
(i=1,2-1; j=1,2,--,1), then

"
2o pby b =3 pibi (3.11)
i=1l j=1 .

by
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T '\ ! ’ ! ! ! !
where pb; =(pyby, by, plibli) . Pib; =(pjlbj1! Piabia s pjlbjl)'
Using the Lemma 1 and the Wronskian technique, we construct the following result.
Theorem 2. The (2 + 1)-dimensional AKNS Equation (2.3) has the generalized double Wronskian solution

g=2W""*" (giyr), £ =W (piy), h=-2W"""2 (pry), (3.12)
where ¢, and y,; satisfy the following conditions

Pix =—A0, 0, =20, 0, iy =P (i=12---N+M+2), (3.13a)

Yix =AVL V=200 Vi =V (I =12,---N+M +2), (3.13b)

A= aij) isan (N+M +2)x(N+M +2) arbitrary real matrix independent of x and t.
In fact, similar the proof of Theorem 1, we only need to verify that identities (3.7) hold.
(1) If trA=0, setting

—0, I<iSN+M+21<jSN+1
Pi = o, 1<iSN+M+2N+2<j<N+M+2,

from Lemma 1, we can get

(21 a?("l 4 oW axM vy
NaMi2 . T, ZN N . T, M
_ax j _8x ax j ax j ax ax j 6)( 6)( j
=l I (. ) . (:W’) ) ( : ") (3.14)
N M
Puimsz 0 O Puimsz Wiimsz OxWiamiz  Ox Winimao
=‘N;|\W?1,M +1‘—‘I\T—\1,N+1;|\W‘.
Using Equation (3.13), the left-hand side of (3.14) is equal to
(21 621401 4 ay“/’l
N+M+2 | N+M +2 N+M+2 N N+M +2 N+M +2 M N+M +2 ~ o~
’ Z ae Z ajlax¢’| Z auy, ajlax Vi = Z ajj‘N;M"
j=1 1=1 1=1 1=1 1=1 =1
Pnims2 axN(0N+M+2 VNimaz " 6XM'//N+M+2
Therefore,
trA‘N;m:‘N;M?LM +].‘—‘I\I/?1,N+l;l\7‘. (3.15)
From (3.15), we derive further
trA‘N, N +2;|\T—\q :—‘N/—\l, N+LN+2; MTJHN, N +3; I\ﬁHN, N+2:M -2, M‘, (3.16a)
trA‘N/:i; I\T—\Z,M‘:—‘ﬁ, N +2;i\A/—\2,M‘+‘I\T+\i; M_3 M —1,M‘+‘N/+\1; M —2,M +q, (3.16h)
trA‘r\T?LN +1;|\7‘=-‘N/—\2, N, N +1;|\7‘—‘I\T?1, N +2;|\7‘+‘|\T?1, N+LM LM +q, (3.16¢)
trA‘l/\I\;l\Wji,M +1‘ =—‘N/—\1, N+LM—1,M +1‘+‘N\;I\/I/—\2,M,M +1‘+‘ﬁ;i\7?1,M +2‘, (3.16d)
(trA)’|N;M| = [N=2,N, N +1;M] +|N =L N +2;M [ -2[N LN +1;M —1 M +]
(3.17)

+‘N;I\7—\2,M,M +1‘+‘ﬁ;l\7—\1,M +2‘.
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It is obvious that (3.7) hold.
(2) If trA=0, we can consider this as a limit case where trA tends to zero. Then (3.15)-(3.17) become

‘N;MA—LM +l‘:‘N/—\1,N +1;m, (3.18a)

‘N,N +2 M/—\Z,M‘z‘l\le,N +LN +2;|\7?]HN,N +3;i\7?q, (3.18h)
‘N/+\1;I\T—\2,M +1‘=‘Q,N+2;|\T—\2,M‘—‘N/H;|\T—\3,M—1,|v|‘, (3.18¢)
‘I\T—\l,N +LM -1 M +1‘:‘N/+\1,N,N +1;MHI\T?1,N +2;m, (3.18d)
‘N;I\W?LM +2‘=‘N/—\1,N +LM -1 M +1‘—‘N;M/—\2,M,M +q, (3.18¢)

‘l\T—\z,N,N+1;M‘+‘|\T—\1,N +2;|\W‘—2‘|\T—\1,N +LM LM +q

~ - (3.18f)
=—‘N;M —2,M,M +JHN;M 1M +2‘.
Using (3.18), Equation (3.12) still satisfies Equation (2.3).
From Equation (3.13), we can get the general solution
p= e—ZAzt—Ax—AyC, v = e—ZAzt—Ax—Ay D, (3'19)

where C :(cl,cz,---,cMM)T and D :(dl,dz,---,dMMQ)T are real constant vectors. Thus, we have the fol

lowing result.

