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Abstract 
N-soliton solutions and the bilinear form of the (2 + 1)-dimensional AKNS equation are obtained 
by using the Hirota method. Moreover, the double Wronskian solution and generalized double 
Wronskian solution are constructed through the Wronskian technique. Furthermore, rational so-
lutions, Matveev solutions and complexitons of the (2 + 1)-dimensional AKNS equation are given 
through a matrix method for constructing double Wronskian entries. The three solutions are new. 
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1. Introduction 
It is one of the most important topics to search for exact solutions of nonlinear evolution equations in soliton 
theory. Moreover, various methods have been developed, such as the inverse scattering transformation [1], the 
Darboux transformation [2], the Hirota method [3], the Wronskian technique [4] [5], source generation proce-
dure [6] [7] and so on. In 1971, Hirota first proposed the formal perturbation technique to obtain N-soliton solu-
tion of the KdV equation. Satsuma gave the Wronskian representation of the N-soliton solution to the KdV equ-
ation [8]. Then the Wronskian technique was developed by Freeman and Nimmo [4] [5]. In 1992, Matveev in-
troduced the generalized Wronskian to obtain another kind of exact solutions called Positons for the KdV equa-
tion [9]. Recently, Ma first introduced a new kind of exact solution called complexitons [10]. By using these 
methods, exact solutions of many nonlinear soliton equations are obtained [11]-[16]. 

The AKNS (Ablowitz-Kaup-Newell-Segur) equation is one of the most important physical models [17]-[19]. 
In 1997, Lou and Hu have obtained the (2 + 1)-dimensional AKNS equation from the inner parameter dependent 
symmetry constraints of the KP equation [20]. Moreover, Lou et al. have studied Painlev e′  integrability of the 
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(2 + 1)-dimensional AKNS equation [21]. In this paper, we will apply the Hirota method and the Wronskian 
technique to obtain new exact solutions of the (2 + 1)-dimensional AKNS equation. 

This paper is organized as follows. In Section 2, the bilinear form of the (2 + 1)-dimensional AKNS equation 
and its N-soliton solutions are obtained through the Hirota method. In Section 3, the double Wronskian solution 
and generalized double Wronskian solution are constructed by using the Wronskian technique. In Sections 4 and 
5, rational solutions and Matveev solutions are given. In Section 6, complexitons of the (2 + 1)-dimensional 
AKNS equation are provided. Finally, we give some conclusions. 

2. N-Soliton Solutions of the (2 + 1)-Dimensional AKNS Equation 
We consider the following (2 + 1)-dimensional AKNS equation [21] 

0,   0,   2 0.t xx x t xx x yp p pu q q qu u pq+ + = − − = + =                        (2.1) 

Through the dependent variable transformation 

,  ,  2 ,xfg hp q u
f f f

= = =                               (2.2) 

Equation (2.1) is transformed into the following bilinear form 

( )2 0,t xD D g f+ ⋅ =                                    (2.3a) 

( )2 0,t xD D h f− ⋅ =                                    (2.3b) 

2 0,x yD D f f gh⋅ + =                                   (2.3c) 

where D is the well-known Hirota bilinear operator defined by 

( ) ( ) ( ) ( ) , , , .m nm n
t x t t x x t t x xD D f g f t x g t x′ ′ ′ ′= =′ ′⋅ = ∂ − ∂ ∂ − ∂  

Expanding f, g and h as the series 

( ) ( ) ( ) ( )2 4 22 4 2, , 1 ,j jf t x y f f fε ε ε= + + + + +                      (2.4a) 

( ) ( ) ( ) ( )1 3 2 13 2 1, , ,j jg t x y g g gε ε ε+ += + + + +                       (2.4b) 

( ) ( ) ( ) ( )1 3 2 13 2 1, , ,j jh t x y h h hε ε ε+ += + + + +                        (2.4c) 

substituting Equation (2.4) into (2.3) and comparing the coefficients of the same power of ε  yields 
( ) ( ) ( ) ( ) ( ) ( ) ( )1 1 3 3 1 220,   ,t xx t xx t xg g g g D D g f+ = + = − + ⋅  

( ) ( ) ( ) ( ) ( ) ( ) ( )( )5 5 1 4 3 22 , ,t xx t xg g D D g f g f+ = − + ⋅ + ⋅ 
 

( ) ( ) ( ) ( ) ( ) ( ) ( )1 1 3 3 1 220,   ,t xx t xx t xh h h h D D h f− = − = − − ⋅  

( ) ( ) ( ) ( ) ( ) ( ) ( )( )5 5 1 4 3 22 , ,t xx t xh h D D h f h f− = − − ⋅ + ⋅ 
 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )2 1 1 4 2 2 1 3 3 1,   2 2 ,xy xy x yf g h f D D f f g h g h= − = − ⋅ − +  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )6 2 4 1 5 3 3 5 1 , .xy x yf D D f f g h g h g h= − ⋅ − + + 
 

Taking 
( ) ( )11 0

1 1 1 1 1e ,   ,g t k x l yξ ξ ω ξ= = + + +                             (2.5a) 

( ) ( )11 0
1 1 1 1 1e ,   .h t x yη η α β γ η= = + + +                             (2.5b) 

we can obtain 
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( )

( ) ( )
( )1 12

1 1 1 1

1 e ,   0,   4,6, ,mf f m
k l

ξ η

β γ
+= − = = ⋅⋅ ⋅

+ +
 

( ) ( ) 2 2
1 1 1 10,  0,  3,5, ,   ,  .n ng h n kω α β= = = ⋅⋅ ⋅ = − =  

Letting 1,ε =  then ( )1
1g g= , ( )1

1h h= , ( )2
1 1f f= + . Thus, the one-soliton solution is given as follows. 

( ) 1 1 131 1

1 1 13 1 1 13 1 1 13

1 12 ee e,   ,   ,
1 e 1 e 1 e

k
p q u

ξ η θξ η

ξ η θ ξ η θ ξ η θ

β + +

+ + + + + +

+
= = =

+ + +
                  (2.6) 

where 
( )( )

13

1 1 1 1

1e .
k l

θ

β γ
= −

+ +
 

In the same way, we can obtain the following N-soliton solutions of Equation (2.3). 

