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Abstract

We study the quantization of systems with local particle-ghost symmetries. The systems contain
ordinary particles including gauge bosons and their counterparts obeying different statistics. The
particle-ghost symmetries are new type of fermionic symmetries between ordinary particles and
their ghost partners, different from the space-time supersymmetry and the BRST symmetry. There
is a possibility that they are useful to explain phenomena of elementary particles at a more fun-
damental level, by extension of our systems. We show that our systems are formulated consistent-
ly or subsidiary conditions on states guarantee the unitarity of systems, as the first step towards
the construction of a realistic fundamental theory.
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1. Introduction

Graded Lie algebras or Lie superalgebras have been frequently used to formulate theories and construct models
in particle physics. Typical examples are supersymmetry (SUSY) [1]-[4] and BRST symmetry [5]-[7].

The space-time SUSY [8] [9] is a symmetry between ordinary particles with integer spin and those with half-
integer spin, and the generators called supercharges are space-time spinors that obey the anti-commutation rela-
tions [10] [11].

The BRST symmetry is a symmetry concerning unphysical modes in gauge fields and abnormal fields called
Faddeev-Popov ghost fields [12]. Though both gauge fields and abnormal fields contain negative norm states,
theories become unitary on the physical subspace, thanks to the BRST invariance [13] [14]. The BRST and an-
ti-BRST charges are anti-commuting space-time scalars.

Recently, models that contain both ordinary particles with a positive norm and their counterparts obeying dif-
ferent statistics have been constructed and those features have been studied [15]-[18]. Models have fermionic
symmetries different from the space-time SUSY and the BRST symmetry. We refer to this type of novel sym-
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metries as “particle-ghost symmetries”.

The particle-ghost symmetries have been introduced as global symmetries, but we do not need to restrict them
to the global ones. Rather, it would be meaningful to examine systems with local particle-ghost symmetries from
following reasons. It is known that any global continuous symmetries can be broken down by the effect of
quantum gravity such as a wormhole [19]. Then, it is expected that a fundamental theory possesses local sym-
metries, and global continuous symmetries can appear as accidental ones in lower-energy scale. In the system
with global particle-ghost symmetries, the unitarity holds by imposing subsidiary conditions on states by hand.
In contrast, there is a possibility that the conditions are realized as remnants of local symmetries in a specific
situation. Hence, it is interesting to investigate features of particle-ghost symmetries more closely and widely,
and to apply them on a microscopic theory beyond the standard model.

In this paper, we study the quantization of systems with local particle-ghost symmetries. The systems contain
ordinary particles including gauge bosons and their counterparts obeying different statistics. We show that our
systems are formulated consistently or subsidiary conditions on states guarantee the unitarity of systems, as the
first step towards the construction of a realistic fundamental theory. The conditions can be originated from con-
straints in case that gauge fields have no dynamical degrees of freedom.

The contents of this paper are as follows. We construct models with local fermionic symmetries in Section 2,
and carry out the quantization of the system containing scalar and gauge fields in Section 3. Section 4 is devoted
to conclusions and discussions on applications of particle-ghost symmetries. In the Appendix Section, we study
the system that gauge fields are auxiliary ones.

2. Systems with Local Fermionic Symmetries
2.1. Scalar Fields with Local Fermionic Symmetries
Recently, the system described by the following Lagrangian density has been studied [15]-[18],
T + T T
L,, =0,p'0"p-m’p'p+0,c,0"c, —m?c)c (1)

?.Cy (N
where ¢ is an ordinary complex scalar field and ¢, is the fermionic counterpart obeying the anti-commu-
tation relations. The system has a global OSp(2|2) symmetry that consists of U(1) and fermionic symmetries.
The unitarity holds by imposing suitable subsidiary conditions relating the conserved charges on states.
Starting from (1), the model with the local OSp(2|2) symmetry is constructed by introducing gauge fields.
The resultant Lagrangian density is given by

L=Ly,+ L5
L, = {(a# —igA, —igB, )" - gC;c(Z}{(@“ +igA* +igB" ) o+ gC*“cw}

+{(0, ~igA, +igB, )¢} - gC;(pT}{(a” +igA* —igB* )c, - gC"‘go} @
—-m’*p'p-m’clc,,

Jo :—{a A -8,A, +ig(C,C; -C.C; )}{a*'BV—aVB#}
——{aﬂc; 0,C, +2ig(B,C; -B,C, )} 3)

-{aﬂc-v ~9"C™* ~2ig(B*C™ ~B'C™* )}

where A and B, are the gauge fields relating the (diagonal) U(1) symmetries, C+ and C, are gauge
fields relating the fermlonlc symmetries, and g is the gauge coupling constant. The quantlzed flelds of C*
obey the anti-commutation relations.

