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Abstract

Necessary conditions for optimality are proved for smooth infinite horizon optimal control prob-
lems with unilateral state constraints (pathwise constraints) and with terminal conditions on the
states at the infinite horizon. The aim of the paper is to obtain strong necessary conditions in-
cluding transversality conditions at infinity, which in many cases lead to a set of candidates for op-
timality containing only a few elements, similar to what is the case in finite horizon problems.
However, strong growth conditions are needed for the results to hold.
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1. Introduction

The aim of this paper is, in a control problem with unilateral state constraints and terminal conditions at infinity,
to obtain necessary conditions, with a full set of transversality conditions at infinity, which frequently make it
possible to narrow down the set of candidates for optimality to only a few, or sometimes a single one. In infinite
horizon problems without unilateral state constraints (pathwise constraints), with or without terminal conditions
on the states at the infinite horizon, there exist various types of necessary conditions for optimality, and exam-
ples are [1] (without a transversality condition), and a number of results with certain limited types of transver-
sality conditions, for example [2], slightly generalized in [3]. See the latter paper and [4] for several further ref-
erences (see also [5]). The limited types of transversality conditions mentioned are in problems with several
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states-often insufficient if one wishes to avoid getting an infinite number of candidates. With strong growth
conditions there exist necessary conditions, with a full set of transversality conditions at infinity, which in many
cases make it possible to narrow down the set of candidates to only a few, or sometimes a single one, see Theo-
rem 16, p. 244" in [5]. For nonsmooth problems with a full set of transversality conditions in the infinite horizon
case, see [6]. For such problems, see also [7].

The novelty of the results in this paper is hence the establishment of necessary conditions that include a full
set of transversality conditions at infinity in an infinite horizon problem with both terminal constraints at the in-
finite horizon and unilateral state constraints (constraints of the form g’ (t,x)z 0 for all t). Strong growth
conditions are needed for the results to hold.

For Michel-type necessary condition in the case of unilateral state constraints, sees [8].

The growth conditions used below, ((11), (12), (13)) are more demanding than the conditions applied in [9]
for the case of no unilateral state constraints and no terminal constraints (problems with a dominant discount). In
later work the authors use even more general conditions, see [10] (see also [11], and [12] for problems with a
special structure).

The results below are of especial interest in the case where not all states are completely constrained at infinity.
In the opposite case, generalizations of Halkin’s infinite horizon theorem in [1] to problems with unilateral state
constraints where no transversality conditions appear, like Theorem 9, p. 381 in [6], frequently yield enough in-
formation for determining one or a few candidates for optimality. When not all states are completely constrained
at infinity, transversality conditions related to the terminal conditions are needed, unless one can accept the pos-
sibility of an infinite number of candidates for optimality.

In certain cases there is a danger of degeneracy of multipliers. See the early review in [13] and [14]. We have
added conditions that secure nondegeneracy of multipliers in some such cases, in particular in the case where
unilateral constraints are satisfied as equalities by the initial state (the state at time zero). See [15]-[17] for a
presentation of similar conditions in the finite horizon case, as well as for a number of references for this case
(see for example [18]-[22]).

2. The Control Problem, Necessary Conditions, and Examples

Consider the problem

max [ “F° (t,x,u)dt ()]
where x=(x1,---,x”), subject to
x=f(t,xu),ueU,x(0)=x, eR" 2
9’ (tx)=0 fortefa;b |=37,j=1,f 3)
X (0)=X"ie{l,,n},x (0)=X,ie{n'+1,-,n"},n"<n (4)

where we require that lim,_,, X' (t):=x'(c) exists for i<n" and where f=(f" -, f”). Here, j*,n’,
n" and n are given natural numbers, and we allow for the case where there are no equality constraints or no in-
equality constraints in (4) (in which cases n'=0 and n"=n’, so {1,---,n’} andfor {n'+1,---,n"} are emp-
ty sets). Furthermore, a; <b;,U cR*, x,X', f',g', are fixed entities, u the control. It is possible that

b; = oo, inwhich case [aj,b} is replaced by [aj ,oo). We want to maximize the objective in (1) over the set

U of all measurable functions u(.) taking values in U and being bounded on bounded time intervals, subject
to (2)-(4). When the solution x(.) corresponding to such a u(.) satisfies (2)-(4), we call (x()u()) ad-
missible. Below (x* () ()) will be a given optimal admissible pair, assumed to exist.

We assume that g’ is continuous in (t,x)€[0,00)xR", that f' is measurable in te[0,00), continuous
in (x,u)eR"xU, with derivatives g} and f,, where g} is continuous in x and f, is continuous in

» o) (X (1)) <<=,

and that for any x, suptEJ,vueu,‘( f° (t.xu), f(t, X,U))‘ <o, These assumptions are called the basic smoothness
assumptions. At various points some strengthening of these assumptions are added.

(x,u). We also assume, for any bounded sets J'cJ:=[0,0) and U'cU, that sup,,

!In that theorem, correct the inequality b>k by replacing it by b >(n-m)k.
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The following definitions are needed: let " (t):= f (t,x" (t),u" (t)), f;(t):=f,(t.x"(t).u"(1)),
()= £2(tx (1)u" (1)), £ (t)=£2(t.x(t),u" (), let C(t,s) be the resolvent of the equation
g=f,(t)g (C(s,5)=1, Itheidentitymap), C(t,s)=0 if t<s, F(t):= f(t,x* (t),U),
G, ={j:bj=o0}, G":={jeG, liminf_, g’ (t,x*(t))>o}, G(®)=G,\G".

In Theorem 1, in addition to the basic assumptions, assumptions (5)-(15) below are needed. It is assumed that
forall jeG(wx)

lim_,, g’ (t,x(t)) =G’ (=) and lim,_,, g} (t, X" (t)) = G} (o) exist (5)
We shall make use of some constraint qualifications, (6) and (8) below, related to g’ > 0. Define
K ::{k efn'+1-,n"}xk (oo):Y"}, c” :={c eR":c*=0fork<n’,ct>0forke k*} ,

1(ip)={ted gl (b (1)< 8}, 6={ited’}, G(t)={jeG g’ (tx (1)=0],
G(t+):{j e G(t): for some s > t arbitrarily near t, g’ (s,x*(s)):o}

For somec” e C*, forall j e G(w),§) («)c” >0 (6)

((6) holds vacuously if G(x)=2).
glisCfor j=1,---, j° )
Either G(0+) =, or G(0+) = @ and for all j e G(0+),(9)and (10) below hold (8)

t—>(f‘J (t.x (t).u), f(t.x (t)u)) is, for all u, right continuous
and for some v* in coF (0)
forany jeG(0+), g/ (0, X' (O))v* +g,/ (0, X' (O)) >0 ©)

Either?
() G(0+) contains only one index j, or

(B)0is aright Lebesgue point of (£ (.,x,,u" (1)),  (-,x,u"(.))), or
(7) Foranyu, (f°, f ) is continuous in (t,x)
and differentiable in (t, x) at (t,x" (t)) for all (10)
The following growth conditions are also needed: For some n' >n”
[ [ (6 (©),u" (1))|dt <0, i =0,+-,n < (11)

and there exist some positive constants A, B,C,a,b,x such that

. Ae™ for j<n'
fori=0,---,n', forall (t,x),|f' (t,x,u"(t)) < 12
(tx) ‘ o ( ))‘ {Be‘bt for j>n' 12
Kt H 1
fori>n, forall (t,x), ‘ f (t,x,u* (t))‘ < Ce™ for J =n (13)
X xk forj>nt

where b>zc(n—n1). In (10) (7), we also need that for some k >0, |f/ (t,x,u*(t))‘sA forall (t,x), t<k.

Assume finally that, for all j

2A right Lebesgue point s of any integrable function a(t):[0,») >R" means a point s such that
lim,,, (1/d)_[s+d\a(t)7a(s)\dt:0. If v in (9) even belongs to F(0) and (10) (f) holds, then the right continuity in (9) can

be weakened to 0 being a right Lebesgue point of t— f(t,x,,u) forall ueU .
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g’ depends only on x',i <n' (14)
For jeG,,z— g} (t,x" (t)+2)is continuous, uniformly in t, sup |g} (t,x’ (t))‘ <o (15)
16[0,00)

Define H (t,x,u, p,, p)=p, f*+pf = p, f°+." p'f'. The following necessary conditions for optimality
holds.
Theorem 1. (Necessary condition, infinite horizon) Assume (5)-(8), (11)-(15) and the basic smoothness as

sumptions. There exist a number p, €{0,1}, vectors P, =(p%.-,p). p,=(p..- pl), bounded vector
functions p(t):z(pl(t),---,p”(t)) and v(t):z(vl(t),--‘,v"* (t)) v nondecreasing and right continuous
on (0,»), suchthatif p(t,T)®satisfies, for te[0,T], the equation

p(t,T)=p, + D, +LTHX (rox (r),u(r), py, p(r,T))dr+Zj:J'[t‘T)gj (r.x(r))dvi(r) (16)

then p(t)=Ilim._ p(t,T) (the limitdoes exist), lim_, p(t)=p,+p,, p(t) isleftcontinuouson (0,x)
and satisfies (16) for T =oo (the integrals exist), and

H (t,X" (t),u, g, p(t)) < H (t,x" (1), 0" (t), py, p(t)) forallu e U, for ae.t (17)
Moreover,
(po,pw+f)w,z_"(ow)dvj(t)j;to (18)
~Jo.
v’ (t)is constant on [ 0,a; ) and (b;, ) and on intervals on which g’ (t,x" (t)) >0 (19)

p, >0forie{n'+1,,n"}
p;:Ofori>n”andforie{i:n'<ign",x*‘(oo)>¥‘} (20)
Finally, ﬁwzzjeG w;/j@j () for some »'>0 and if (6) fails, then (18) must be replaced by
(po.pw,z Jon 8V (.2 oy );&0. O

Remark 1. For i=j e(n +1,---,n), the growth condition in (13) can be weakened to : For some «, <0,
forall (t,x), x, <f}(txu (t))<«x (wherestill x satisfies b>(n—n')x). O

In the sequel three trivial examples with rather obvious optimal controls will be presented, but to illustrate the
use of the necessary conditions, we derive the form of the optimal controls from these conditions.