( )
2 2

1
0,1 1 1

exp ,
n n

n j j j j
j j

f A ρ ρ
µ ρ

µ µ ξ µ µ θ
= = ≤ <

 
= + 

 
∑ ∑ ∑                         (2.7a) 

( )
2 2

2
0,1 1 1

exp ,
n n

n j j j j
j j

g A ρ ρ
µ ρ

µ µ ξ µ µ θ
= = ≤ <

 
= + 

 
∑ ∑ ∑                         (2.7b) 

( )
2 2

3
0,1 1 1

exp ,
n n

n j j j j
j j

h A ρ ρ
µ ρ

µ µ ξ µ µ θ
= = ≤ <

 
= + 

 
∑ ∑ ∑                          (2.7c) 

where 

( )2 2,  ,  ,  1, , ,j j j j n j jk j nω α β ξ η+= − = = = ⋅⋅ ⋅                         (2.8a) 

( )( ) ( )e 2 ,   2,3, , ,j
j jk k l l j nρθ

ρ ρ ρ= − − < = ⋅⋅ ⋅                       (2.8b) 

( )( ) ( ) ( ) ( )e 2 ,  2,3, , ,n j n
j j j nρθ

ρ ρβ β γ γ ρ+ + = − − < = ⋅⋅ ⋅                     (2.8c) 

( )

( ) ( ) ( ), 1e ,  , 1, 2, , ,j n

j j

j n
k l

ρθ

ρ ρ

ρ
β γ

+ = − = ⋅⋅ ⋅
+ +

                     (2.8d) 

( )1A µ , ( )2A µ  and ( )3A µ  take over all possible combinations of ( )0,1 1,2, , 2j j nµ = = ⋅⋅ ⋅  and satisfy the 
following condition 

1 1 1 1 1 1
,   1 ,   1 .

n n n n n n

j n j j n j j n j
j j j j j j
µ µ µ µ µ µ+ + +

= = = = = =

= = + + =∑ ∑ ∑ ∑ ∑ ∑  

3. The Double Wronskian Solution and Generalized Double Wronskian Solution 
Let us first specify some properties of the Wronskian determinant. As is well known, the double Wronskian de-
terminant is 

( ) ( ), 1 1; , , , ; , , , ,N M N M
x x x xW detϕ ψ ϕ ϕ ϕ ψ ψ ψ− −= ∂ ⋅ ⋅ ⋅ ∂ ∂ ⋅ ⋅ ⋅ ∂  

where ( ) ( ) ( )( )T
1 2, , , N Mx x xϕ ϕ ϕ ϕ += ⋅⋅ ⋅  and ( ) ( ) ( )( )T

1 2, , , .N Mx x xψ ψ ψ ψ += ⋅⋅ ⋅  The following two determi-
nantal identities were often used [4] [5]. The one is 

, , , , , , , , , , , , 0,D a b D c d D a c D b d D a d D b c− + =                   (3.1)  

where D is a ( )2N N× −  matrix and , ,a b c  and d represent N column vectors. The other is 

1 1 1 1
1 1

, , , , , , , , ,
N N

j j j N j N
j j

b bα α α α α α α− +
= =

 
⋅ ⋅ ⋅ ⋅ ⋅ ⋅ = ⋅ ⋅ ⋅ 

 
∑ ∑                      (3.2) 
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where ( ) 1j j Nα ≤ ≤  are N column vectors and jbα  denotes ( )T
1 1 2 2, , ,j j N Njb b bα α α⋅⋅ ⋅ . 

Employing the Wronskian technique, we have the following result. 
Theorem 1. The (2 + 1)-dimensional AKNS Equation (2.3) has the double Wronskian solution 

( ) ( ) ( )2, 1, 1 , 22 ; ,  ; ,  2 ; ,N M N M N Mg W f W h Wϕ ψ ϕ ψ ϕ ψ+ + + += = = −                  (3.3) 

where jϕ  and jψ  satisfy the following conditions 

( ), , , , ,
1 ,  2 ,  ,  1, 2, , 2 ,
2j x j j j t j xx j y j x j N Mϕ λ ϕ ϕ ϕ ϕ ϕ= − = − = = ⋅⋅ ⋅ + +                 (3.4a) 

( ), , , , ,
1 ,   2 ,   ,    1, 2, , 2 .
2l x l l l t l xx l y l x l N Mψ λψ ψ ψ ψ ψ= = = = ⋅⋅ ⋅ + +                 (3.4b) 

Proof. In the following, we use the abbreviated notation of Freeman and Nimmo for the Wronskian and its 
derivatives [4] [5], then Equation (3.3) becomes 

    2 1; 1 ,  ; ,  2 1; 1 .g N M f N M h N M= + − = = − − +                  (3.5) 

First, we calculate various derivatives of g and f with respect to x and t. 

   1, 1; ; 1, 1 ,xf N N M N M M= − + + − +  

     

   

2, , 1; 1, 2; 2 1, 1; 1, 1

; 2, , 1 ; 1, 2 ,

xxf N N N M N N M N N M M

N M M M N M M

= − + + − + + − + − +

+ − + + − +
 

  2 , 2; 1 2 1; 2, ,xg N N M N M M= + − + + −  

     

 

2 1, 1, 2; 1 2 , 3; 1 4 , 2; 2,

2 1; 3, 1, 2 1; 2, 1 ,

xxg N N N M N N M N N M M

N M M M N M M

= − + + − + + − + + −

+ + − − + + − +
 

   ( )    ( )2 2, 1, ; 1, 2; 2 ; 2, 1, ; 1, 2 ,tf N N N M N N M N M M M N M M= − − + + − + + − + + − +  

   ( )
 ( )

4 1, 2, 1; 1 , 3; 1

4 1; 3, , 1 1; 2, 1 .