The £ isinvariant under the local U(1) transformations,

S, =—lep, 5A(pT = iegoT, 5AC¢ = —iecw, 5AC<I = iec;f,

1 ) . 4)
SA, =56ﬂ6, 8B, =0, 5,C! =0, 5,C, =0,
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Sap=-iép, S,0' =ifp', 5y¢, =ifc,, Sy¢) =—icc,

®)
SA, =0, 8,B, = -0,&, 5,C1 =-2iEC], 5,C; = 2iEC,
g
and the local fermionic transformations,
S =—¢C,, 5.0" =0, 5.c, =0, 5;"; =¢o',
o L 1 . (6)
5FA/1 = _Ié/C,U’ 5,:8” =0, é‘FCH = 2'4/8/1 +56”§, 5FC,u =0,
Sl9=0, 519" =¢'c], olc, =g, 5lc) =0,
(7

F=u

sPA, =-ig'cl, 8B, =0, 5/C; =0, 5/C, :—2i§TBy+éaﬂ;’T,

where ¢ and & are infinitesimal real functions of x, and ¢ and ¢' are Grassmann-valued functions of x.
The £, and L are simply written as

T 1 v
£y =(D,®) (D*®)-m’®'d> and L :—ZStr(FWF” ), ®)
respectively. In £, D, and @ are the covariant derivative and the doublet of fermionic transformation de-
fined by
0,+igA, +igB C!
D#E(ﬂ oA, +igB,  dC, J nd @E[w} o
-gC, 0,+igA, —igB, C,

respectively. In L, Stris the supertrace defined by StrM =a—d where M is the 2 x 2 matrix given by

M :[a bj- (10)
c d
The F,, isdefined by
o[t %)
where A, B, , C, and C, arethe field strengths given by

A, =08,A -0,A, +ig(C;C -C'C,), (12)
B, =0,B,-0,B,, (13)
c,, =0,C; -0,C; +2ig(B,C -B,C;), (14)
c. =9,C, -9,C, -2ig(B,C, -B,C,). (15)

Under the transformations (4)-(7), the field strengths are transformed as

0,A,, =0,0,B,=0,0,C, =0, 6,C, =0, (16)
dA, =0, 6B, =0, 5,C,, =-2iSC, , 5,C,, =2i,C,, )]
o:A, =-i¢cC,, 5B, =0, 6C; =2i{B,, 5C, =0, (18)

()



Y. Kawamura

s A, =-i¢'c;,, 5!B,, =0, §iC!, =0, 5/C,, =-2i,'B,,. (19)

Using the global fermionic transformations,

5F¢) = —Cq), 5F¢T = 0, 5FC¢ = O’ SFC; — ¢T’

- . s N (20)
oA, =-iC,, o.B, =0, 6.C, =2iB,, 6.C, =0,
5ip=0, 8" =c, dlc, = p, dlc! =0, o
6 A, =-iC;, §/B, =0, 5/C! =0, §/C, =-2iB,,
L s rewritten as
L=6:01L,,=-010.L, (22)
where £, , isgiven by
£, ,={(0,-igA, -igB, )o" - gC;c;f}{(a*‘ +igA* +igB* ) o+ gC“‘cw}
2 1 (23)
-m°p (p—ZA”VA’”.
2.2. Spinor Fields with Local Fermionic Symmetries
For spinor fields, we consider the Lagrangian density,
Liww =iyy"0,y —myy +ic,y*o,c, —mc,c,, (24)

where y is an ordinary spinor field and ¢, is its bosonic counterpart obeying commutation relations. This
system also has global U(1) and fermionic symmetries, and the unitarity holds by imposing suitable subsidiary
conditions on states.

Starting from (24), the Lagrangian density with local symmetries is constructed as

LP =05+ Lg,
L0 = igy* {(a# +igA, +igB, )y + gc;cw} —miy (25)
+iC, 7" {(aﬂ +igA, —igB, )c, - gC;y/} -mc,c,,

where L is given by (3), w=y'y, EWECJ}/O and y* are the y matrices satisfying {y”,yv}=2n””.
The L% is rewritten as

Ly =i¥T“D, ¥ -mPY, (26)

where T'“ and W are the extension of y -matrices and the doublet of fermionic transformation defined by

¥
=7 0 and Y= v , 27
0 C,
respectively.