Theorem 3. A:(aij) isan (N+M +2)x(N+M +2) arbitrary real matrix independent of x and t. Equ-
ation (2.3) has double Wronskian solution (3.12), where ¢ and y are constructed by (3.19). The corres-
ponding solution of Equation (2.1) can be expressed as

WN+2,M (Q).(//) B 2wN,M+2(¢);V/)

p=2——0 2 g=-2——0— 0 u=2| WM () | (3.20)
WN 1,M 1((0;1//) WN 1,M 1((0;!//) |: ( )]X
4. Rational Solutions
In the section, we will give rational solutions of the (2 + 1)-dimensional AKNS Equation (2.1).
Expanding (3.19) leads to
—2A% ~AeAY = E] (—1)57I 2! ! s-21 ASC 41
=e"'e = —t (X+ , Jda
v 2 gu(s—zl)! (x+y) (4.12)
y =MD = i uz—lt' (x+y)™ |AD. (4.1b)
S| @ 1(s-21)! '
If
k, 0
k
A= 2 Cko=k (i), (4.2)
0 kN+M+2
we can obtain solution solutions of Equation (2.3), where
o, :Cje—ijzt—ka—kjy, v, = dj62k]2t+klx+kjy (J =12 N+M _'_2). (4.3)
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o

0 10 (N+M+2)x(N+M+2)

it is obvious to know that AV*™*2 =0. Thus (4.1) can be truncated as

N+M +

u

=T

_ A7) “ s-2I ASC,
2, | Zings—ant XY

N+M +1 [ﬂ 2I

V= X 2o,

The components of ¢ and w are

2 [=-] -1 51
X+y 2 (-1 i1
¢j:cj—cjl(x+y)+cj{—2t+( ; ) ]+-~~+cl§ I&Jzﬁt'(xw)’”',

—~

2
X+Y) z 2 j-1-21
l//j=dj+djl(x+y)+dj2[2t+ 5 J+"'+dlzmtl(x+y)J ,

(i=12,---\N+M +2).
In (4.6), taking ¢, =d, =1, ¢, =d, :O(k:2,3,--~,N+M +2), then (4.6) becomes

[11] ( 1)J|12I | [174} ol

2 : .
) % i(x ]—1—2I, o t| X ]—1—2I.
2= Loyt YT gyt )
Thus, we can calculate some rational solutions of Equation (2.1).
N TP
Cox+y O x+y x4y’
2
-2t
_ 12 7q:2(x+y)z w4 x+2y ,
(x+y) +2t (x+y) +2t (x+y) +2t
B 2t+(x+y)2 B 1 uoa_ XFY
2t—(x+y)2' 2t—(x+y)2’ 2t—(x+y)2'

5. Matveev Solutions

In the following, we will discuss Matveev solutions of the (2 + 1)-dimensional AKNS equation.
Let A be a Jordan matrix

J (ks) (N+M+2)x(N+M +2)

(4.4)

(4.58)

(4.5b)

(4.6a)

(4.6b)

(4.7)

(4.8)

(4.9)

(4.10)

(6.1)
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Without loss of generality, we observe the following Jordan block (dropping the subscript of k)

k 0 0 0
1 k 1 0
J(k)=| " . . =k, +E,, E =~ . . , (5.2)
0 1k Iixd; 0 1.0 lixli
where 1, isan I, xI; unite matrix. We have
0 (9=(k,+ &) =1, <60, Rl e s Bl e St i 53
! j! s!
ie.,
1 0
0, 1
%aﬁ o, 1
P()=Tk Te=| L %Gi o 1 (5.30)
1 . 1 1
T L
Substituting (5.2) into (4.1), we get
(p(k) :Tke—zkzt—kx—kyc, w (k) :Tke2k2t+kx+ky D. (5.4)
The components of ¢(k) and (k) are
wj(k)=(°l(jf1).6dl+~-+c,-ﬁw%}eMk”y’ (i=12-1), (5.52)
(//j(k):(dl(jil)'al{1+..._|_dj1ak+dee2k2t+kx+ky, (j:1,2,...,|i). (5.5b)