tg N N N M N N M

N M M M N M M

= − − + + − + + −

+ + − − + + − +
 

Then a direct calculation gives 

   

      ( )
     

    ( )
    ( )
 

2 6 ; 1, 1, 2; 1

2 ; , 3; 1 2 , 2; 2, 1; 3, 1,

6 ; 1; 2, 1 2 2, , 1; 1; 1

2 1; 1 3 1, 2; 2 1, 1; 1, 1

2 1; 1 3 ; 2, , 1 ; 1, 2

4 , 2; 1

t t xx x x xxg f f g g f g f gf N M N N N M

N M N N M N N M M N M M M

N M N M M N N N M N M

N M N N M N N M M

N M N M M M N M M

N N M N

− + − + = − + + −

− + − − + − + + − −

+ + − + − − + + −

+ + − − + + − + − +

+ + − − + − − +

− + − −   ( )
    ( )

1, 1; ; 1, 1

4 1; 2, 1, 1; ; 1, 1 .

N M N M M

N M M N N M N M M

+ + − +

− + − − + + − +

             (3.6) 
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Utilizing Equation (3.2) and Equation (3.4), we get 

       

1 , 2; 1 1, 1, 2; 1 , 3; 1 , 2; 2, ,
2 j N N M N N N M N N M N N M Mλ  + − = − − + + − − + − + + − 

 
∑      (3.7a) 

    

1 1; 2, , 2; 2, 1; 3, 1, 1; 2, 1 ,
2 j N M M N N M M N M M M N M Mλ  + − = − + − + + − − + + − + 

 
∑      (3.7b) 

       

1 1, 1; 2, , 1; 1, 2; 1, 1; 1, 1 ,
2 j N N M N N N M N N M N N M Mλ  − + = − − + − − + + − + − + 

 
∑     (3.7c) 

       

1 ; 1, 1 1, 1; 1, 1 ; 2, , 1 ; 1, 2 .
2 j N M M N N M M N M M M N M Mλ  − + = − − + − + + − + + − + 

 
∑     (3.7d) 

Noting 

       

1 1, 2; 1 ; , 2; 1 ; ,
2 2j jN N M N M N N M N Mλ λ   + − = + −   

   
∑ ∑                (3.8a) 

     

1 1| 1; 2, | ; 1; 2, ; ,
2 2j jN M M N M N M M N Mλ λ   + − = + −   

   
∑ ∑               (3.8b) 

     

1 11, 1; 1; 1 1, 1; 1; 1 ,
2 2j jN N M N M N N M N Mλ λ   − + + − = − + + −   

   
∑ ∑           (3.8c) 

     

1 1; 1, 1 1; 1 ; 1, 1 1; 1 .
2 2j jN M M N M N M M N Mλ λ   − + + − = − + + −   

   
∑ ∑            (3.8d) 

Using Equation (3.7) and Equation (3.8), then Equation (3.6) becomes 

      

      

     

2

8 1, 1, 2; 1 ; 8 ; 2, , 1 1; 1

8 , 2; 1 1, 1; 8 1; 2, 1 ;

8 1, 2; 1; 1 8 1; 2, ; 1, 1 .

t t xx x x xxg f f g g f g f gf

N N N M N M N M M M N M

N N M N N M N M M N M

N N M N M N M M N M M

− + − +

= − + + − + − + + −

− + − − + + + − +

+ − + + − − + − − +

               (3.9) 

According to (3.1), it is easy to see that Equation (3.9) is equal to zero. So, the proof of Equation (2.3a) is 
completed. Similarly Equations (2.3 b) and (2.3 c) can also be proved. 

In the following, we give some exact solutions. From Equation (3.4), we deduce that 
2

e ,  e ,  ,
2 2 2

j j j j j
j j j j jc d x y tξ ξ λ λ λ

ϕ ψ ξ−= = = + +                    (3.10) 

where jc  and jd  ( )1,2, , 2j N M= + +  are arbitrary real constants. 
Taking 1,j jc d= =  the double Wronskian solution of Equation (2.3) is obtained as follows: 

e , e , , e ;e , e , , e ,j j j j j jN M
x x x xf ξ ξ ξ ξ ξ ξ− − −= ∂ ∂ ∂ ∂   

1 12 e , e , , e ;e , e , , e ,j j j j j jN M
x x x xg ξ ξ ξ ξ ξ ξ− − −+ −= ∂ ∂ ∂ ∂   

1 12 e , e , , e ;e , e , , e .j j j j j jN M
x x x xh ξ ξ ξ ξ ξ ξ− − −− += − ∂ ∂ ∂ ∂   

Letting 0N =  and 0M =  gives 

( ) ( )2 1 1 2 1 2 1 2
1 2 1 2e e ,  e ,  e ,f g hξ ξ ξ ξ ξ ξ ξ ξλ λ λ λ− − − − += − = − = −  

then one-soliton solution of Equation (2.1) is 
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( ) ( ) ( ) ( )
1 2 1 2

1 2 1 2
2 1 2 1

1 e 1 e,  ,
2 sinh 2 sinh

p q
ξ ξ ξ ξ

λ λ λ λ
ξ ξ ξ ξ

− − +

= − = −
− −

 

( ) ( ) ( ) ( )
2 1 1 2

2 1 1 2
2 1 2 1

1 e 1 e .      
2 sinh 2 sinh

u
ξ ξ ξ ξ

λ λ λ λ
ξ ξ ξ ξ

− −

= − − −
− −

 

Choosing 1N =  and 0M =  yields 

( ) ( ) ( )1 2 3 1 2 3 1 2 3
1 2 3 1 2 3

1 1 1e e e ,
2 2 2

f ξ ξ ξ ξ ξ ξ ξ ξ ξλ λ λ λ λ λ− − + − + − − −= − + − + −  

( )( )( ) 1 2 3
1 2 2 3 1 3

1 e ,
4

g ξ ξ ξλ λ λ λ λ λ − − −= − − −  

( ) ( ) ( )1 2 3 1 2 3 1 2 3
1 2 2 3 3 1e e e .h ξ ξ ξ ξ ξ ξ ξ ξ ξλ λ λ λ λ λ+ − − + + − += − + − + −  