Example 1. max.f:xe““dt, x=ux, x(0)=1 x(») free, uef1,2], y=xe™, y(0)=0, y<3/4,
y (o) free.

Solution:

Evidently x"(t)>0 and, because y>0, by necessity, y(t)<3/4 for all t. For p(t)=(p*(t),p’(t)),
from (16) we get p* =-pe ™ —up*—p’e™, p’=0. Then p’(t)=p’(w)=pl=-y’ =k <0. The maxi-
mum condition is that

u*(t) maximizes poXx* (t)e™* + p*(t)ux" (t)+ p’ (t)x"(t)e™ (21)

Consider first the case that we mighthave p, =1, k<0 (= y()=3/4). Let T, satisfy

poe ™ +ke®" =0. Now, for T>T,, T>0, p*=p’=0 meansthat p*(t,T)>0 fortcloseto T, t<T,

*p(t,T) always exists, and is left continuous on (0,T].
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see the expression for p*, so p* (t,T) <0 fort close to T. But this surely continues back to max{O,T*} (see

the expression for p* again). So even p*(t)<0 for t>max{0,T,} (for such t, in fact, p*(t,T){ p*(t)
when T — ). Let t* be the smallest t, such that px(t)<0 for t>t,. Consider first the subcase t* > 0.
Then px(t*2=0 and by the expression for p*, p*(t')<0 and p*(t)>0, t<t". By the maximum condi-
tion u=2 for t<t, u=1 for t>t". Wemusthave t"=In2, inordertoobtain y(o0)=3/4: we get

X(t)=e, t<t’, X' (t*):ez‘* =4, X'(t)=2¢" for t>t", y’ (t):J':e‘tdt+J‘;2e‘2‘dt =1-1/2+1/4-e*
for t>t, so y'(»)=3/4. For T>t>t", p*(tT)=p,(Y3)e™ +Ce™+(k/2)e™® (C anarbitrary
constant). Using p*(T—T)=pJ+p. =0, we get C=C(T)=-p,(1/3)e” —(k/2)e™*", hence C(x)=0.
Thus, p*(t)=lim; p*(t.T)=p,(Y/3)e™ +(k/2)e™, t>t", with k satisfying px(t*):o, e
(1/3)(1/16)+(k/2)(1/8) =0, so k=-1/3. (By the way, note here that as p”(t) satisfies the equation for
p*, we would know that p*(t)=p, (/3)e™* +Ce™ +(k/2)e™ for some constant C, but

p* ()= pX+ps =0 would not determine the constant. This shows the usefulness of the formula

p(t)=lim; p(t,T)) The subcase t* =0 is impossible, then u=1, and y’()<3/4. The case p,=1
k=0 is impossible, then p*(t,T)<0 fortcloseto T, so p*(t,T)>0 for such tand then for all t (see the
expression for p*). In fact, p*(t.T)T p*(t) when T >, so p*(t)>0 for all t, implying u=2, and
y*(0)>3/4, acontradiction. Consider finally p, =0. Then, by (18), p, #0, so k<0, and then
p*(t,T)>0 for tclose to T, so p*(t,T)<0 for such t, in fact for all t (see the expression for p*), and
p*(t,T) 4 p*(t). Hence, p*(t)<O forallt, whichgives u=1 and y*(®)<3/4, contradicting k <0. OJ

Remark 2. (Further non-triviality properties)

a) Replace (6) by the assumption that either G(o0) is empty, or (if not), for some T">0, some &>0, for
any s>T", there exists a v, e cof (s,x*(s),u) such that G/ («)+§; (®)v, 2 ¢ forall jeG(x), where
G/ (c0):=lim_, g} (t,x" (t)) is assumed to exist. Assume also that s—v, and f'(s,x"(s).u’(s)),
i=1--,n, arebounded*. Then (po, pw,ZjI(o,w)dV" (t)) # 0.

b) Assume in addition that, for any s>0, either G(s) is empty, or (if not), there exists a
v, e cof (s,x"(s),U) such that §/(s)+§(s)v;>0 forall jeG(s) and, incase j*>1, that for each u,
t— f (t,x* (t),u) is continuous, that f‘(t,x* (t)u(t)) i=1,---,n', is left continuous at each t>0 and

has a limit when t—oo. Then (p,,p,)#0. O

For finite horizon normality conditions, see [23] and [24].

The main reason for including the next theorem is that it forms a basis for obtaining Theorem 1, but it has
some interest of its own.

It contains necessary conditions for the case where (14) and/or (15) fail, in particular where g’ also depends
on x', i>n'. We then need three conditions, see (25)-(27) below, that automatically hold if (14) and (15) are
satisfied.

Theorem 2. In the situation of Theorem 1, with (5), (6), (8), (14), and (15) deleted, assume that the three con-
ditions (25), (26), (27) below are satisfied. Then the following necessary conditions hold: for some p, < {0,1},
for some vector p, and some bounded nonnegative finitely additive set functions Havees s vanishing on

“For i>n' it suffices that e f'(s,x’(s),u'(s) >0 When s—w, w=(2)(b-(n-n')x), note that for i>n",
p'(s)<Ce™ for some C.
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sets of Lebesgue measure zero, for a.e. s, forall ueU,
B [VO(sijf* ()C(t.s)v(s )dt}+p C(o0,5)v zj[wg; ts)v(s)du; ()<0  (22)
where v(s):= f( “(s), ) “(s), V°(s)= (s X" (s), ) £ (s), §)(t)= ng(t,x*(t)) (C(c0,s) and

the integrals exist). Moreover, (po, P, 24 ([0,0)),-- - ([O,w)));to, p, satisfying (20). Finally, defining
J(i.B)= {te[a],bj] ( )) } we have

#;(C[a;.b; ])=0and ; (3(j, 8))=0forall p>0 (23)
For j ¢ G(0+), for positive s close enough to 0, ; ([0,s]) =0 (24)
If (7) and (8) hold, (po, p,..lim,_, 3 4, ([s,oo))) #0. Moreover,
(po, liminf__,,.|p(s)].lim,,., > A ([Os])) #0, if, for some ¢ eC” and some positive T,5,
g) (t,x* (t))C(t,s)c* >S5 when t>s>T for all jeG,\G”*, G ::{j eG, :liminf__ g’ (t,x* (t))>0}.
Finally, if both the last condition and (7) and (8) hold, then

(o, timinf,_,[p(s)[.tim,.,,, 3" 4z, ([Ys.s])) 0. O

As before when b; = o, Laj’bj is replaced by [a;, o).
Assume, for some arbitrarily large T'> 0, that the conditions (25)-(27) hold

Forall j,t —> g/ (t, X' (t))C(t,T') is bounded on [T, ) (25)
Let x™(t) be a solution on [T' ») of x= f(t X, u*(t)) for x™(T') given. For some positive second
X" (T )—x*(T’)|sd, then, for all j, forall t>T’
g (t,x (t))—g (t,x (t))—ng(t,x*(t))(x**(t)—x* (t))z—ol(d) (26)

Moreover, for any given number K’ and any given positive second order term o,(d), a positive second
order term o,(d) exists such that the following property holds. Let qg(t) be a solution on [T',c0) of

g="f,(t)a, for q(T’) given, |q(T")|<K’.Then, i x**(T')—x*(T’)—dq(T’)|soz(d)
forany t>T', g} (t,x" (t))(x" ()= x" (t)-dq(t)) = -0, (d) 27)

As an example in which (25)-(27) hold, consider a case where n' =0, (11) and (12) hold for i=0, where f
is concave in x, and where, for some positive x, ', «*, g'=e™'h’(x), hi is C' and convex,

order term o,(z) (i.e. lim, 0,(z)/z=0),i

0<-hl(x)<«", and 0<f! (txu)<x<x’, i>0, all j, b>nk. (For z=x"-x"-dq(t), in a short
hand notation
2= f'(z+x +dq)- f'(x")- £ (x")dg

< f‘(z+x* +dq)— f‘(x* +dq)+ f‘(x* +dq)— f‘(x*)— f! (x*)dq

< (x" +dq)z’ <nxz,
where 7, = max{O,zl,---,z”}, which means that, a.e., 2, <nkz(t), so z(t)<z (T")e"™"™), t>T" If
|2(T")|<0,(d), then 0<z (T')<max, z‘(T’)|soz(d) and then
-g;z(t)<>-g} max(O,zi (t)) e ™'k, (T")e™ < j'x"0,(d)

Remark 3. For Theorem 2 to hold, we can weaken (7) and the basic assumptions on fxf and g/ as follows:
the derivatives g) and f, exist at (t, X" (t)) for all t and the three conditions on g' below are satisfied:
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Forall N >0
x— g’ (t,x) is differentiable at (t, x" (t)) uniformly int € [0, N] (28)
(t.x) > g’ (t, x) is differentiable at (t, x" (t)) for all (29)
t— (g’ (tx (t)).9) (t.x" (1)), 6 (t.X" (1)) i continuous (30)

Moreover in the growth conditions (12) and (13), roughly speaking, the inequalities need not hold for states x
that cannot possibly occur, more precisely, the conditions can be modified as follows. Define for each t,

X5 ()= co{x“(') (t):u()etd,o(u(.),u"())<8,x"()exists on [O,t]}, o(u(-),u () =meas{t:u(t)=u" ()},
x'0) (.) the solution of (2) corresponding to u(.). Then (12), (13) need only hold for some ¢ >0, for (t,x)
such that xe X° (t):=B(X,(t),8):={x:dist(x, X, (t)) < 5}. In (10)(;) we must add the assumptions that,
for some >0, g’(t,x) is differentiable in (t,x) at (t,x"(t)) uniformly in t<[0,6], with a derivative
at this point bounded uniformly in t e[0,0].