Specially, taking ¢, =d, =1, ¢;=d;=0(j=2,3,,1;), then (5.5) becomes
1 i 2 1
. k — 6J—le—2k t—kx—ky, _ k —
Thus, Matveev solutions of Equation (2.1) can be obtained, where

(P:(("l(kl)""’(/’ll(kl);("l(kz)""’(/’h(kz);""(”l(kS)""’?’ls(kS))

‘//:(Vfl(kl)"""//ll(kl);‘//l(kz)"",%z(kz);“'yl//l(ks)v"'v‘//g(ks))T, (5.7b)

(L+L++l,=N+M+2).

ag—182k2t+kx+ky. (56)

T
’

(5.79)

In (5.7), taking

T T
@Z((ﬂl(k)!("z(k)) ) ’/’:(Wl(k)vl/’z(k)) , (5.8)
where ¢, (k) and (k) are generated from (5.6), we can obtain the Matveev solution of Equation (2.1).
p=-— 1 —4k2t—2kx—2ky, __ 1 4k2t+2kx+2ky' _ 2 . (5.9)
4kt + X+ Yy 4kt +Xx+y 4kt +x+y



Y. P. Sun

Similarly, choosing

T

(9:(¢’1(k)'¢’2(k)'¢’3(k))T’ v :(V’l(k)’V’Z(k)"/’a(k)) '

and (N,M)=(1,0), we get

1 2
-4k%t-2kx-2k
e y

B 2t + (4kt + x + y)2

_ 2t (4kt+x+ y)’ QiK1 Zhci 2l
2t (akt+x+y)

4(3kt+x+Y) 2k (4Kt +x + y)2
2t + (4Kt + x + y)2 2t +(4kt +x + y)z'

When (N,M)=(0,1), we have

2t+(4kt+x+ y)
2t —(4kt + x + y)

4kzt—2kx—2ky

1 4Kk%t+2kx+2ky
e )

—(4kt +x+ y)2

4(3kt+x+Y) 2k(4kt+x+ y)
—(4kt +x+ y) 2t (4kt+x+ y)

Assume that

60:(%("1)’%(kl)v%(kz))T' 4 =(t//1(k1),1//2(k1),1//1(k2))T '

letting (N,M)=(10) gives

(k—k,)’
P= [1+2(k —k)(8kt+x+y)|e* —e*?’
q- 2[1+2(k —k;)(4kt+x+y)]e’? —e*

1+2(k, — k) (4kt+x+y)—e>22a

[1+2(k, —k ) (4kt +x+y)e¥ —e*2
Similarly, taking (N,M)=(0,1) yields
[1+2(k,—k, ) (4Kt +x+y)]e 2 —g %
1+ 2(k1 - kz)(4k t+X+ y)_ez‘fl‘zfz

(ki k)’

[1+2k k) (4kt+x+y)Je? —e %

p=2

[k, — 2k, — 2Kk, (k, =k ) (4Kt + x+y) | +(2k, —k, )e??

[k2 — 2k, — 2k, ((k, —k, ) (4kyt +x + ) ]e% +(2k, —k, ) e

—[1+2(k, —k, ) (4Kt + X+ y) [e % 7%

6. Complexitions of the (2 + 1)-Dimensional AKNS Equation

In the following, we would like to consider that A is a real Jordan matrix.

(5.10)

(5.11a)

(5.11b)

(5.11c)

(5.12a)

(5.12b)

(5.12¢)

(5.13)

(5.14a)

(5.14b)

(5.14c)

(5.15a)

(5.15b)

(5.15¢)
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J; 0

A= %2 ,
0 J,

where
A 0
3= I, A . , A:[ai - i)]

R B o

0o 1, A

and «;, 5 (i=1, 2,---,h) are real constants. Then, from (4.1), complexitons can be obtained.