So, we have 

( )( )( )
( ) ( ) ( )

1 2 3

1 2 3 1 2 3 1 2 3

1 2 2 3 1 3

1 2 3 1 2 3

e1 ,
2 e e e

p
ξ ξ ξ

ξ ξ ξ ξ ξ ξ ξ ξ ξ

λ λ λ λ λ λ
λ λ λ λ λ λ

− − −

− − + − + − − −

− − −
=

− + − + −
 

( ) ( ) ( )
( ) ( ) ( )

1 2 3 1 2 3 1 2 3

1 2 3 1 2 3 1 2 3

1 2 2 3 3 1

1 2 3 1 2 3

e e e
2 ,

e e e
q

ξ ξ ξ ξ ξ ξ ξ ξ ξ

ξ ξ ξ ξ ξ ξ ξ ξ ξ

λ λ λ λ λ λ
λ λ λ λ λ λ

+ − − + + − +

− − + − + − − −

− + − + −
=

− + − + −
 

( )( ) ( )( )
( ) ( ) ( )

( )( )
( ) ( ) ( )

1 2 3 1 2 3

1 2 3 1 2 3 1 2 3

1 2 3

1 2 3 1 2 3 1 2 3

1 2 3 1 2 3 1 2 1 3

1 2 3 1 2 3

2 3 1 2 3

1 2 3 1 2 3

e e1
2 e e e

e
.

e e e

u
ξ ξ ξ ξ ξ ξ

ξ ξ ξ ξ ξ ξ ξ ξ ξ

ξ ξ ξ

ξ ξ ξ ξ ξ ξ ξ ξ ξ

λ λ λ λ λ λ λ λ λ λ
λ λ λ λ λ λ

λ λ λ λ λ
λ λ λ λ λ λ

− − + − + −

− − + − + − − −

− −

− − + − + − − −

 − − − + − − −
= 

− + − + −
− − −

+ 
− + − + − 

 

Similarly, when 0N =  and 1M = , we get 

( ) ( ) ( )
( ) ( ) ( )

1 2 3 1 2 3 1 2 3

1 2 3 1 2 3 1 2 3

1 2 3 1 2 3

1 2 3 1 2 3

e e e
2 ,

e e e
p

ξ ξ ξ ξ ξ ξ ξ ξ ξ

ξ ξ ξ ξ ξ ξ ξ ξ ξ

λ λ λ λ λ λ
λ λ λ λ λ λ

− − + − + − − −

+ − − + − + +

− + − + −
= −

− + − + −
 

( )( )( )
( ) ( ) ( )

1 2 3

1 2 3 1 2 3 1 2 3

1 2 2 3 1 3

1 2 3 1 2 3

e1 ,
2 e e e

q
ξ ξ ξ

ξ ξ ξ ξ ξ ξ ξ ξ ξ

λ λ λ λ λ λ
λ λ λ λ λ λ

+ +

+ − − + − + +

− − −
=

− + − + −
 

( )( ) ( )( )
( ) ( ) ( )

( )( )
( ) ( ) ( )

1 2 3 1 2 3

1 2 3 1 2 3 1 2 3

1 2 3

1 2 3 1 2 3 1 2 3

1 2 1 2 3 3 1 1 2 3

1 2 3 1 2 3

2 3 2 3 1

1 2 3 1 2 3

e e1
2 e e e

e
.

e e e

u
ξ ξ ξ ξ ξ ξ

ξ ξ ξ ξ ξ ξ ξ ξ ξ

ξ ξ ξ

ξ ξ ξ ξ ξ ξ ξ ξ ξ

λ λ λ λ λ λ λ λ λ λ
λ λ λ λ λ λ

λ λ λ λ λ
λ λ λ λ λ λ

+ − − +

+ − − + − + +

− + +

+ − − + − + +

 − + − + − − +
= 

− + − + −
− + −

+ 
− + − + − 

 

In the following, we will prove that Equation (2.3) has the generalized double Wronskian solution. First, we 
give the following lemma [19]. 

Lemma 1. Assume that ( )ijP p=  is an l l×  operator matrix and its entries ijp  are differential operators. 
( )ijB b=  is an l l×  function matrix with column vector set ib  and row vector set jb′  ( )1,2, , ; 1, 2, ,i l j l= =  , then 

1

1
1 1

, , , , ,
l l

i i l j j
i j

l

b

b p b b p b

b

= =

′

′ ′=

′

∑ ∑


 



                               (3.11) 
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where ( )T
1 1 2 2, , , ,i i i i i i li lip b p b p b p b=   ( )1 1 2 2, , , .j j j j j j jl jlp b p b p b p b′ ′ ′ ′ ′ ′ ′ ′=   

Using the Lemma 1 and the Wronskian technique, we construct the following result. 
Theorem 2. The (2 + 1)-dimensional AKNS Equation (2.3) has the generalized double Wronskian solution 

( ) ( ) ( )2, 1, 1 , 22 ; ,  ; ,  2 ; ,N M N M N Mg W f W h Wϕ ψ ϕ ψ ϕ ψ+ + + += = = −                  (3.12) 

where jϕ  and jψ  satisfy the following conditions 

( ), , , , ,,  2 ,  ,  1, 2, , 2 ,j x j j t j xx j y j xA j N Mϕ ϕ ϕ ϕ ϕ ϕ= − = − = = ⋅⋅ ⋅ + +                 (3.13a) 

( ), , , , ,,    2 ,    ,   1, 2, , 2 ,l x l l t l xx l y l xA l N Mψ ψ ψ ψ ψ ψ= = = = ⋅⋅ ⋅ + +                 (3.13b) 

( )ijA a=  is an ( ) ( )2 2N M N M+ + × + +  arbitrary real matrix independent of x and t.  
In fact, similar the proof of Theorem 1, we only need to verify that identities (3.7) hold. 
(1) If 0,trA ≠  setting 

1 2; 1 1;
1 2; 2 2,

x
ij

x

i N M j N
p

i N M N j N M
−∂ ≤ ≤ + + ≤ ≤ +

= ∂ ≤ ≤ + + + ≤ ≤ + +
 

from Lemma 1, we can get 

( ) ( ) ( )

   

1 1 1 1 1

2

1

2 2 2 2 2

; 1, 1 1, 1; .