The L£* isinvariant under the local U(1) transformations,
S =—iey, Sy’ =iey ", O,C, =—lec,, 5AC,I = iec;,

1 (28)
8A, =046 84, =0, 8,C; =0, 6,C, =0
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Sey =—i&y, Sy’ =i&y’, S,c, =iéc,, Syc) =—icc),

1 . o o (29)
S3A, =0, 5,B, =§a#§, 8,C, =-2iéC;, 5,C, =2iEC,,
and the local fermionic transformations,
5Fl// = _gcy/’ é‘F‘lyJr = 0’ §FCV/ = 0’ é‘FCqZ = _é’l//T!
. L 1 . (30)
5.A, =-i(C;, 5.B, =0, 5.C! =2i{B, +56"§' 5.C, =0,
sty =0, oly" =—¢e], 5lc, =¢Ty, e, =0,
T ot ot s e ot 1. .+ (31)
SiA, =-i¢'C;, 8B, =0, 5iC; =0, 5/C, =-2if Bﬂ+50#§ ,

where ¢ and & are infinitesimal real functions of x, and ¢ and ¢’ are Grassmann-valued functions of x.
Using the global fermionic transformations,

5F‘//=_.,,: ov' =0, 50 =0, 5CT=—V/T,

- (32)
é:A, =-iC,, 6,B, =0, .C; =2iB,, 4,C, =0,
Sy =0, 8y =—c!, olc, =y, dlc! =0, 33)
6 A, =-iC;, §/B, =0, 5/C; =0, §/C, =-2iB,,
LP is rewritten as
L =6.6.L, ,=-010.L, 4, (34)
where £, , isgiven by
_ . . N _ 1 )
L, n=ipy" {(aﬂ +iggA, +|gBﬂ)x//+ gCﬂcW}—myn//—ZAﬂvA” . (35)

3. Quantization

We carry out the quantization of the system with scalar and gauge fields described by £ =L, + L

3.1. Canonical Quantization

Based on the formulation with the property that the hermitian conjugate of canonical momentum for a variable
is just the canonical momentum for the hermitian conjugate of the variable [16], the conjugate momenta are
given by

at E( aﬁfj = (0, +igA, +igB, )@+ 9C;c,, (37)
La_LJ (0, —igA, +igB, )c! —gCo", (38)
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u )L # /R
nzﬂz[aacﬁ J -cm, ncﬂz(_g J =cm, (@)
ML # /R

where O = 00/ét, and R and L stand for the right-differentiation and the left-differentiation, respectively. From
(40) and (41), we obtain the primary constraints,

% =0, 1% =0, I =0, TI =0. (42)
Using the Legendre transformation, the Hamiltonian density is obtained as
H=rmp+¢'z' +7, ¢, +Conl + AL +TIEB, +CTIE +T1C, - £
+ A0 + T8 A, + AT + T A
=r + 7rc¢7r; +(Did>)T (Did))+ m’® d —igA, (ﬂ¢—(pTﬁT +7. C, —C;ﬂ; )
—~igB, (w —¢'z' —7, ¢, +cim +2CTIE - 2ng‘c;) (43)
~9C; (7, —¢'z! +iC T, ~2iBI1 )~ g(cz" - 7, p-iC/TI, + 2B )C;
i ij i i + —i 1 ij + +i —i -
+T1 4Ty + A;B" +0, A TT), +T150,B, +T15TT, +ECU.CJ +0,C, TI¢ +1I1.'0,C,
+ A0 +TI2 A, + LTI + 10 A,

where Roman indices i and j denote the spatial components and run from 1to 3, 4,, 4;, A. and A; are
Lagrange multipliers, and A +1,, B,+4,, C; +A; and C, +Ac arerewrittenas A,, 4,, AS and Ac
in the final expression.

Secondary constraints are obtained as follows,

dIt) 0 ; Tt Tt i

m :{HA,H}Pleg(ﬁ(p—(p Via +;rcwcw—c¢7r%)+ail‘IA:O. (44)
dITq 0 : t ot tot - i i
T={HB,H}PB ~ig(zp-p'z' ~ 7, c, +clxl +2C I —201C) )+ 4T, =0, (45)
dnéo +0 Tt Holmn L H +i +i

. ~{M2H}=g(zc, —p'xl +iciT, ~2iB ¢ )+ a11 =0, (46)
It ={n H} —g(c*;ﬁ—n —ic/Tr +2iBrr‘)+a g =0 (47)
T SRR » ¢ ? i Hla itlc itle =Y,

where H is the Hamiltonian H :de3x and {A,B}PB is the Poisson bracket. The Poisson bracket for the
system with canonical variables (Q,,R) and (Q/,R') is defined by [16]

ot (2] (3 )~ 3 1) )

where |Q,| is the number representing the Grassmann parity of Q, ,i.e., |Q =1 for the Grassmann odd Q,
and |Qk | =0 for the Grassmann even Q, . There appear no other constraints, and all constraints are first class
ones and generate local transformations.