Finally, U can be replaced by a time dependent subset U (t):={u"(t)}UU (t), where

U(t)::{u €U : ¢, (u,t)> 0 forall k such that t e[ a*,b* J} ¢, k=1 k', continuous, we then require all
control functions to satisfy u(t)eU (t). We assume U (0)# @, andincase G(0+)=, in (9), we require
V' e cof (0, XO,U(O)). Then the maximum conditions (17) and (22) hold only for u eU(t). (The set U can
even be replaced by {u”(t)}UclU (t), with (17) and (22) holding for ueclU (t). We must then still require
U(0)%@, and,in (9), v ecof (O,XO,U(O)). In the proof below, the perturbations u, of the optimal control

have to belong to U (t). I
Example 2.
max.[:ue’ﬂdt, ue[-2,2], x(t)=0 forallt, x=x-u, x(0)=1,

x(oo) free. It is convenient to replace x>0 by g=e"'x>0 (Then (25)-(27) will be satisfied). Choose t*
as the largest possible t, suchthat X"(t)>0 for t<t,. If t"=oco, and even, forsome &>0, e'x'(t)>¢
forallt, then p,=1, 0=p(t,T)=p(t), so u=2 by the maximum condition

u* (s) maximizes poue > + p(s)(x"(s)-u) (31)

and X" (t)=2-¢€', contradicting the last inequality. Consider now the case where y:=inf . e"'x"(t)=0.

Let J be the set of time points s for which (31) holds. Now, y=0 implies the existence of some
t'=seJN[0,t") for which u"(t')>-2% (X (t)e" =X, —J';u*(r)e’rdr, see the state equation). If t* =oo,
t' can be chosen arbitrarily large, if t* <o, t' can be chosen arbitrarily close to t*. Now, C(s,t):eS —t,
so G,(s)C(s,t)=e". If p,=0, then .[fe’SC(s,t'){—[—Z—u*(t’)]}dy(s):e"'y([t’,oo))[2+u*(t’)]s0
(use (31) for u=-2), implying y([t’,oo)):o, contradicting (po,y);to. Hence, p, =1 (Note that this
argument would not work if we had replaced x>0, by, say, e*x>0). For u=-2, by (31),
e —e"u([t'»))>0 and because e —e™u([t,)) is strictly decreasing on [O,t*) (u([t.)) is con-
stant on [O,t*)), infact u"=2 on [0,t’), infactonall [O,t*), by (31). Hence, on [O,t*),

*Oreven u’(t')>0, an observation needed in the next example.
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x*(t):—et+2, so t* is finite and X ( ) 0 and t* =In2. It is easily seen by a similar argument that on
(t*,oo), u'=0: to see this, having e"'X"(t)>0 on an interval (a,b), assuming that (a,b) is as large as

possible, is impossible: Let ce(ab), and define y, ::infte[c,oo)e“x*(t. Now, ., >0 leads to
p(t)=0, u"=2 on [c,»), which is impossible, and both for b<o and x*(b)=0, and for b=o0 and
7. =0, certain time points in (a,b)1J close to b (i.e. arbitrarily large if b=o0) exist at which u* > -2,
but then u* =2 in (ab) by (31), as e —e"u([t,0)) is strictly decreasing in (a,b). But u"=2 in

(a,b) contradicts x"(a)=0, x'(t)>0 in (ab). Hence, on (t*,oo) —J' —te”*du(s) by (31), so

—t

e :J'[t w)dy(s), or e'=4 on (t*,oo) (4 can be represented by an integrable function sz here). If we

put ,u({t}) =inf _, ,u([t* ~1n,t’ +]/n}) =0, we have a valid proposal for the multipliers (It can be seen that

y({t}) =0 is even necessary, compare (89(ii)) on p. 333 in [6]).
Example 3.
maxj:2u”e‘2‘dt, ue[0,»), x>0, x=x-u, x(0)=1 x() free. Itis convenient to replace x(t)>0
by e'x(t)>0. The maximum condition is
u* (s) maximizes p,2u*’e** + p(s)(x" (s)-u) (32)

—tok

Again, assuming, for some &>0 that e"'x"(t)>¢ forall t, and (in the opposite case) p, =0 both yield
contradictions. So p,=1. Now, u” =0 in (32) is impossible, so u” >0 all the time. But, due to the con-

straint e'x>0, then X'(t)>0 all the time (see the state equation). Let s(oo)=inf ;u([s,»)). The

maximum condition (32) yields e”/u™?=p(0)e”, U’ =|:e_t/,u(oo)T =ae?® | for a=]7/y(oo)

*

() =0. Now, ddit: X" —ae™ . The general solution is X" (t)=ae™/3+Ce'. To have the initial condition

and liminf__ e'x"(t)=0 (u()=0) satisfiedweneed a=3, C=0, andhence u(w)= (3) 2.

Remark 4. Assume in the problem (1)-(7), (11)-(15), that U is convex and that there are given additional
constraints in the problem of the form g’ (t,x,u)>0, te[a;b; ] j=j +1,,j". (Perhaps b; =co. In this
case, here and below, replace [a;,b; ] by [a;,=).) Assume that (x()u()) is optimal in this problem.
We assume for j > j* that g’ is continuous and depends only on x', i<n', that g/ and g/ exist, that
Htx (t),u*(t))‘<oo, sup, |g; (t. X’ (t),u*(t))‘<oo, that

(z,v)—>(gx"(t,x”‘(t)+z,u"(t)+v),guj (t,x*(t)+z,u*(t)+v)) is continuous in (x,v), uniformly in t and that

Sup,

f' is C! in (x,u) and measurable in t. We assume, for some positive constants &, A, a,B,b,C,x, for all
t,x,UEB(u*(t),S), that for i=0,---,n", u‘(t,x,u)|£Ae’at and ‘fxij (t,x,u)‘sAe’at for j<n' and

‘fX‘j (t,x,u)‘sBe‘bt for j>n', and, for i>nt

ui(t,x,u)|sCe”t and ‘fX‘j (t,x,u)‘§Ce"t for j<n'
and ‘fxij (t,X,U)‘SK‘ for j>n', b>z<(n—n1). Define U(t):= {ueU :Forall j> j" such that
te[aj,bj] gj(t,x*(t),u)>0}.Assumethat U(0) =, and that (8) holds, for j< j*, for
F(0):=f(t,xU(0)) in (9). Write §}(t)=g](t.x"(t),u"(t)), G (t)=g](t.x"(t),u"(t)), j>]j" Then,

in additionto p, € {0,1}, p,, and u; >0 satisfying (20), (23), and (24), j<j, there exist bounded non-
negative finitely additive set functions 4;, j> j°, also vanishing on Lebesgue null sets, such that (22) holds
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*ok

for ueU(t), summing now over j=1.--,j". Moreover, for C jfo* (r,s)dr, forall
w()eWw" = {W() € Lw([O,oo),RK) Ut (t)+Ww(t)eU forall t}
0> p, U:ff* (t)w(t)dt+[C(o0,t) £ (t)w(t)dt}+ p. [ C(ot) £, (t)w(t)dt (33)

o [0 1 (e 8w a0 (34

(C°(0,t),C(0,8) and the integrals exist). Furthermore, for j> j* we have 4 =0 on C[a;b;] and
on J(j,f):={tefa.b ]:¢’(t.x (1).u'(1))= B} forall g>0. Finally,

(o timinf, . [p(s)].tim,  &([5,3/5)).2) %0, where ji=(s,-w,pt. )= (s e pa.. ). (F (6) fails, then

the last property must be replaced by (po, P, lim ,[t([s,oo)),[t) #0).

When for some vectors g, j> j’, Iimsupt_m|gjxj (t)—gj;| =0, the following properties hold: the maxi-
mum condition (17) holds for u e U (t), together with

I:Hu(t,x*(t),u*(t),po,p( ))w(t)dt + Zf[o G (t)w(t)dy; (t)<0 (35)

1>]

forall w(.)eW", wherenow p(s)=Ilim,_ p(s,T)
i .
p(s,T)=p, +P. +P. +LTHX (t,x* (t),u” (1), po, p(t’T))dt+Zl.[[s,T)@; (t)dg, (t) (36)
j=
and where, for some nonnegative »', j=1,---,j", ﬁw=zj§j*7j@xj (), pw=z,>,*7 gl, y1=0 for
jeG(x),j<j, and y'=0 for j>j if b <o or if Iiminft_mgj(t,x (t),u*(t))>0 for

j e{j > j":b, =oo}. Moreover, inf_, s, ([s,)) = u; (o) = *, andin (36), for j<j*, x; canbe
represented by a bounded nondecreasing right-continuous function v!, and, finally,
(po, p, + p@yzm j dvJ (1), );& 0. (If (6) fails, then this property must be replaced by

(po,pw,z.f dvi( JEG()Jq*yJ,/j)iO).

When, in addition, for some W(.)eW®, some &6>0, >0, for all j>j’, the inequality
(QJ(t)w(t)_5)1[aj,bj]mu(,—,ﬂ)20 holds for all t, then ;(0)=0 for j>j°, and, for j> j’, in both (36)
and (35), 4, can be represented by a nonnegative function x’(.) in L, ([0,0),R)NL,([0,),R) (replace

duy; (t) by m (t)dt) and, moreover, (po, p, + ﬁw,zjsj* (Om)d pl (t)) =0 (If (6) fails, then this property must

be replaced by (po, poc’ZjJ‘(o’m)de(t)’ZjeG(m),jsj‘yj)i0)' Finally, in this case, fora.e. t, forall ueU
H, (6 (t),u" (1), p(t))(u-u" (1)) + X -6 () ! () (u-u"(t)) <0. O

3. Proofs of the Results

Proof of Theorem 2. To simplify the notation, instead of the criterion (1), we can and shall assume that ax(oo)
is the criterion to be maximized, a=(1,0,---,0)eR", that x'(o) is free, hence is not required to be equal to

X*. The proof will be carried out under the assumptions of Theorem 2, allowing for the weakening of these as-
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sumptions in Remark 3.