N M
x x x

N M
N M

x j x x j x j x x j x x j
j

N M
N M x N M N M x N M x N M

N M M N N M

ϕ ϕ ψ ψ ψ

ϕ ϕ ψ ψ ψ

ϕ ϕ ψ ψ ψ

+ +

=

+ + + + + + + + + +

∂ ∂ ∂

−∂ −∂ ∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂

= − + − − +

∑

 

      

 

      

 

              (3.14) 

Using Equation (3.13), the left-hand side of (3.14) is equal to 

 

1 1 1 1

2 22 2 2 2

1 11 1 1 1

2 2 2 2

; .

N M
x x

N M N MN M N M N M N M
N M

jjjl l jl x l jl l jl x l
j jl l l l

N M
N M x N M N M x N M

a N Ma a a a

ϕ ϕ ψ ψ

ϕ ϕ ψ ψ

ϕ ϕ ψ ψ

+ + + ++ + + + + + + +

= == = = =

+ + + + + + + +

∂ ∂

=∂ ∂

∂ ∂

∑ ∑∑ ∑ ∑ ∑

 

     

 

     

 

 

Therefore, 
     ; ; 1, 1 1, 1; .trA N M N M M N N M= − + − − +                            (3.15) 

From (3.15), we derive further 
       , 2; 1 1, 1, 2; 1 , 3; 1 , 2; 2, ,trA N N M N N N M N N M N N M M+ − = − − + + − − + − + + −       (3.16a) 

    1; 2, , 2; 2, 1; 3, 1, 1; 2, 1 ,trA N M M N N M M N M M M N M M+ − = − + − + + − − + + − +       (3.16b) 

       1, 1; 2, , 1; 1, 2; 1, 1; 1, 1 ,trA N N M N N N M N N M N N M M− + = − − + − − + + − + − +        (3.16c) 

       ; 1, 1 1, 1; 1, 1 ; 2, , 1 ; 1, 2 ,trA N M M N N M M N M M M N M M− + = − − + − + + − + + − +       (3.16d) 

( )        

   

2 ; = 2, , 1; 1, 2; 2 1, 1; 1, 1

; 2, , 1 ; 1, 2 .

trA N M N N N M N N M N N M M

N M M M N M M

− + + − + − − + − +

+ − + + − +
        (3.17) 
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It is obvious that (3.7) hold. 
(2) If 0,trA =  we can consider this as a limit case where trA  tends to zero. Then (3.15)-(3.17) become 

   ; 1, 1 1, 1; ,N M M N N M− + = − +                             (3.18a) 

     , 2; 2, 1, 1, 2; 1 , 3; 1 ,N N M M N N N M N N M+ − = − + + − + + −            (3.18b) 

   1; 2, 1 , 2; 2, 1; 3, 1, ,N M M N N M M N M M M+ − + = + − − + − −            (3.18c) 

     1, 1; 1, 1 1, , 1; 1, 2; ,N N M M N N N M N N M− + − + = + + + − +            (3.18d) 

     ; 1, 2 1, 1; 1, 1 ; 2, , 1 ,N M M N N M M N M M M− + = − + − + − − +            (3.18e) 

     

   

2, , 1; 1, 2; 2 1, 1; 1, 1

; 2, , 1 ; 1, 2 .

N N N M N N M N N M M

N M M M N M M

− + + − + − − + − +

= − − + − − +
            (3.18f) 

Using (3.18), Equation (3.12) still satisfies Equation (2.3). 
From Equation (3.13), we can get the general solution 

2 22 2e ,  e ,A t Ax Ay A t Ax AyC Dϕ ψ− − − − − −= =                             (3.19) 

where ( )T
1 2 2, , , N MC c c c + +=   and ( )T

1 2 2, , , N MD d d d + +=   are real constant vectors. Thus, we have the fol 
lowing result. 

Theorem 3. ( )ijA a=  is an ( ) ( )2 2N M N M+ + × + +  arbitrary real matrix independent of x and t. Equ-
ation (2.3) has double Wronskian solution (3.12), where ϕ  and ψ  are constructed by (3.19). The corres-
ponding solution of Equation (2.1) can be expressed as 

( )
( )

( )
( ) ( )

2, , 2
1, 1

1, 1 1, 1

; ;
2 ,  2 ,  2 ln ; .

; ;

N M N M
N M

N M N M x

W W
p q u W

W W
ϕ ψ ϕ ψ

ϕ ψ
ϕ ψ ϕ ψ

+ +
+ +

+ + + +
 = = − =          (3.20) 

4. Rational Solutions 
In the section, we will give rational solutions of the (2 + 1)-dimensional AKNS Equation (2.1). 

Expanding (3.19) leads to 

( )
( ) ( )2 2

22

0 0

1 2
e e ,

! 2 !

s
s l l

s lA t Ax Ay l s

s l
C t x y A C

l s l
ϕ

 
− ∞   −− − −

= =

 
− = = + −  

∑ ∑                  (4.1a) 

( ) ( )2 2
22

0 0

2e e .
! 2 !

s
l

s lA t Ax Ay l s

s l
D t x y A D

l s l
ψ

 
 ∞   −+

= =

 
 = = + −  

∑ ∑                   (4.1b) 

If 

( )

1

2

2

0

,   ,

0

i j

N M

k
k

A k k i j

k + +

 
 
 = ≠ ≠
 
 
 



                            (4.2) 

we can obtain solution solutions of Equation (2.3), where 

( )
2 22 2e ,  e  1, 2, , 2 .j j j j j jk t k x k y k t k x k y

j j j jc d j N Mϕ ψ− − − + += = = + +
                 (4.3) 
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If 