We take the gauge fixing conditions,
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A°=0,B°=0,C"*=0,C°=0,0,A' =0, 9B'=0, ,C*" =0, 9,C™" =0. (49)

The system is quantized by regarding variables as operators and imposing the following relations on the ca-
nonical pairs,

[o(x.t).z(y.t)]=i5"(x~y), [w*(xlt),ﬂf(y,t)]=i53(x—y), (50)
{cw (x.t), 7z, (v, t)} i0°(x {c )} =-i5°(x-y), (51)
[A(x,t),HL(yt —|[5‘ j53 (52)
[B(x,t). 1T (v.1) ] _|[5’ j53 (53)
{Ci+ (x,t), I (y, t)} (5‘ 0.0 J53(x y), (54)
{Ci’(x,t) Sy t)} = {5‘ IA ]53(x y), (55)

where [0,,0,]=0,0,-0,0,, {0,0,} =00, +0,0,, and only the non-vanishing ones are denoted. Here, we
define the Dirac bracket using the first class constraints and the gauge fixing conditions, and replace the bracket
with the commutator or the anti-commutator.

On the reduced phase space, the conserved U(1) charges N, and N, and the conserved fermionic charges
Q. and Q/ are constructed as

N, =-ifd® x(;rgo o't + 7, c L, —Cox 1) (56)
Ng = —ij‘dgx(ﬂ(p—gfﬁT -7, C, +C(I7r:p +2C/ T1g —ZHEin), (57)
Q. = —_[d3x(7zc¢, 'z} +iC]II, — 2iB 117 ) (58)
Q! =—fo’x(clz" ~ 7, @-iC/TI, + 2B 1T ). (59)

The following algebraic relations hold:

Q =0, Q" =0, {Q:.Q/} =N, [N,,Q:]=0,[N,.Q! |=

(60)
[Ng.Qe]=-2Q, [ Ng,Qf [=2Q7, [N,,Ng]=0.
The above charges are generators of global U(1) and fermionic transformations such that
5,0 =i[6N,,0], 5,0 =i[£N,,0], 5:0=i[¢,Q:. 0], 510 =i[Ql¢],0], (61)

where ¢, and & are real parameters, and ¢, and ¢ are Grassmann parameters. Note that d. and 4
in (20) and (21) are related to 5. and &) as & =¢,b., & =<4 on .

The system contains negative norm states originated from c , cl and C;. In the presence of negative
norm states, the probability interpretation cannot be endured. To formulate our model in a consistent manner, we

use a feature that conserved charges can be, in general, set to be zero as subsidiary conditions. We impose the
following subsidiary conditions on states by hand,

N, |phys) =0, Ng |[phys)=0, Q:|phys)=0, Q! |phys)=0. (62)

()
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In the Appendix, we point out that subsidiary conditions corresponding to (62) can be realized as remnants of
local symmetries in a specific case.

3.2. Unitarity

Let us study the unitarity of physical S matrix in our system, using the Lagrangian density of free fields,

Ly=0,0'0"p-m’p'p+0,cl0"c, -m’clc, - 20, A0“B"-8,Co"C, (63)

®

where the gauge fixing conditions (49) are imposed on. The £, describes the behavior of asymptotic fields of
Heisenberg operators in £ =L, + L5 .

From (63), free field equations for ¢, (p  C, c;, A, B and C' are derived. By solving the Klein-
Gordon equations, we obtain the solutions

1& 27: 2k
_ IL(
J(2r) 2k,

ik /ﬁ(a*(k)eikx-b(k)eikx), (66)
=—ifd3"\/2(;3:)s( (k)e™ =T (k)e'), (67)

)—ikx dT(k)eikx), (68)
,[ 2n 2k
T —
K X JJ 2n 2k

Sr3 Ko t ikx —ikx
m,, (x)=i[d% /2(2n)3 (¢ (k)e™ —d(k)e™), (70)

x! (x)=-ifd% 2(';;)3 (c(k)e™ —d" (k)e™), (1)

where k, =vk*+m® and kx=k"x,

In the same way, by solving the free Maxwell equations, we obtain the solutions,

————(a(k)e ™ +b" (k)e"), (64)

a’ (k)& +b(k)e™), (65)