Overview of the proof. A rough outline of the proof is as follows. We are going to make a humber of strong
(needleshaped) perturbations of u” () This gives rise to first order variations of the optimal trajectory (the q"-
functions below). We introduce a convex subset of these variations (Q. below) consisting of variations satisfy-
ing a first order version of the unilateral constraint. We then introduce the convex set of endpoints (at infinity) of
these variations as is standard in traditional proofs of the maximum principle, and show that it has to be sepa-
rated from the set of “better, first order admissible” points, the set {(6,,-++,6,,):6,>0,6,=0 for i<n',6>0
if x”(e0)=X',n">i>n"} (The endpoints we consider consist actually only of the first n" components of the
state). The separation argument (carried out in R" ) consists of a standard use of the Brouwer fixed point theo-
rem combined with the fact the endpoints are “good” first order approximations of the endpoints of the exact
solutions following from the perturbations. We need the fact that these exact solutions satisfy the unilateral state
constraint, and this is shown first. The separating functional (n" -vector) is denoted p, . Another separation ar-
gument, carried out in L, -space’ gives the multipliers 4, related to the unilateral state constraints.

Detailed proof. To avoid certain problems connected with coinciding perturbation time points, the following
construction is helpful (we then avoid coinciding perturbation time points). Let U’ be a countable dense set in
U andlet J' be the set of right Lebesgue points of f*(.) andall f (t, X" (t),u), ueU’ in

[O,oo)\{bl,---,bj,,}. Then choose some set J" < J’\{O,al,---,aj*} of full measure (i.e. meas ([O,oo)\J”) =0),

such that for each ueU’, asubset J, of J” exists with the property that if u,u’eU’ and u=U’, then
J,NJ, =9, and with the property that for each seJ”, each ueU’, there exists a sequence s, —s, such

that f*(s,)—> f*(s) and f(s ,x*(sn),u)—>f(s,x*(s),u), s, €J,. Foranygiven rel’,
{ §’'(s)>0forse(0, t]teJJ,JeG(O+)}, let Dy, be the collection of m -tuples of the type

P:((sl,ul),u-,(sm,um)), r=5<s,<---<s_, ueU, s el andforall i suchthat s, >z, u belongs
to U' and s belongs to J, (This means that for any (s..u.), (s.y;), if s.=s >z, then

J,, NI, =D, which implies u; - u; ). The separate treatment of the case s, =z, where we can have several
perturbations at the same time, is useful for obtaining nondegeneracy results (i.e. informative necessary condi-
tions). Below m isvarying (m=>1).

Let E,={c=(c,C,):c >0,2c <1 and for c=(c,-¢c,)eE, P=((SuU),(Sp.Up)) € Dy,

m ™¥m

define

éi :ci/éi’ G = Z _ci' (37)

and
4. (66P) =3 e C ()G (£ (5 (5).0) - 7 (5)
T (L6P) =3, o L) (5.6 (5).6)- £(5)
07 (16P) = 3 C(L8) (5.6 (5).0) - 1(5)
S () ()1 (50 (5).8)~ 1 (5 ) (O

where a sum over an empty set is put equal to zero. For te | J[s,s+6), a"(t.c,P)=q,(t,c,P)=q"(t,c,P).
Let Q’ _{q (.c,P)iceE,,PeD;,me{l1,2,--}} and note that Q/ is convex’. Define Q. to be the
convex subset of QT” consisting of functions qQ (c P) that satisfy: Forsome a >0, >0

forall j,§)(t)q (t.c,P)zaforallte I (j,B),t=r (38)

where J*(j,,B)::{t:gj(t,x*(t))sﬁ,ter}.

The linear variations q*(.,C,P) are the ones that will appear in the necessary conditions that will be ob-

®One may consult Observation 1 below at this point.
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tained (see (53), (54) below). These variations are jumping at each perturbation time points, so, near these points,
they do not approximate (to the first order) the corresponding (continuous) exact solutions. Yet, we are able to
show that the latter solutions satisfy the unilateral constraints when q°(.,C.P) belongs to Q.. To show this,
the “better”, continuous, approximations g™ (.,c,P) are used.
3.1. Satisfaction of the Unilateral Constraints by Perturbed Solutions
Fix a pair (C*, P*) such that q*(.,c*, P*) satisfies (38) for certain numbers «, f3,
P’ =((51U1)(5mum)) ¢’ =(Cf,~-,c:ﬂ*). Let T'>max,s’ +1 be some number for which (25), (26) and
(27) hold. There existsa y >0 so small that

(38) holds for « replaced by a/2 when c e B(c",y),P =P’ (39)

To see this, choose y such that (39) is satisfied in this manner both for te (O,T’] and (by using (25)) for
t>T'. Then, for d(01], ceB(cy), q'(.dc,P") satisfies

forall j, g} (t)g"(t,dc,P)>da/2forallte J°(j,B), t=¢ (40)

For some positive d,, for d (0,d,], forall i,i', when s #s,, then [si*,s;"+dq.} and [si*,,si*,+dq.]
are disjoint for all ceB(c",»), and, moreover, |s/,s'+dc |NJ"(j,3/2)=2 if s €3°(},5/2)
(3°(i,B/2) isclosed). Let I be the setof points t in [r+d¢,%)NJ"(],A/2) for which

G)(t)g” (t.dc,P*)>da/4forallce B(c",») (41)

Now,
3= [J*(Lﬂ/z)\(Ui[S{*,s{‘ +d6i))}ﬂ[r,oo)c 34 @)

by (40) because g™ (t,dc,P")=q"(t,dc,P") in JPJ. Let ay=1/2 and define a, inductively by the for
mula a, =a,,—(a,,)° (a, +0).Let b,=a ,—a, and, for i=1-i" =max{i:s =7}, let

M, =(r+an +0, > Gt +a, +bnzik:lék] M{ =, M5, (see (37) for ¢,). Then, assuming right conti-

nuity at =, (see (9)"), it is easily seen that
(1/77){ S (01 (06 0050851 (e e )}

is small when 7 is small, >0, uniformly in ce E .. See the arguments connected with (74) below. For
de(0.d], let u(tdeP)=u(t)=>"1 . (t)u for te(rr+dg], let u(tdeP)=u for

(43)

te[s/,s +dc |, i>i" (recall that these intervals are disjoint when the left ends differ and that
s;=s =u; =u’),and u(t.dc,P")=u’(t) elsewhere. Let x(t,dc,P") be the corresponding solution. Define

a(t,de, P*) = [[C(6,5)L, g0 () T (5:X (5),6(s))~ 7 (s) s
+> e (t's)l[s;,spdci] (s)é; [f (s.x"(s).u7)—f" (s)}ds
= .[;C (t,s)( f (s,x* (s),u(s.de, P*))— fr (s))ds

"Only when there are more than one perturbation u, at - right continuity is needed to obtain (43). If there is a single per-
turbation at -, (i.e. forall i={i:s =7}, u =some u) it suffices that - is a right Lebesgue point of f (t,x"(t).u). Fi-

nally, if G(0+)=@, then we shall throughout assume a single perturbation TeU’ at 7.
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Now, for d small, C(t,s)=C(t,s) for Se(si*,si*+déi], hence by (43) and the Lebesgue point proper-
ty of £7(.) and f(t,x (t).u]

) at ', q(t.dc,P")-q" (t,dc,P") is of the second order in d uniformly
in ceE . and te[r,T']. Let JfJ =37 U{J (]}, 8/2)N[r,)}. Wewant to prove that for some d, >0

forceB(c’,y)andd (0,d,],g’ (t, x(t,dc, P)) >0forallte J/) (44)

Because § (t)C(t,T") is bounded by assumption (25), and q(T’,dc,P")-q™ (T’,dc,P") is of the second
order, ij(t)C(t,T’)(q(T’,dc, P*)-q"(T"de, P")):QXj (t)(q(t,dc, P')-q” (t,dc,P*)) is of the second or-
der, uniformly in t[T’,%0). Moreover, §; (t)(q(t,dc, P*)—q** (t,dc, P)) is of the second order, uniformly
in te[r+dc,T'), by the boundedness of SUPjo7 §) (t). Hence, by (41), for some positive d, <d,, for
de(0,d,]

g (t.x (t))a(t,dc,P") = da/8forte 3, forallce B(c",7) (45)

Next, it is well-known that

x(t.dc,P")=x" (t)—q(t,dc, P*) is of the second order in d (46)
uniformly in te [z’,T'], ceE . (see Lemma D in Appendix). Moreover, by the differentiability assumption

on x—>g' at (t, X (t)) ((28)), for some positive second order term o, (d), we have
g’ (t, x(t,dc, P* ))— g’ (t.x"(t))-4; (t)[x(t, dc,P*)-x' (t)} >-0,(d) (47)
forall te[z,T'] (because x(.,dc, P")—x* (.) is of the first order in [z,T']). Hence, for some positive second

order term 0" (d), for ceB(c",y)

g’ (t,x(t,dc, P*))—gj (t,x* (t))—ng (t,x* (t))q(t,dc, P*)z—o*(d) (48)
both for all te[z,T'] by boundedness of §) on [z, T'] (combine (46) and (47)) and for all t>T' (com-
bine (27) and (26)). Then, by (45), for some positive d, <d,,

g’ (t,x(t,dc, P*))z g’ (t,x* (t))+da/8—o*(d)2 de/16, for de(0,d;], ceB(c’y), tedf). Moreover,
for some positive d, <d;, for de(0,d,], forallt, by (48),

o’ (t.x(t.de,P)) =g’ (t.x (1)) (L (t))a(t.de,P*) =~ B/4 and (by (25)),

g) (t, X" (t))q(t,dc, P*)
ce Em*

<B/4 uniformly in te[r,»), ceE ., so uniformly for ted(i.B/2), txr,

g’ (t, x(t, dc, P)) >q’ (t, X' (t))+ g, (t, X' (t))q(t, dc, P*)—/)’/4
> B/2-B/4+g) (t.x" (t))a(t.dc, P7) (49)
> 52~ 4~ f/4=0
Hence, (44) has been shown, and in particular, (see (42))
(44) holds for t e {[J*(j,ﬂ/z)\(ui[s;‘,s;‘ +dg ])[U3 (j,ﬂ/Z)}ﬂ[T,oo) (50)

So far, we have only used the basic assumptions and the first of the three conditions on g in Remark 3,
namely (28). The other two properties, (30) and (29), will be used in what follows.