( ) ( )2 2

0 0
1 0

, 

0 1 0 N M N M

A

+ + × + +

 
 
 =
 
 
 

 

                             (4.4) 

it is obvious to know that 2 0.N MA + + =  Thus (4.1) can be truncated as 

( )
( ) ( )

21 2

0 0

1 2
,

! 2 !

s
s l lN M s ll s

s l
t x y A C

l s l
ϕ

 
− + +   −

= =

 
− = + −  

∑ ∑                            (4.5a) 

( ) ( )
21 2

0 0

2 .
! 2 !

s
lN M s ll s

s l
t x y A D

l s l
ψ

 
 + +   −

= =

 
 = + −  

∑ ∑                            (4.5b) 

The components of ϕ  and ψ  are 

( ) ( ) ( )
( ) ( )

1[ ]2 1
2 1 2

1 2 1
0

1 2
2 ,

2 ! 1 2 !

j
j l l

j ll
j j j j

l

x y
c c x y c t c t x y

l j l
ϕ

−
− −

− −
− −

=

 + −
 = − + + − + + + +
  − − 

∑         (4.6a) 

( ) ( )
( ) ( )

1[ ]2
2 1 2

1 2 1
0

22 ,
2 ! 1 2 !

j
l

j ll
j j j j

l

x y
d d x y d t d t x y

l j l
ψ

−

− −
− −

=

 +
 = + + + + + + +
  − − 

∑         (4.6b) 

( )1,2, , 2 .j N M= + +  

In (4.6), taking 1 1 1,c d= =  ( )0 2,3, , 2 ,k kc d k N M= = = + +  then (4.6) becomes 

( )
( ) ( ) ( ) ( )

1 1
12 2

1 2 1 2

0 0

1 2 2,  .
! 1 2 ! ! 1 2 !

j j
j l l l

j l j ll l
j j

l l
t x y t x y

l j l l j l
ϕ ψ

− −   
− −      − − − −

= =

−
= + = +

− − − −∑ ∑         (4.7) 

Thus, we can calculate some rational solutions of Equation (2.1). 

1 1 2,    ,    ,p q u
x y x y x y

= − = − =
+ + +

                             (4.8) 

( )
( )
( ) ( )

2

2 2 2

21 ,  2 ,  4 ,
2 2 2

x y t x yp q u
x y t x y t x y t

+ − +
= = =

+ + + + + +
                   (4.9) 

( )
( ) ( ) ( )

2

2 2 2

2 12 ,  ,  4 .
2 2 2

t x y x yp q u
t x y t x y t x y

+ + +
= = =

− + − + − +
                   (4.10) 

5. Matveev Solutions 
In the following, we will discuss Matveev solutions of the (2 + 1)-dimensional AKNS equation. 

Let A be a Jordan matrix 

( )
( )

( ) ( ) ( )

1

2

2 2

0

.

0 s N M N M

J k
J k

A

J k
+ + × + +

 
 
 =  
  
 



                    (5.1) 
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Without loss of generality, we observe the following Jordan block (dropping the subscript of k) 

( )

0 0 0
1 1 0

,  ,

0 1 0 1 0

i i i

i i i i

l l l

l l l l

k
k

J k kI E E

k × ×

   
   
   = = + =
   
   
   

   

                (5.2) 

where 
il

I  is an i il l×  unite matrix. We have 

( ) ( ) 2 21 1 1 ,
2! ! !i i i i i i i

ss j j s s s
l l l l k l k l k l kJ k kI E I E E E E k

j s
 

= + = + ∂ + ∂ + + ∂ + + ∂ 
 

 
           (5.3a) 

i.e., 

( )

( )

2

3 2

1 3 2

1 0
1

1 1
2
1 1,  .1
6 2

1 1 1 1
1 ! 6 2

i

k

k k

s s
k k

k k k

l
k k k k

i

J k T k T

l
−

 
 ∂ 
 

∂ ∂ 
 
 = =

∂ ∂ ∂ 
 
 
 
 ∂ ∂ ∂ ∂ − 

   



                (5.3b) 

Substituting (5.2) into (4.1), we get 

( ) ( )2 22 2e ,  e .k t kx ky k t kx ky
k kk T C k T Dϕ ψ− − − + += =                          (5.4) 

The components of ( )kϕ  and ( )kψ  are 

( ) ( ) ( )21 2
1 1

1 e ,   1, 2, , ,
1 !

j k t kx ky
j k j k j ik c c c j l

j
ϕ − − − −

−

 
= ∂ + + ∂ + =  − 

                (5.5a) 

( ) ( ) ( )21 2
1 1

1 e ,   1, 2, , .
1 !

j k t kx ky
j k j k j ik d d d j l

j
ψ − + +

−

 
= ∂ + + ∂ + =  − 

                (5.5b) 

Specially, taking 1 1 1,c d= =  ( )0 2,3, , ,j j ic d j l= = =   then (5.5) becomes 

( ) ( ) ( ) ( )
2 21 2 1 21 1e ,   e .

1 ! 1 !
j k t kx ky j k t kx ky

j k j kk k
j j

ϕ ψ− − − − − + += ∂ = ∂
− −

                  (5.6) 

Thus, Matveev solutions of Equation (2.1) can be obtained, where 

( ) ( ) ( ) ( ) ( ) ( )( )1 2

T

1 1 1 1 2 2 1, , ; , , ; , , , ,
sl l s l sk k k k k kϕ ϕ ϕ ϕ ϕ ϕ ϕ=                       (5.7a) 

( ) ( ) ( ) ( ) ( ) ( )( )1 2

T

1 1 1 1 2 2 1, , ; , , ; , , , ,
sl l s l sk k k k k kψ ψ ψ ψ ψ ψ ψ=                      (5.7b) 

( )1 2 2 .sl l l N M+ + + = + +  

In (5.7), taking 

( ) ( )( ) ( ) ( )( )T T
1 2 1 2, ,  , ,k k k kϕ ϕ ϕ ψ ψ ψ= =                         (5.8) 

where ( )j kϕ  and ( )j kψ  are generated from (5.6), we can obtain the Matveev solution of Equation (2.1). 
2 24 2 2 4 2 21 1 2e ,  e ,  .