(c" (K)e™ +d (k)e™ ) (69)

3
_ j#(e{‘aa (K)e ™ +¢al (k)e™), (72)
./(ZE) 2k,
ab —lkx +€_*abT(k)eikx) (73)
,/ 2m) 2k o ’
: “c, e eegt (74)

gk €'c . i
—fm( (k)e™ +e"d, (k)e"),
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:Iﬁ(éw k)e+¢7d, (k)e™), (75)
IT, () = 2i ¢ ';n)s (6] ()& ~ b, (k)e™), (76)
Ty (x) = 2i [d’k m(ef“al(k)e‘kx—ei“aa(k)e"kx), (77)
g (x)=ifd® km( eecl(k)e™ —evd a(k)e‘ikx), (78)
M (x) =i d° 2(;; (e (K)e ™ —e7d ] (k)e™). (79)

where k, = |k| and ¢” are polarization vectors satisfying the relations,

k a _ a _*ia' _ gad' a *ja _ g kk] 80
i =0, g€ =6, Defe =51 - e (80)
The index « represents the helicity of gauge fields.

By imposing the same type of relations as (50) - (55), we have the relations,

[a(k),a" (1)]=6°(k=1), [b(k),b" (1)] =" (k-1), (81)
{e(k).c" ()} =6°(k=1), {d(k),d" (1)} ==5°(k-1), (82)
[, (K).bL (1)]==20,,8° (k=1), [b, (K).al.(1)] = -3 4,0° (k-1), )
{6 (K).el (1)) = 0,00 (k=1), {d, (k).d] (1)} =3,,6° (k~1), (84)

and others are zero.
The states in the Fock space are constructed by acting the creation operators aT(k), bT(k), cT(k),

d"(k), al(k), bl (k), ¢l (k) and df(k) on the vacuum state |0), where |0) is defined by the condi-
tions a(k)[0)=0, b(k)[0)=0, c(k)[0)=0, d(k)|0)=0, a,(k)0)=0, b,(k)|0)=0, c,(k)|0)=
k)[0)=0
We impose the following subsidiary conditions on states to select physical states,
N, |phys) =0, Ng|phys) =0, Q:|phys) =0, Q!|phys)=0. (85)

Note that Q[ |phys)=0 means (phys|Q. =0. We find that all states, except for the vacuum state, are un-
physical because they do not satisfy (85). This feature is understood as a counterpart of the quartet mechanism
[13] [14]. The projection operator P™ on the states with n particles is given by

pn _

86
%{aTP(n‘l)a_i_bTP(n_l)b—l-CTP(n_l)C_dTP(n_l)d+Z(_2alp( _lb 2bT a +C, P( ) —d;P(n_l)da)},( )

where n>1 and we omit k , for simplicity. Using the transformation properties,
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s.a=—c, é.a =0, 5.b=0, 6.b" =—d",
5}0 =0, éc'=a', 6.d= b,N o.d" = 0~, 87)
6.8, =—id,, é.a' =—ic!, 8.b, =0, &b =0,
d.c, =2ib,, é.cl =0, 6.d, =0, §.d] =2ib],
P™ s written in a simple form as
P =i{Q. R}, (88)
where R™ is given by
R = 3{& P Ya+b Pd +iy(alP" e, +d]P"Va, )} (89)
n B

From (88), we find that any state with n>1 is unphysical from (phys| P(”)|phys) =0. Then, we understand
that every field becomes unphysical, and only |O> remains as the physical state. This is also regarded as a field
theoretical version of the Parisi-Sourlas mechanism [20].

The system is also formulated using hermitian fermionic charges defined by Q =0Q; +Q; and
Q, si(QF —Q;). They satisfy the relations QQ, +Q,Q, =0, Q =N, and Q =N,. Though Q;, Q, and
N, form elements of the N =2 (quantum mechanical) SUSY algebra [21], our system does not possess the
space-time SUSY because N, is not our Hamiltonian but the U(1) charge N,. Only the vacuum state is
selected as the physical states by imposing the following subsidiary conditions on states, in place of (85),

N,|phys) =0, Ng |phys)=0, Q |phys)=0, Q, |phys)=0. (90)

It is also understood that our fermionic symmetries are different from the space-time SUSY, from the fact that
Q; and Q, are scalar charges. They are also different from the BRST symmetry, as seen from the algebraic rela-
tions among charges.