()
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We want to show that [s;,s +dc |37 (},8/2)=Jf) when s €3"(},5/2), s >z, ceB(c ).
Now, s’ €J"(j,/2) implies seJ”(j,f) for s<s', s closeto s (recall si*e{al,---,aj*}). Thus, by
(40), ) (1) (t.dc,P")=da/2 for te[s/,s +dg |NI"(j,B/2) and
G (s')a. (s, de,P")=G)(s')a"(s;—dc,P ) > de/2, ceB(c',y). For d small (de(0,ds], dy<d,),
G)(t)a.(t.dc’,P") > da/4 when te[s,s +dc ], ceB(c’y) (by continuity,

G, (1)C(t.s;)-GJ(s7)C(s/.s;), k<i, is small, when t—s; is small). Note that if te[s,s +dc) for
some i, q” (t,dc, P*) is a convex combination of g’ (t,dc,P) and q,(t,dc,P) (the former one has weight
(t-s;)/dc, ). Hence, for any te[si*,si* +d¢;), g (t.dc,P") belongs to the segment between g’ (t,dc,P")
and q,(t,dc,P"), hence §;(t)q”(t,dc,P")=de/4 for te[s/,s +dg)NI"(j.A/2), de(0.ds],
CeB(C*,y).

So far, we have proved (44) for te{J"(j,8/2)N[r +dg,»)}U{J (}.8/2)N[z,0)}, recall that if
s ¢3°(],4/2), then for de(0,d,], [s',s +dc |NI"(},8/2)=@<If) (in particular this holds for
s; =7, sofor 7¢J"(},/2), (44)holdsforall t>7).

Finally, let us prove (44) for te[r,z+dg], 7€J"(j,4/2). We can assume that B >0 is so small that
o' (z.x"(z))> B, if g'(r.x(r))>0, eI’ Soconsider the case where g'(r,x"(z))=0, reJ’.

Then the right derivative [d*gj(t,x* (t))/dtl: =ng(r,x*(r))f*(r)+ 9/ (r,x*(r))zo (re{bj}j). First
consider the subcase where i* =1 and r=s; (onlyone s’ =7).By(39),

g (r)[él(f(r,x*(r),uf)— f*(r) Jza/Z, ceB(c’,7). Combining the two last weak inequalities we get
Cl[@j (7)f (Z’,X*(T),Ul*)+gtj (T,X*(r))JZa/Z. Then [d+gj (t,x(t,dc, P*>)/dtl:T >a/2¢ >a/2, so
gj(t,x(t,dc,P*))ZO for te[r,r+dg], ceB(c,y), for d small (de(0,dy], dg <ds).

Consider next the subcase where P* contains several pairs (r,ui"), i=1,--,i", ueU, r=s =--=5.,

i* >1. Using (43), it is easily seen that

[(a/as)g? (sx(s.e.P*)) | =g} (. () DL (72X ()05 )+ 6/ (7" ())- When 7e[ab;) and
g’ (7.x"(z))=0, we have that [d*gj(t,x*(t))/dtJ]T:T=ij (r) " (r)+ ! (t.X' (7)) 2 0. Now,

6! (T)[z::ci (f (e (r) ) - f*(f)}} > /2 by (39),50

/26 < §] (T)[z;;eif(T,x*(f),u;)+gg (T,x*(f))H(w/ds)gj(s,x(s,dc, P))],_ - Hence we again get

S=7

o' (tx(t.de,P"))20 for te[r,r+dg], ceB(c',y), for d small(de(0,d,], dy<dy).
Thus, when c*,P* satisfies (38), then

forceB(c",7),d €(0,d], gj(t,x(t,dc, P*))zOfor allted! t>7 (51)

3.2. Local Controllability at Infinity

Observation 1. Define 7:=(x, %)= (%, %.) and Q:={GeR":G =0 for i<n',q [-11] for

()
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all i=n"+1,--,n", with g <0 if X"(»)=X'}. Note that by Lemma B in Appendix, for all ¢ and P,
70" (0,¢,P) and zx(oo,c,P) exist. Let K <R" be the convex set
{q+7zq*(oo,c,P):qeQ,q*(.,c,P)eQT’} (for Q! see (38)). If yeintK, then for some positive &, some

”n

y,eR™, i=1--,n"+1 B(y5)cintco{y1,...,yn~+1}, where each vy, equals q‘+7rq*(oo,c‘,Pi),
qeQ, ceE ( S CIT ))e DY, q'(.¢\R)eQ, y'—y" e, y" —y"* linearly inde-
pendent. Let A, {/1 Z“”ﬂ, 1, >o} Then B(y,8) < {XA[a,+70" (,¢'\R)[: 1€ A,

y:Zﬂ{‘ [qi +zzq*(oo,c‘,Pi)J for some vector 1° e A In fact, for each ze B(y,6) there is a unique

n"+1*
A(z)eA,.,, suchthat z=>%(z)y,, A(z) evidently depends linearly on z, note that z— A(z) extends

linearly to all R™. Let B, =(s,u}), andlet P* consistofall (sj,uj), j=1--m', i=1--,n"+1, for

the moment we allow the pairs in P* to be doubly indexed, (and the time points not to be ordered). Then
Sa(@)a (. P)=2 3" " A(2)cia (1L Py)=a"(.c(2),P"), where c;;(z)=%(z)c; (as we have double
indiceson P”, we have double indices on the components of c(z)). Note that ¢ ;(z)>0,

zizrj”;lci‘j (z) <1. Of course, we can re-index the pairs in P* (and so also the entities c;(z)) by using a

single index, with the time points in the pairs in increasing order. Let m* be the number of pairs (i j) We
use P* also as the name of the vector of reindexed pairs, and ¢(z)e E . for the vector consisting of all enti-
ties ¢;(z), reindexed in the same manner as the pairs in P" . Then for e B(y.5),

2= 4(2)d +7q"(w,c(2),P"), q'(.c(2),P")eQ., z+>(A(z).c(z)) linear.

The following result should surprise nobody, a proof however is given in Appendix.
Lemma 1. Assume that for zeB(y,5), z=) A(2)q +7zq" (oo,c(z), P*), 25 (4(z),¢(z)) linear,

A(z) €Ay, c(z)€E .. Then there exist some first order term O(d) (i.e. lim, O(d)=0) and some

p >0 suchthat foreach de(0,p] forsome c=c’<E ., some q’eco{d’ ,q”“}

dq® +7rx(oo,dc",P*)—7rx*(oo):dy, |cd —c(y)| |q )-> 4 (v)a |<O O

3.3. Separation Arguments That Yield the Multipliers

By optimality, for all §* >0, z° :=(5*,0,---,0)e int K. To see this, assume, by contradiction the opposite,
that for some 6" >0, z" = (5",0,---,0) eintK. Then by Observation 1 and Lemma 1, for d >0 and small,
for some q°eQ, ¢’ €E ., dz'+xX (w)=dg’ +zx(e,dc’,P") and x(.dc?,P") satisfies the unilateral

time constraint (3), see (51) (because q*(.,c(y),P*)eQT’ and |cd —c(y)|§0(d)). The last equality gives
that x(oo,dcd : P*) satisfies the terminal constraint (4) for d small, and that

ax () <dd” +ax” (o) = daz" +ax" (w) = ax(oo,dcd , P*). This contradicts the optimality of X"(.). Thus the
sets intK and L, ::{(5*,0,---,0)eR”" '8 >0} are disjoint (this is trivial if intK =& ). Thus these sets

can be separated®: there exists a nonzero vector p*eR", such that p'K <0< p°'L,. As QcK, this in-
equality gives that
p"z0forie{l,n'+1,--,n"}, p" =0if x" () >X',i >n’ (52)

If intk =@ and intKNL =3, then Kand L can be separated. If intk =g, then for some nonzero p°, p'K=0, and

p° can be chosen such that p’L, >0.