4 4 4
k t kx ky k t kx kyp q u

kt x y kt x y kt x y
− − − + += − = − =

+ + + + + +
             (5.9) 
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Similarly, choosing 

( ) ( ) ( )( ) ( ) ( ) ( )( )T T
1 2 3 1 2 3, , ,  , , ,k k k k k kϕ ϕ ϕ ϕ ψ ψ ψ ψ= =                    (5.10) 

and ( ) ( ), 1,0 ,N M =  we get 

( )
24 2 2

2

1 e ,
2 4

k t kx kyp
t kt x y

− − −=
+ + +

                            (5.11a) 

( )
( )

2
2

4 2 2
2

2 4
e ,

2 4
k t kx kyt kt x y

q
t kt x y

+ +− + + +
=

+ + +
                           (5.11b) 

( )
( )

( )
( )

2

2 2

4 3 2 4
.

2 4 2 4

kt x y k kt x y
u

t kt x y t kt x y

+ + + +
= −

+ + + + + +
                        (5.11c) 

When ( ) ( ), 0,1 ,N M =  we have 

( )
( )

2
2

4 2 2
2

2 4
e ,

2 4
k t kx kyt kt x y

p
t kt x y

− − −+ + +
=

− + +
                          (5.12a) 

( )
24 2 2

2

1 e ,
2 4

k t kx kyq
t kt x y

+ +=
− + +

                         (5.12b) 

( )
( )

( )
( )

2

2 2

4 3 2 4
.

2 4 2 4

kt x y k kt x y
u

t kt x y t kt x y

+ + + +
= +

− + + − + +
                     (5.12c) 

Assume that 

( ) ( ) ( )( ) ( ) ( ) ( )( )T T
1 1 2 1 1 2 1 1 2 1 1 2, , ,  , , ,k k k k k kϕ ϕ ϕ ϕ ψ ψ ψ ψ= =                 (5.13) 

letting ( ) ( ), 1,0N M =  gives 

( )
( )( ) 1 2

2
1 2

2 2
2 1 1

2 ,
1 2 4 e e

k k
p

k k k t x y ξ ξ

−
= −

+ − + + −  
                      (5.14a) 

( )( )
( )( )

2 1

2 1

2 2
2 1 1

2 2
2 1 1

1 2 4 e e
2 ,

1 2 4 e
k k k t x y

q
k k k t x y

ξ ξ

ξ ξ−

+ − + + −  = −
+ − + + −

                      (5.14b) 

( )( ) ( )
( )( )

1 2

1 2

2 2
2 1 2 2 1 1 1 2

2 2
2 1 1

2 2 4 e 2 e
2 .

1 2 4 e e
k k k k k k t x y k k

u
k k k t x y

ξ ξ

ξ ξ

− − − + + + −  =
+ − + + −  

               (5.14c) 

Similarly, taking ( ) ( ), 0,1N M =  yields 

( )( )
( )( )

2 1

1 2

2 2
1 2 1

2 2
1 2 1

1 2 4 e e
2 ,

1 2 4 e
k k k t x y

p
k k k t x y

ξ ξ

ξ ξ

− −

−

+ − + + −  =
+ − + + −

                       (5.15a) 

( )
( )( ) 1 2

2
1 2

2 2
1 2 1

2 ,
1 2 4 e e

k k
q

k k k t x y ξ ξ− −

−
= −

+ − + + −  
                     (5.15b) 

( )( ) ( )
( )( )

1 2

1 2

2 2
2 1 2 1 2 1 1 2

2 2
1 2 1

2 2 ( 4 e 2 e
2 .

1 2 4 e e
k k k k k k t x y k k

u
k k k t x y

ξ ξ

ξ ξ

− −

− −

− − − + + + −  =
− + − + + +  

             (5.15c) 

6. Complexitions of the (2 + 1)-Dimensional AKNS Equation 
In the following, we would like to consider that A is a real Jordan matrix. 
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1

2

0

,

0 h

J
J

A

J

 
 
 =
 
 
 



                                  (6.1) 

where 

2

2

0

,      ,

0

i

i i i
i i

i i

i

A
I A

J A

I A

α β
β α

 
  −  = =      
 

 

 

and ,i iα β  ( )1, 2, ,i h=   are real constants. Then, from (4.1), complexitons can be obtained. 
In order to prove that, we first observe the simplest case when 

2 2 2

0 1
,    .

1 0
A I

α β
α βσ σ

β α
− −   

= = + =   
   

                   (6.2) 

Substituting (6.2) into (4.1a) yields 

( ) ( ) ( )
2 2

2 2
2 4e e .

t x y I t x y C
α β α αβ β σϕ

 − − + + − + +     = ⋅                           (6.3) 

Expanding the above φ and taking advantage of 2
2 2Iσ = − , we have 

( ) ( ) ( )( ) ( )( )
2 22

2 2e cos 4 sin 4 .
t x y

t x y I t x y C
α β α

ϕ αβ β αβ β σ
− − − +

 = + + − + +              (6.4a) 

Similarly, 
( ) ( ) ( )( ) ( )( )

2 22
2 2e cos 4 sin 4 .

t x y
t x y I t x y D

α β α
ψ αβ β αβ β σ

− + +
 = + + + + +              (6.4b) 

Further, we consider the matrix A as a Jordan block iJ  
,iA J A E′ ′= = +                                            (6.5) 

2

2 2 2

0 0 0
0

,     ,

0 0 0

i i

i i

i

i
l i l i

i l l

A
A I

A I A E E I

A I
×

   
   
   ′ ′= ⊗ = = ⊗ =
   
   

  

  

                (6.5b) 

where the symbol ⊗  denotes tensor product of matrices. Noting that A E E A′ ′ ′ ′= , we get 