The system with spinor and gauge fields described by £" = 4h + £ is also quantized, in a similar way. We
find that the theory becomes harmless but empty leaving the vacuum state alone as the physical state, after im-
posing subsidiary conditions corresponding to (62).

3.3. BRST Symmetry

Our system has local symmetries, and it is quantized by the Faddeev-Popov (FP) method. In order to add the
gauge fixing conditions to the Lagrangian, several fields corresponding to FP ghost and anti-ghost fields and
auxiliary fields called Nakanishi-Lautrup (NL) fields are introduced. Then, the system is described on the ex-
tended phase space and has a global symmetry called the BRST symmetry. We present the gauge-fixed Lagran-
gian density and study the BRST transformation properties.

According to the usual procedure, the Lagrangian density containing the gauge fixing terms and FP ghost
terms is constructed as

Ly =Ly + Lo+ Ly + Lo,

(91)
Ly =00, A" —3,b,B" +C™3 ¢, +0 4 C* +%a(b§ +b2 +24]4,),

Lrp =—i0,C, (0"Cy —iggC ™ +igg'C™ ) —i0,Cy0"Cy
o (92)
+i(0"p—2ige,C** +2iggB* )0, —i0,4 " (0"¢" - 2ige,C* —2igp'B ),

where ¢,, c,, ¢ and ¢' are FP ghosts, T,, C,, # and ¢' are FP anti-ghosts, b,, by, 4, and ¢
are NL fields, and o is a gauge parameter. These fields are scalar fields. c,, ¢;, C, and Egr are fermionic,

and b, and b, are bosonic. In contrast, ¢, ¢', 4 and 4' are bosonic, and ¢, and are fermionic

because the relevant symmetries are fermionic.

(4
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The L. isinvariant under the BRST transformation,
Ogrst® = —10C, P —0Cs0 — UFC,, dgrsr@’ =igC,0" +igCsp" —go'c!,
OgrstC, :—igcAc¢+ichc¢—g¢Tgo, BRSTC =1igc,C, —|gc c +9dp’,
FopsrCa = —ig¢*¢, SepsiCe =0, Oepsr = ~2i0Cs ¢, Jgesrd’ = 2i0Ce¢",
OarstA, =0,C4 —104C, +ig4'C;, OgrsrB, =0,Cs, (93)
dsrstC =—2igC,C! +2ig¢B, +0,6, 0,C, =2igc,C, +2ig¢'B, —0,¢,
OarstCh =105, ForsrCs =105, Ggrsrd =iy, Ogesrd =—idt,

6BRSTb =0, 5BRSTb =0, 6BRST¢C =0, 6BRST¢: =0,

t
(3l

¢I§_ST

where the transformations for ¢, (p , c C
of transformations o, +d; +J; +5 as
and —gg¢', and those for Chs Cg, ¢ and
cy property, i.e., 94O =0.

The sum of the gauge fixing terms and FP ghost terms is simply written as

Lgf + ‘CFP

+ 1 1 = = o
S srer {a CAA“ +0,8,B* +C0, 4 +0,41 C* Ea(CAbA+CBbB—¢:¢—¢T¢C)}.

A, B,, C, and C_ are obtained by regarding the sum

and replacing ¢, ¢, 4’ and ¢T with gc,, gc,, g¢

are determined by the requirement that ¢ ;... has a nilpoten-

(94)

According to the Noether procedure, the BRST current Jjz.; and the BRST charge Qgre; are obtained as
It =bu (0, —igpC ™ +igp'C™*) —c,0"b, +b,0"Cy —Cy0"by

— ¢, (0“¢—2ige,C* + 2iggB* ) + g0,

¢! (09" —2ige,C* —2igp'B" )+ ¢'0" ¢! (95)

~29c,¢0"¢ ~29c,¢'0"9" — 9o’ $0"T,

20, (c,B")-20, (c, A" ) -0, (sC ) -0, (¢'C™")

and
Qursr = [ XISy = jon{loA(a“cA ~iggC +igp'C')-c,2°,

+by8°Cy — 8%, €y — 4, (0°¢ - 2ige,C* + 2iggB° ) + ¢4,
! (6°¢" —2ige,C ™ —2igg B )+ 4"
~20C,00°¢ —29c,0'0°¢" — g9 90°C, |,

respectively. Here we use the field equations. The BRST charge is a conserved charge (dQgge;/dt =0), and it
has the nilpotency property such as Qjqer =0.
By imposing the following subsidiary condition on states,

QBRST | phys> =0, (97)

it is shown that any negative norm states originated from time and longitudinal components of gauge fields as
well as FP ghost and anti-ghost fields and NL fields do not appear on the physical subspace, through the quartet
mechanism. There still exist negative norm states come from c_, C; and Cj, and it is necessary to impose
additional conditions corresponding to (62) on states in order to project out such harmful states.