(=)
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Define L:={h()eL,([z,),R"):forallj, for some positive &, S, h'(t)>a when

teJ"(j,B),t=7 }. Recall that sup,

ng(t,x*(t))q*(t,c,P)‘@o for all c,P, see (25), and write

g=(g".g"). Note that L":= {(gx(x())q(cP) p*;zq*(oo,c,P)):q*(.,,c,P)eQ,'} (for Q!, see (38))
has to be disjoint from the convex body Lx(0,:0) in L, ([r,%), R )xR, otherwise the inequality p'K <0
is contradicted. By separation, for some continuous linear functional y :=(y;,-}) on L, ([r,%),R")
and some number 4, (4,y)#0

z//gx(.,x*(.))q*(.,c,P)+/1p*7rq*(oo,c,P)sx//h(.)+/1h’ (53)
for all (h(.),h’)e Lx(0,%), all q"(.,c,P)eQ]. Evidently, by this inequality, 2>0 and y are nonnega-

tive on L, with y;, (1[ =0 for all #>0. Each y,; can be represented by a bounded

r,oo)nEJ*(j,ﬁ))
finitely additive nonnegative set function 4; vanishing on sets of Lebesgue measure zero. Evidently, z; va-
nishes on [7,00)NC3"(j,B) forall >0, in particular 4; vanishes on [z,%)NC[a;,b; |. The inequality

(53) gives that, for p, =(1p",0)eR" xR™™), for all pairs (s,u), ueU, s=7, (z stillfixedin J')and
for all pairs (s,u), s>z, seJ, and ueU’
pr(OO’S)V(S)+ZI[5 w)gj (t, X (t))C (t,s)v(s)du; (t)<0 (54)
s,
where v(s)=v"(s):= f(s,x"(s),u)-f"(s) (Toobtain (54),in (53)let q"(..c,P)=C(.$)v(s)). Moreover,
(54) also holds for <, for v(r):z:’:lﬂ,f(f(r,x*(r),uf)—f*(r)), forany given u/ eU, 1" €E, .

Let us now choose a sequence z, € J' converging to zero when n — oo such that (54) holds in the manner
described for 7=, for certain multipliers p, = p’, u=u" =(ﬂl y;‘*). In particular (54) holds for

s=r, forany given v(7r)=v(z,). Let us fix such a sequence v(z,), assuming it to be bounded. We can

assume that |p.

+Zj,u? ([O,w))zl (we extend 4" to [0,:0) by letting 4" ([0,7))=0). Using the weak*
topology on {,u"}n, there exists a cluster point (p,,,v,, ) of the sequence (p;,v(rn),y”) satisfying
(52),1020,4;(CI" (. B))=0forall 8>0,|p, |+ u([0.0)) =1 (55)

(for some subsequence n,, (p;,y"k ([O,oo)))—)(pw,y([o,oo)))). (by the cluster point property, so the last

equality holds). The cluster point x is a bounded nonnegative finitely additive set function that vanishes on
Lebesgue null sets. It is furthermore easily seen that (54) holds for p, and 4, for ueU’, seJ, and for
s=0, both for v(0) equal to the cluster point v,° as well as for v(0)=1im V(z,), provided this limit ex-

ists, for any V(rn):z:‘ilif“ (f(rn,x*(rn),ﬁf")— f*(rn)), forany given U™ U, 1™ eE, .

*For simplicity, assume that v(z,)—v,. Then, for any ¢>0, for all n large enough, ‘C(t,rn)v(rn)]w,]7C(t,0)v0]w,] <e

for all for te[z,,T'], so, by (25); for ¥, (t):=g,(t.x (t))C(t.7,)v(z,), ¥:=0,(tx (t))C(t,0)v,, for any &'>0; for all n

large enough,

¥, (01, -1 |<e for all te[r,=). As |u|<1, ‘J.[W’(‘I‘n(t)—‘l’(t))dy“(t)‘sessupmn ¥, (1)-¥ (1), so

'[[W\PH(t)dy“(t)—j{oVX‘)‘{J(t)dy(t)=J'[W(\{Jn(t)—\IJ(t))dy”(t)+J’[:@)‘Pn(t)dy“(t)—'[M\P(t)dy(t), which converges to zero at

least for a subsequence of 4" .
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Now /1 I[O d,uJ is nondecreasing and bounded. Let J, be the continuity points in (O,oo) of
S_)j[o,s]dﬂ t , ,u::(,ul,---,,uj,,). Forany ueU’ andforany seJ,NJ", asequence s, eJ, exists, such
that s, —>s, and V'(s,)—>V'(s) (see the very beginning of this proof), and because (54) holds for
(sn,v”(sn)), it is easily seen by taking limits that (54) holds for u and seJ,NJ"".

Finally, let us extract an additional property. If g’(t,x"(t))>0 for all t in some interval (0, ] and
a; =0, then, for some &,>0, g’(tx(t))>4, for te[r,.& | when z, <z, which by (55) implies

0= ([rn,gj]) =4 ([O gj]) and hence ([O,EJ) =0. Thus
j2G(0+)= p([0.5,])=0 (56)
for (say) ;= (]/Z)sup{t :g’ (s, X' (s)) >0forse (O,t)} >0

3.4. Further Information on the Multipliers in Special Cases

Let us prove the results concerning the multipliers in the three last sentences in Theorem 2 in the case where
ax(e0) is maximized.
Define

p(s)= pr(OO’S)JrZJ.[s,m)ng (t, X' (t))C(t,s)dyJ. (t) (57)

Now, assume (9) and (10) (), with G(0 +)=J{j} We may assume of the sequence , used above that

9’ (70X (7,)) £ (7)+ 97 (70, (7,)) <O for the single jeG(0+) (there exists a sequence t, 40, such

that g’ (t,,x(t,))=0). Here (29) was used. Let v" =4 f(0,x(0),q;) satisfy the inequality in (9), define
v (t)=DAf (t X

close to 0, g!(z,. %" (z,))V.(7,)+0(7,.X (7)) = x, which combined with the previous inequality gives

(1), N,), and assume that v(t)=v,(t)—f"(t). Then, by (30), for some x>0, for z,

g) (rn,x*(rn))v(rn)z k. So G} (0)v, 2k, v, any given cluster point of v(z,). We can assume that (54)
holds for this cluster point v,, for s=0.
Evidently, §(t)C(t, O)V0 21(/2 for all t close to 0. Now, if p,=0 and x([s,))=0 for all s>0,

then forany s>0, p(0 J.[O C(t,0)dy; (t). From p(0)v, <0 we get, for all s close to zero, that

0>

[o,s)ng (t)C(t,0)vydy, (t )_j[oys)(l('/ )du;, which gives ,([0,5))=0 for s close to zero, and so

'If U is replaced by U (t) as in Remark 3, we asume that s, g{b"} . The perturbations u(t,dc,P) will belong to U(t),
because in the proof we now require the u,’sto belongto U(s) andthen u €U (t) fortin [s,s +dc], for d small. Then
(54) holds for a.e. s for ueU(s) (:UeU(sn) for n) and also for s=0, for any given cluster point v, of any given
bounded sequence v(r,)=Y" A" (f(z,.x (z,).u")-1'(z,)) where u*eU(s,), 7,€J’, 2" <E,_ In addition, (54) holds for
(s,v(0)) for all limits v(O) of all such sequences v(z,) that are convergent. In particular, (54) holds for a given cluster
point v, of agiven sequence v(z,),where v(t)=>" i( (tx(t).u)-f ()) u, givenpointsin U(0), AeE, .

n case G(0+)=4, it can be assumed that z'e(O,gJ], for all j, and, as said before, we then assume that for all P,
ss=r=u=0, T some arbitrarily given element in U’ (in U(0)NU’' in case U is replaced by U(t) ,
ueU(0)=ueU(z,) forn large).

(=)
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(p...)=0, acontradiction. Hence, (p,.,lim,, x([s,)))=0.
When G(O+)¢® and 0 is a right Lebesgue point of f*(t) (i.e. (10) (P holds), we can choose the se-
quence 7, =0. Evidently, by (29), g;(0,x"(0))f"(0)+g/(0,x"(0))=0 when jeG(0+), soagain
G7 (0)vy >0, v, =Vv"—f"(0), and we get the same conclusion regarding ([0.s]) (with
( p..lim o u([s, oo))) #0 again) and in this case, (as well as in the case that (t,x) —(f°, f) is differentiable,

i.e. (10) (»), see Appendix), we don’t need the assumption that G(O +) contains a single element™. In fact,
when (8) holds, in Theorem 2, we can assume ; (0):=lim_,; 4, ([0,s]) =0.

Define 1, (o) =inf g sz;([s,)). Note that, by (23), ;([T",%))=0 for T" large enough if jeG.
Assume thata c” € C” and positive numbers T and ¥, exist such that
9! (X (1))C(ts)c 27, jeG =G, \G, when T <s<t (58)
(see the end of Theorem 2). For s>T
p(s)c” = p,C(w,s) +ZJ' ( )C(t,s)c*dyj (t)
> .0 () mzjee*f[s,m)du,- 0
Assume for the moment that liminf,,, [p(s)/=0. Choose a sequence s" —co such that p(s")—0.

Letting s=s" — o in the preceding inequality, and using ﬂ'C(OO,Sn) — 7zl (see Appendix, Lemma A), we

get 0> pooc* +7*Zjee*'ui (OO) 2 7*Zjee*'uj (OO)’ so Z/‘j (OO) =
Can (Iimianw|p(s)|,IimeZjeG*yj ([O,S])):O? No, we have shown that then 3. __.u(=0)=0, and
then 0=liminf_, |p(s)|=|p.|, so (p,.4)=0, acontradiction. Sowhen (58) holds

{Iiminfs_m|p(s)|,lims_m Z*yj ([O,S])Jio (59)

jeG
Finally, assume that both (58) and (8) are satisfied. By contradiction assume now that
(Iiminfsw [p(s)|limg,. X, ot ([l/s,s])) =0. Then Y u(x)=0 (= lim_, p(s)=p, and

limg,,. > e 4 ([Ys.8]) = D e A ([1/s.»)) . so (pw, lim,_, ZjeG*ﬂj ([l/sw))) =0, a contradiction. So
(58) and (8) imply
(Iiminfs_m|p(s)|,lims_m >, ([]/s,s])}o (60)
jeG™
Proof of Theorem 1.