In order to prove that, we first observe the simplest case when
a —f 0 -1
A= =al, + po,, o,= .
p «a 1 0

‘[2('12‘/32)”“(””}'2 .e{4aﬁt+ﬂ(x+y)]chCI

Substituting (6.2) into (4.1a) yields

p=¢€
Expanding the above ¢ and taking advantage of o =-I,, we have

0= e—z(az—ﬂz)t—a(x+y) |:

Similarly,

W= ez(az—[;’z)t+a(x+y) |:

Further, we consider the matrix A as a Jordan block J,

A=J, =A+E,
A 0 0 0
I, 0
A=1,®A= A s  E=E®L= F *
0 A 0 I, 21ix2l;

where the symbol ® denotes tensor product of matrices. Noting that A'E'=E'A’, we get
A =(A+E') :(IZ,A +E0, +-~-+_iE’ia; P E'Sa;jA'S.
! 1 J! 1 S! 1

Employing the following formula

oA = (ailz +ﬁi02)p = p(“ilz +ﬁiaz)p4, (p 21,2,3,“'),
then (6.6) can be written as

I, 0
1,0, 1,
1
a0 el A®=T (0, )A".
1 " 1
(I.—l)llz i;il Elzaii |26ai I,

cos(4apt+B(x+Yy))l, —sin(4apt+ B(x+ y))az]C.

cos(4apt+ B(x+Y))l, +sin(dapt+ B(x+ y))az]D.

(6.1)

(6.2)

(6.3)

(6.4a)

(6.4b)

(6.5)

(6.5)

(6.6)

(6.7)

(6.8)
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Substituting (6.8) into (4.1) yields

0,(a)=T (o, ) **c=T(a, )( 1, ® e‘“‘z"“(“”)c, (6.92)
vi(@)=T(0, )" D =T(o, )( , ®e2’*2‘*“<“”) D, (6.9b)
or
0j ()= (i il)l aii_leizﬁzwmy)cl +e 40, efzﬁqiwmcj—l + EMQFMW)CV (6.10a)
‘//j (ai ) _ (-;l)lai-leZA‘zuMHY)dl bt aa.EZA‘Z”A\(HY)dj_l i ezAi2t+A,-(x+y)dj ’ (610b)
j-yr e !
where
T T T T\T
?; (ai)z((ﬂjl(ai)v(ﬂjz(ai)) ) (D(O‘i):(%(ai) :(/’z(ai) G, (ai) ) )
T T T T\"
Vi (ai):(l//jl(ai)’l//ﬂ(ai)) ’ V’(“i):(‘//l(ai) Wo(a) W () ) .
T T
Cj :(le'CiZ)T'C :(ClTCZTCI.T) 4 =(dj1,dj2)T, D:(le’dZT""'dliT) '
According to (6.4), Equation (6.10) can be expressed as the following explicit form:
@i (ai)J 1 1 jos | 2B )imailxry)
?i ai = = B aa- €
(=[St i
C,y €OS (4 Bt + B, (X +Y))+Cg,sin (4 Bt + B (X +Y)) '
—Cy sin(4a, B+ B (x+Y))+cy, cos(day Bt + B (x+Y))
" (a ) _ (l//jl (ai )J _ j 1 6J-,S eZ(aiz—ﬁiz)Hai(Hy)
A '/’jz(ai) s:l(j_s)! “
(6.11b)

dg, cos(4a; Bt + B (x+Y))—dg,sin (e, Bt + B (x+Y))
dg, sin(4e; Bt + B (x+y))+dg, cos(dar Bt + B (x+Y)) ||
Thus, the double Wronskian (3.12) is the complextion of Equation (2.3), where

T

(0:((01(0‘1)Tv"’v¢|1(a1)T;(/’1((az)T:"':‘Plz (az)T;”';‘ﬂl(ah)Tv”'v¢’|h(ah)T) )

v =(va(@) v (@) () o, (@) 5w (@) e (@))
(L+1++1, =N+M+2).

On the other hand, for 0, A" =-0,0 5 A", the partial derivative with respect to «; can be replaced by the

partial derivative with respectto g in (6.10) and (6.11).
For example, taking N=M =0, &= Z(az —ﬂz)t +a(x+y), n=4apt+pB(x+y) (dropping the sub-
script) and ¢ = (e‘f cos7,—€ ¢ sin n)T e (ef cos 7, e sin n)T , We have
~4(a?-p2t-2a(x+y)

e
:_Zﬂsin 2(4apt+ B(x+y)) (6.122)
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4(a2—ﬁ2)t+2a(x+y)
2P sin2(4apt+ p(x+y))’
u=4pcot2(4apt+pB(x+Y)). (6.12c)

q=- (6.12b)

7. Conclusion

In this paper, we have obtained N-solution solutions and the generalized double Wronskian solution of the (2 +
1)-dimensional AKNS equation through the Hirota method and the Wronskian technique, respectively. Moreo-
ver, we have given rational solutions, Matveev solutions and complexitons of the (2 + 1)-dimensional AKNS
equation. According to our knowledge, the three solutions are novel.
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