()

(96)
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4. Conclusions and Discussions

We have studied the quantization of systems with local particle-ghost symmetries. The systems contain ordinary
particles including gauge bosons and their counterparts obeying different statistics. There exist negative norm
states come from fermionic scalar fields (or bosonic spinor fields) and transverse components of fermionic
gauge fields, even after reducing the phase space due to the first class constraints and the gauge fixing condi-
tions or imposing the subsidiary condition concerning the BRST charge on states. By imposing additional sub-
sidiary conditions on states, such negative norm states are projected out on the physical subspace and the unitar-
ity of systems hold. The additional conditions can be originated from constraints in case that gauge fields have
no dynamical degrees of freedom.

The systems considered are unrealistic if this goes on, because they are empty leaving the vacuum state alone
as the physical state. Then, one might think that it is better not to get deeply involved them. Although they are
still up in the air at present, there is a possibility that a formalism or concept itself is basically correct and is
useful to explain phenomena of elementary particles at a more fundamental level. It is necessary to fully under-
stand features of our particle-ghost symmetries, in order to appropriately apply them on a more microscopic
system.

We make conjectures on some applications. We suppose that particle-ghost symmetries exist and the system
contains only a few states including the vacuum as physical states at an ultimate level. Most physical particles
might be released from unphysical doublets that consist of particles and their ghost partners. A release mechan-
ism has been proposed based on the dimensional reduction by orbifolding [17].

After the appearance of physical fields, Q. -singlets and Q -doublets coexist with exact fermionic symme-
tries. The Lagrangian density is, in general, written in the form as L, =L+ Ly + Ly = Ls +0:0¢ (AL).
Here, £, £, and £, stand for the Lagrangian density for Qg-singlets, Qge-doublets and interactions between
Qe-singlets and Qe-doublets. Under the subsidiary conditions N,|phys)=0, Ng|phys)=0, Q|phys)=0
and QFT |phys) =0 on states, all Q. -doublets become unphysical and would not give any physical effects on
Q: singlets. Because Q. singlets would not receive any radiative corrections from Qg doublets, the theory is
free from the gauge hierarchy problem if all heavy fields form Qg doublets [15].

The system seems to be same as that described by £ alone, and to be impossible to show the existence of
Qr-doublets. However, in a very special case, an indirect proof would be possible through fingerprints left by
symmetries in a fundamental theory. The fingerprints are specific relations among parameters such as a unifica-
tion of coupling constants, reflecting on underlying symmetries [15] [22].

In most cases, our ghost fields require non-local interactions [15] and the change of degrees of freedom can
occur in systems with infinite numbers of fields [17]. Then, they might suggest that fundamental objects are not
point particles but extended objects such as strings and membranes. Hence, it would be interesting to explore
systems with particle-ghost symmetries and their applications in the framework of string theories™.
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Appendix
A1l. System with Auxiliary Gauge Fields
Let us study the system without £ described by

L, = {(aﬂ ~igA, —igB, )" - gC;cZ}{(aﬂ +igA* +igB* ) o+ gC*”c¢}

+{(0,~igA, +igB, )c] - gC, o' |{(0" +igA” ~igB* )c, - gC | (98)

-m’pp—-m*c)c,.

4

In this case, gauge fields do not have any dynamical degrees of freedom, and are regarded as auxiliary fields.
The conjugate momenta of ¢, o', c, and c; are same as those obtained in (36) - (39). The conjugate
momentaof A,, B,, C; and C, become constraints,

1% =0, 1% =0, ¥ =0, TI* =0. (99)

Using the Legendre transformation, the Hamiltonian density is obtained as

Hy=7p+¢'n +7, ¢, +Cla] + AT +TIEB, +C T +T1°C, - L
+ A, T + T g Ay, + zgﬂngﬂ +T A,

=z +x, 7l +(D®) (D'0)+m*o’®

i ot Tt )i ot Tt (100)

—IigA, (ﬁ(p—(p 7+, C,—Cym, )—IgB0 (ﬁ(p—(p 7 =7, C,+C,m, )