We still keep the assumption that ax(oo) is maximized. Using lemmas in Appendix, note that (25)-(28) are
implied by the basic smoothness assumptions, the growth conditions (11)-(13), (7), (14) (i.e. g’ depends only

on x', i<n'),and (15) implying that z — g’ (t,x* (t)+ z) is differentiable at 0, uniformly in t ((27) follows

from Lemma E in Appendix). Moreover, also (29), (30) evidently follow. So all the above results also hold in
the situation of Theorem 1. Using the definition (57) the maximum condition (54) can be written

Forae.s, p(s)( f(s,x"(s)u)-f* (s)) <0forallueU (61)

Now,

“If (8) holds only for a subset G' of G(0+) then it is easily seen that the collection p,,u , jeG(0+)\G',
lim,,, 4, ([s,)), j€G'UCG(0+) is nonzero (at least one entity is nonzero).
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Z.[[Sym)g"(t,x*(t)) (t,s)dg; (1) ZI[ . 9! (t.x" (t))C(t,s)dy; (t) ZJ' J(t.x"(t))C(t,s)du; (t).  Using
lim, . #C(t,s) = zC(c,s), (5)and (14), ZI[T g’ (tx (1))C (t,s)dyj()—>2gx( ) 4; () C (0,5) when
T —>w. Then, by (57), also IlmT%ZJ'[S’T) g) (t.X" (1)) C(t,s)dy; (t) exists, and

p(s)=p,C(o0,8)+1im, ZJ'[S’T)ng (t, X" (t))C (t,s)du; (t)+X.9) () ; (0)C(0,5). Hence,

p(s,T):= pr(T,s)+ZJ'[SYT)gXJ (t,x* ('[))C(t,s)d,uj (t)Jr(ZgX"(oo),uj (oo))C(T,s)—> p(s) when T —w.

Let v;(s)=limy,, ;([0,s]). Let J, be the continuity points of all s— x;([0,s]). Write for the mo-
ment

p(s,T)=p.C (T,s)+z.[[s’”ng (t,x* (t))C(t,s)dvj (t)+(Zng () 1 (oo))C(T,s)
and p(s)=lim;, p(s,T). Then® for s, TeJd,, p(s,T)=p(s,T), and then
p(s)=lim,_, p(s,T)=lim . p(sT)=p(s), sed,. With yl=u(w)=inf u;([s,%)) (»' oc-
curring in the definition of p_ ) it is well-known that f)(s,T) satisfies (16)™. Evidently, (61) yields
For a.e. s,f)(s)( (s.x"(s),u)=f(s ))SOfor allueu (62)

In Theorem 1, we have written p(s,T) and p(s) insteadof p(s,T) and P(s).
Note that (6) implies that (58) holds, as G* =G;”, G(x)=G,\G;. Thus, (60) holds, which means that

(pac +p,.lim,_,, > u, ([1/5 s]));tO in the situation of Theorem 1, because then p(o) exists and equals

poo + pao :
Proof of Remark 2. We give a proof for the case where ax” (oo) is maximized. Note that
p(s) f(s,x"(s),u"(s))= p(s)v for vecof(s,x"(s),U) for seJ., where J. isasetof Lebesgue points of

f°()="f ( X (.),u ()) of full measure. The inequality holds for all s >0 in case of left continuity of .
Proof of a)

Let T, :=ZJ_;/J'QIj (o), r’::ZjeG(m)}/j and recall ﬁwzzjse(w)ngxi (). Assume p,=0. Assume by
contradiction that " >0. Then, forall s<J, large enough
(4/d5) 2 cp’9’ (5.3 (5))
:ZjeG(w)yJ@tJ(s)JrZJeG )7 i() ( X*(S)'u*(s))
:Ft—‘r ZjeG oo)ngtj( ) F + ZjeG(w)JlJ‘Q)j (S)_ﬁw_ f(S,X* (S),U* (S))
+[ B, - p(s)] f(s.%(s), (s.x"(s),u"(s))
- ;
)

|C|
%
—_~
(7]
SN—
—
+
o
—~
w
N—
—

zrt+'zjmy 62 (5) T [+| 2 ooy 82 (5)= B | T (5% (5).u°(5))

+[B. = P(s)]f (5.% (s).u" () + P(s)v,

T4 o 8 ()T [+ 282 (5)= B | F (5% ()0 (5))
+[B, = B(8)] (5% (5).7 (8))+] P(8)= X oy 8 () [ v + B,

2| 2oy 6 (8) T 4| 261 (). | T (5. ()07 (5))

¥0bservation A in Appendix may be consulted at this point.

YCompare e.g. Section 9.5 in [16].
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+[ .- p(s)]f (s,x* (s).u’ (s))+[p(s)— A +zjee(w)y" {Qt" () +4; (oo)vs}
>0
(the last term is >T"'g, all square brackets — 0 when s — o). Then

Zjee(w);/jgj (oo, X' (oo)) > Zjes(w)ngj (s, X (S)) >0, which is a contradiction because g’ (o, X" (0))=0 for

jeG(w). So I'" cannotbe >0 when p, =0.Hence (pw,zj (Ow)dvj(t),r’);to implies

(P 2,07 (V) 20

Proof of b) Assume by contradiction that p, =0.

If jeG(c), then for some arbitrary large s; € J., we must have
(d/ds)gj(sj,x*(sj))=gtj(sj,x*(sj))+ng (sj,x*(sj))f(sj,x*(sj),u*(sj))so. For j*>1, for all j, for
large s; the left hand side is ~ g (0)+§; (o) f (oo,x*(oo),u*(oo)), i.e. it does not change much if s; is

6!
replaced by s, . Hence, for jeG(oo) (whether j*>1 or=1), for large s, for & asina),
(4/d5)g" (5% (5)) = 07 (5% (5)+ 02 (50X (5) (516 (5).0° (5,)) < /4
Using the vectors v, in a), for s, large we then have §( l)(vs—f(sl,x"(sl),u*(sl)))ZSg/4. Because

g (s
#C(t,s)~xl, when t>s, s large, we finally get @j(s)C(t,s)(vS—f(s,x*(s),u*(s)))25/2 when s=s,
0),

is large. When s is large j &G () means jeG(t), t>s. Using y’' =0 and (22) (which even holds for
v(s)=v;—f7(s), v, ecof (s,x(s),U)) for seJ, large, we get

0> Y 6 (C(LS)V(S)dv! (1) =3 o, 6 (OC(ES)V(S)dV (025 o [ (/2)dvi (1), Hence

both for jeG() andfor jeG(x), j

. w)d v!(t)=0 for some (large)s.

Next, let s, =inf {s: j dv’(t)=0forall j} <. By contradiction, assume s, >0. Let
[s)

V,(s.) =V, =2 A F (s, X (s, ),uf ) ecof (s,,X(s,),U), where v, has the property that
G/ (s.)+ G} (s.)v.(s.)=¢'>0 for jeG(s,), seeb).By continuity, forany s<s, andcloseto s,,

G{ (s)+G; (s)v.(s)=3¢/4 for jeG(s,). (63)

There exist s; €J,, s; <s, andarbitrarily close to s,, such that for jeG(s,),

dg’ (sj,x*(sj)>/ds= G(s;)+6)(s;) F7(s;)<0.1f j*>1, forall], the left hand side is
~§/(s.)+G;)(s.)f"(s.), sofor s closeto s,, dgj(sl,x*(sl))/dsqjﬂ (s)+6)(s,) " (s)< /4 forall
j eG(s*) whether j*>1 or j"=1. Combining this inequality with (63), we get for s=s €J,, sclose to
s, that G/ (s)+G)(s)(v.(s)— f"(s))=&'/2 for jeG(s.)™. From this, we finally get, by Lipschitz conti-
nuity of t— C(t,s) on [0,s,], uniformly ins, that there existsa s=s"<s,, s"eJ, andcloseto s,, such

that ng(s*,x*(s*))C(t,s*)(v*(s*)—f*(s*))Zg’/4 when te[s*,s*] and s* can be chosenso closeto s,

15As an alternative to the left continuity assumption on f°(.) in Remark 2 (for j’ >1), we may assume that, if (p,, p,)=0
in the necessary conditions, then these conditions imply left continuity of f*(.) on (0,x).
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that g’ (t)>0 when te[s*,s*] j2G(s"). The last inequality and (22) then yields
0= ZJ.[[S"S*J@)g (t)C(t,S*)<V<S*)_ f (S* ))de (t) 2 ZjeG(S*)J‘[s*.s*J(S'/Ll)dVj ! which gives .[[s*,s{ldvi (t) =0
both for jeG(s,) and for jeG(s,) and so J‘[S m)dvj (t)=0 for all j. Evidently we cannot have s, >0,

so s,=0. Thus p,=0= ij(ovw)dv(t) =0, contradicting (pw,zjj(ovw)dv(t)) #0. Hence p, #0.