( ) 2
1 1 .
! !i i i i

ss j j s s s
lA A E I E E E A

j sα α α
 ′ ′ ′ ′ ′ ′= + = + ∂ + + ∂ + + ∂ 
 

 
                    (6.6) 

Employing the following formula 

( ) ( ) ( )1
2 2 2 2 ,  1, 2,3, ,p pp

i i i i i i iA I p I pα α α β σ α β σ −= + = + =                     (6.7) 

then (6.6) can be written as 

( )

( )

2

2 2

2
2 2 2

1 2
2 2 2 2

0

1
.2

1 1
1 ! 2

i

i i
i

i
i i i

s s s

l

i

I
I I

I I IA A T A

I I I I
l

α

α α
α

α α α
−

 
 ∂ 
 
 ∂ ∂ ′ ′= = ∂ 
 
 
 ∂ ∂ ∂ − 

   



                  (6.8) 
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Substituting (6.8) into (4.1) yields 

( ) ( ) ( ) ( ) ( )( )2 22 2e e ,i i
i i i

A t A x y A t A x y
j i lT C T I Cα αϕ α ′ ′− − + − − += ∂ = ∂ ⊗                   (6.9a) 

( ) ( ) ( ) ( ) ( )( )2 22 2e e ,i i
i i i

A t A x y A t A x y
j i lT D T I Dα αψ α ′ ′+ + + += ∂ = ∂ ⊗                    (6.9b) 

or 

( ) ( )
( ) ( ) ( )2 2 22 2 21

1 1
1 e e e ,

1 !
i i i i i i

i i

A t A x y A t A x y A t A x yj
j i j jc c c

j α αϕ α − − + − − + − − +−
−= ∂ + + ∂ +

−


            (6.10a)

( ) ( )
( ) ( ) ( )2 2 22 2 21

1 1
1 e e e ,

1 !
i i i i i i

i i

A t A x y A t A x y A t A x yj
j i j jd d d

j α αψ α + + + + + +−
−= ∂ + + ∂ +

−


            (6.10b) 

where 

( ) ( ) ( )( ) ( ) ( ) ( ) ( )( )TT T T T
1 2 1 2, ,   , , , ,

ij i j i j i i i i l iϕ α ϕ α ϕ α ϕ α ϕ α ϕ α ϕ α= =   

( ) ( ) ( )( ) ( ) ( ) ( ) ( )( )TT T T T
1 2 1 2, ,   , , , ,

ij i j i j i i i i l iψ α ψ α ψ α ψ α ψ α ψ α ψ α= =   

( ) ( ) ( ) ( )T TT TT T T T T T
1 2 1 2 1 2 1 2, , , , , , , , , , , .

i ij j j l j j j lc c c C c c c d d d D d d d= = = =   

According to (6.4), Equation (6.10) can be expressed as the following explicit form: 

( ) ( )
( ) ( )

( ) ( )

( )( ) ( )( )
( )( ) ( )( )

2 221

12

1 2

1 2

1 e
!

cos 4 sin 4
,

sin 4 cos 4

i i i

i

j t x yj i j s
j i

sj i

s i i i s i i i

s i i i s i i i

j s

c t x y c t x y

c t x y c t x y

α β α
α

ϕ α
ϕ α

ϕ α

α β β α β β

α β β α β β

− − − +−

=

 
= = ∂    −   

 + + + + +
 ⋅

 − + + + + +  

∑
              (6.11a) 

( ) ( )
( ) ( )

( ) ( )

( )( ) ( )( )
( )( ) ( )( )

2 221

12

1 2

1 2

1 e
!

cos 4 sin 4
.

sin 4 cos 4

i i i

i

j t x yj i j s
j i

sj i

s i i i s i i i

s i i i s i i i

j s

d t x y d t x y

d t x y d t x y

α β α
α

ψ α
ψ α

ψ α

α β β α β β

α β β α β β

− + +−

=

 
= = ∂   − 

 + + − + +
 ⋅

 + + + + + 











∑
             (6.11b) 

Thus, the double Wronskian (3.12) is the complextion of Equation (2.3), where 

( ) ( ) ( ) ( ) ( ) ( )( )1 2

TT TT T T T
1 1 1 1 2 2 1, , ; ( , , ; ; , , ,

hl l h l hϕ ϕ α ϕ α ϕ α ϕ α ϕ α ϕ α=      

( ) ( ) ( ) ( ) ( ) ( )( )1 2

TT TT T T T
1 1 1 1 2 2 1, , ; , , ; ; , , ,

hl l h l hψ ψ α ψ α ψ α ψ α ψ α ψ α=      

( )1 2 2 .hl l l N M+ + + = + +  

On the other hand, for 2 ,
i i

N N
i iA Aα βσ∂ = − ∂  the partial derivative with respect to iα  can be replaced by the  

partial derivative with respect to iβ  in (6.10) and (6.11). 
For example, taking 0,N M= =  ( ) ( )2 22 ,t x yξ α β α= − + +  ( )4 t x yη αβ β= + +  (dropping the sub-

script) and ( ) ( )T T
e cos , e sin ,   e cos ,e sin ,ξ ξ ξ ξϕ η η ψ η η− −= − =  we have 

( ) ( )

( )( )

2 24 2
e2 ,

sin 2 4

t x y

p
t x y

α β α

β
αβ β

− − − +

= −
+ +

                               (6.12a) 
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( ) ( )

( )( )

2 24 2
e2 ,

sin 2 4

t x y

q
t x y

α β α

β
αβ β

− + +

= −
+ +

                               (6.12b) 

( )( )4 cot 2 4 .u t x yβ αβ β= + +                                 (6.12c) 

7. Conclusion 
In this paper, we have obtained N-solution solutions and the generalized double Wronskian solution of the (2 + 
1)-dimensional AKNS equation through the Hirota method and the Wronskian technique, respectively. Moreo-
ver, we have given rational solutions, Matveev solutions and complexitons of the (2 + 1)-dimensional AKNS 
equation. According to our knowledge, the three solutions are novel. 
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