-gC, (7Z'C¢ —gofiz;; )— g (C;,WZJr —7zc¢go)C0‘

+ A0, T + T Ag, + A, TIH +TTH A,

where A,,, Ag,, A, and Ac, are Lagrange multipliers.
Secondary constraints are obtained as

driy _ .
5= Ay, = aik =0, (101)
dI1g .
?Z{“’E,Hm}m =0jz =0, (102)
diie” _ (e
—go e Hy = gic” =0, (103)
dr1.” - .
—go U Hf = gic” =0, (104)

where H,, is the Hamiltonian H,, :J'HMdax, and i, Jg, Jo“ and jo* are the currents of U(1) and
fermionic symmetries given by

0 s Tt Tt
JA_l(ﬂqo—gozr +7r%cw—c¢7zc¢),

In= i[{(ai —~igA' —igB')p" - gC"c;}go—(pT {(a‘ +igA' +igB' )+ gC*‘cw} (105)

+ {(a‘ +igA' —igB' )cw - gC“(p} c,—c, {(6‘ +igA' —igB' )cq, - gC“(p}]



Y. Kawamura

t T
(ﬂ(p o'z ﬁcwc¢+c¢ﬁc¢),

= [ —igA’ —igBi)goJr —~ gC‘ic;[}ga—goJr {(ai +igA +igBi)(p+ gC”cw} (106)
—{(8 +igA' —igB' )c(p - gC‘i(p} c,+cCl {(8i +igA' —igB' )c(p - gC‘i(p}]
Jc =rC, _§0T”:l (107)
j = {( ~igA' —igB' )" - gC"c;}cw o {(6‘ +igA' -igB')c, - gC"go},
JC - C; ! ﬂcww’ (108)
i =c) {(a‘ +igA +igB' )¢7+ gC”cw} —{(6‘ —igA' +igB' )c;r - gC”(pT}q).
In the same way, tertiary constraints are obtained as
B (M), =21 =0, (109)
S0
Do (12 ), =00 =0, (110)
dét =i Hy} =0, =0, (111)
-0
d:Tf[:{jgo,HM}PB =-0,jc =0, (112)

from the invariance under the time evolution of j; =0, jo =0, j&®=0 and j’=0. On the other hand,
the conditions djj, /dt ={ j, Hy | _ =0, dig/dt={jg,Hy | =0, dif'/dt={j¢',H,} =0 and
djc' /dt :{jg‘, }P =0 are not new constraints but the relations to determine A,,, A, 4y and Ag . Fur-

thermore, new constraints do not appear from the conditions d O, /dt—O d o, it /dt 0, d aJ /dt—
and d(@] )/dt_
The constraints are classified into the first class ones

I =0, ) =0, 1Y =0, T1 =0 (113)
and the second class ones

M, =0, Iy, =0, I =0, I =0,

ia=0jg=0, j' =0, j' =0,

-0 .0 -+0 ._0 (114)
Ja =0, Ig =0, Ic =0, Jc =0,
80k =0, 8,j5 =0, 3¢ =0, 3, j¢' =0.
The determinant of Poisson bracket between second class ones does not vanish on constraints.
Using jp, Js, J& and j<, the conserved U(L) and fermionic charges are constructed as
_ ; t Tt
=—i[d*3 = —|J'd3x(7r(p—go 7'+ 7, C,—Cym, ) (115)
=- .[d3XJB = —I'[d3 (ﬂgo o'zt -7, C +C; J;), (116)
e =[x j0 = —J'dSX(;rcq) N ) (117)
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Q! = —'[d3xjg0 = —'[d3x (C;ﬂJr - ﬂcw(D). (118)

The same algebraic relations hold as those in (60).
The above charges are conserved and generators of global U(1) and fermionic transformations for scalar fields.
They satisfy the relations,

{NA’¢é}pB =0, {NB’¢é}pB =0, {QF’¢5}PB =0, {Q;’¢é}ps =0, (119)

where ¢ are first class constraints (113) and the Hamiltonian H,, . From (101) - (104) and (119), following
relations can be considered as first class constraints,

N, =0, N;=0, Q. =0, Q =0. (120)
After taking the following gauge fixing conditions for the first class ones (113),
A°=0, B°=0, C* =0, C° =0, (121)

the system is quantized by regarding variables as operators and imposing the same type of relations (50) and (51)
on the canonical pairs. From (120), it is reasonable to impose the following subsidiary conditions on states,

N, |phys) =0, Ng |phys)=0, Q. |phys)=0, Q| phys)=0. (122)

Then, they guarantee the unitarity of our system, though it contains negative norm states originated from c,
and ¢ .
4
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