Proof of Remark 4. We construct an auxiliary problem: assume for given functions w, () k=1,---,k", that
we want to maximize ax(o) subject to

X= f[t,x,(l—zk:szUJer:zkwk (t)j te[0,) (64)
w, (t)eU, |Wk ()—u()LC <1, w,(.) measurable. Here z,, k=1,--,k*, are auxiliary states, governed by
4 =ay L (1), €[0,1], 2(0)=0, where o, areauxiliary controls. Write
a:(al,...,ak*)e[o,l]k*. For £>0, define A(t):={(t.u):te[0,1/s), ueUNB(0,Y¢),
o' (tx ().u)>e if te[a,b]. j>i} U, (t)={u:(tu)eA®t)}, and let U, (t):={u" (t)}UU,(t).
Below, & is so small that U, (0)=@. Given any measurable control functions a(.),u(t), «(t)e[o0, 1]
a(t)eU, (1), let x*“U(t), zY()) be the solutions of (64) and 2, =e, corresponding to G(.), a(.).
Forany &, thereexistsa &' <(0,3/k"] such thatif meas({t:a(t)=0})<s" and
meas({t:ﬁ(t):tu*(t)})&?’, then ‘ﬁx”(')'“(') (t)-zx (t)‘sé for all t, by Lemmas B and C in Appendix,
hence, by continuity of (x,u)—>g’(t,x,u) at (t,x"(t),u’(t)), uniformly in t, for some & e(O,]/k*],
g (t xV0(t),(1-X,z,)u ()+szwk(t))20, j> ", for te{t:u(t)=u"(t)}N[a;,b; ], when
meas({t: a(t) = 0})< 5" and meas({t:ﬁ(t)¢u*(t)})£5*, (6" and &" perhaps dependent on ¢). In the
auxiliary problem the constraints are the terminal constraints (4), meas({t ‘a (t) # O}) <6,
({t:U(t)iu*(t)})Sé*, o' (tX°0“V(t))20 forall te[a;,b] for j<j,
g/ (600 (1), (1- 2,2 (0)u (1) + Xz (w (1)) 20 for all te[a,b] for j>i', a(t)ey, (1)
Hence, if (U()a()) is admissible in the auxiliary problem, we have seen that
a(t):= (l—zkzk“(') (t))U(t) +3 229 (t)w (t) is admissible in the original problem when
meas({t:u(t) =u" (t)}) <5", meas({t:a(t)=0})<5". We assume that & is <&/2k" (for & see the
beginning of Remark 4, then ‘Zz;"(') (t)(w (t)—u*(t))‘sS/Z and then, for «”(.)=0, the property related to
X°(t) in Remark 3 is satisfied in the auxiliary problem for &=35/2k"). So, in the auxiliary problem,
a"(.)=u"(.), a"()=0 areoptimal in the set of controls{(G(t),a(t)):a(t)e[o,l]k*,
meas {t:a(t) = 0}) <", meas({t:ﬁ(t)¢u*(t)})£5*, U(t)eU,(t)}. The arguments in the proof of

Theorem 2 apply also in the present situation, with one modification: For j> j*, the inequality g’ >0 in
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[s/s/+dc | for x=x(t,dc,P"), z =z(t.dc,P") automatically holds for d e(0,5"]. Hence the argu-

ments in the section between (50) and (51) are not needed® (and do not work) for j > j*.

The necessary conditions in Theorem 2 are now applied to this auxiliary system (they apply even when ad-
missible controls are restricted as above, see the inequalities involving &*, and even for U replaced by

[O,l]k*xU,(t), see the end of Remark 3. In the auxiliary system, the linearized system is ¢* =0,

q =f/ () ()q + 179", where W(t) is the transposed of
(W, (1), @ (r)) = (wy () =u" (), W ()—u’ (). The resolvent of the linearized system becomes

I 0 t * A~
{B(t,s) C(t,s)}’ B(t,s)=[C(tr) f (r)#(r)ar (65)

where (d/dt)B(t,s)= f; (t)W(t)+f; (t)B(t,s), B(s,s)=0. FromLemma A in Appendix, we get that

B, (t:s)|< Qf:|W(s)| ds, |B'i (t, s)| <Qe ™ J:|v“v(s)|ds, i<n (66)
for some constant Q, independent of tand s <t, where B; is the i’th row of B and
w:(l/Z)min{a,b—(n—nl)K} (to apply Lemma A, note that for y:(xl,m,x”l), z :(x”l*l,---,x"), in an

ASE:

obvious notation, ¢’ =y+f/q"+f"q’, G =y+ 179" +179°, where y=1"W, v =W,

1] < Ae, £
for the limit point (a,0)=lim,V(z,), V(rn):(a,(l/(n+1))(f(rn,x*(rn),ﬂ)—f*(rn))),UeU(O) given,

a any given element in [0,1]k* (see remarks subsequent to (55)). From this we get, for s=0 and
a=(0,,0,,0,-,0), « €[0,1] and w(.)=W(.) that

<Ce*). Note that (22), or actually (54), applied to the auxiliary system, holds for s=0

OZak{pwJ':C(oo,r) fu*(r)w(r)dr+j[0m)ji[ jC(t r) ;7 (r)w(r)dr+g; (t )w(t)}d,uj (t)} (67)

From now on assume a, =1 in (67). Moreover, for =0, ueU_(s), from (54) applied to the auxiliary
system, we get that (54) holds as written. Finally, (p,,x#)eA, A defined below.

Let A consist of all pairs (pw,,u) such that p, satisfies (52) and ,u::(,ul,---,,uj“) satisfies z; >0,
#;(C7(i.8))=0 for all B>0, and (56) for j<j', with |p,[+> s ([0,0))=1 Let A;cA
w=w(.)eW", &>0, consistofall pairs (p,,u)eA such that (67) holds for the given w and (54) are sa-
tisfied for all ueU, (s), forae.s, in particular for s>0, ueU,(s)NU",sed,, and s=0, v, any given
cluster point of any given sequence v(z,),each v(z,) corresponding to some collection u/™ from U_(z,).

Let I' consist of all finite set F’:{Wl,---,wk*,sl,---,gk,‘}, w, eW", ¢ >0. We have just proved that for
each T', A.:=[) Al is nonempty, so by compactness (). A- is nonempty (the weak* topology is ap-

plied on the p’s ). Let a*:= ( pw,y*)e A be any given element in the latter intersection. Then, for a*, both

¥ Thus we don’t need (and often don’t have!) differentiability of t— g’ (t, (1=, 2 )u )+, 20 (t)) for j>j.

ral

1

The growth conditions related to (z

1

X ,---,x”]) are of the same type as those related to x*,---,x™ in problem (1)-(4).

Note that the perturbations u, now belongto U (t).
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(67) holds for all W(.)eW*, and (54) is satisfied for ueU (s) for a.e. s. (To obtain this last property, pre-
ferably the set J* of point s for which (54) holds should be independent of the (pw,,u) in each A., one
can use that (54) now holds for a*, for ueU (s)ﬂU’ for s>0, seJ, and hence by earlier limit argu-
ments (54) holds for a*, forall ueU (t) , for a.e. s). We also have that (54) is satisfied by a* for s=0 for
any given cluster point v, for any given sequence V(Tn) , each v(rn) corresponding to some

{uf" }i’n cU,(t) forsome &>0.
The proof of (pw, lim_,, /}([s,oo)),[z) # 0, is the same as the proof for the analogous condition in the case
j"=J", noting that v* =>4 f(0,%,,u’) forsome u’ €U (0) means forsome >0,
v, (t)= 34 f (tx (1), ) e cof (X" (),U, (1)) fortnear0(so (p,.lim,,, ii([s,)). i) =0,
Zjee(m)yj (0)>0 again leads to a contradiction in the same way as before)*®. Similarly,
(Iim inf,_, | p(s)| Jdimg [1([0, s)),ﬁ) #0 has essentially the same proof as before. To show
jie Lw([oloo),Ri**_j*) in case [Qui (t)w(t)‘5]1[aj,bj]m*(,-,ﬁ) >0 holds, we now assume k* =1, and we re-

place w(.)=W, (.) by Wg in the definition of B(t,s), where ¢eL,([0,:0),R), ¢>0. Then from (66),
we get

B, (t,0) < K'[4(s)ds for some constant K, i < n' (68)
Using the inequality
> { pr(oo,O)—i--[[va)fZ[Qj (t)B(t,0)+ 6, (t)w(t) |dy (t)} (69)

(i.e. (67)), we get

> - 1.8 (20)- |, S8 (0B (1.0)d, (1)

B (70)

> Jo.n 280 () (00, 1 > 3 J,. do(t)du (1)

1>] 1>]

Note that §) (t)B(t,0)=Zi<nlg,(t)B. (£,0). So, from (68), (70) and Y u;([0,2))<1, 3[pL|<n, it
” I¢ Jdt=3, . IOOC5¢ )du; (t). Then

<o, Jj>j (note the L,-norm on y ). But then 4, j>]j°, can be

follows that nK’j:¢(t)dt + [ in'supy ;

y/eLm([O,oc),R),‘u/‘lgl J‘[oyw)l//(t)d'ul (t)

represented by nonnegative functions x’' in L, ([0,%0),R), in fact in L,([0,),R)NL,([0,0),R), be-
cause g; isbounded.

Let us finally show that ( p,.lim ﬁ([s,oo))) =0= =0 when W(.) exists. By (66), for W=,

sup

|dBi (t,s)/dt|sQ(t—s)|v~v(.)|we‘“’t, Q independentof t and se[0,t], i<n' So, for t>T,
(Qw(.),/@*)e ™ =B (L.T)|=|[.

that, for > 1%, X604 (0.C(Lr) & (1)(r)dr+ 6 (00()2 /2 for t=T' te[a, b, 9" (1.6)
Next, for some &, for te[0,T'], j>j, p>0, §) ()f (t,r) £ (r)W(r)esrdr+ ) (t)W(t)e® = 5e?/2

C (t.r) fu*(r)w(r)dr‘, i <n'. By this inequality, there exists a T’ such

®\We can again let 4;(0)=0, j<j alsoin the present case, (67) does not change for this change of u;.

(=)
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for t<T'. To see this, for k chosen such that k >|g, (t)|, n'max_,

C (tr),
note that I;k4e§rdrsk4eft/§=5e5‘/2 when &=2k*/5. By (67) and the two inequalities involving &, for
w:W(eg("T')JTM,)(t)+1[T,m)(t))eW*,and for (p,.,lim,,, 2([s,»)))=0, forany p>0

0=—p, [C(eor) £ (w(r)dr -3 [ 4 ()] C(tr) £ (r)w(r)drdu, (1)

2 ¥[8O £ (w(ndr+ X6 (Ow(t) du (1)

zzhj*.[:(ée’ﬂ'/z)y"(r)dr

But then x' =0, j>j°, because p was arbitrary. A contradiction of (pw,limHO [z([s,oo)),[z);to has

fu*(r)|,|w(r)| for te[0,77],

arisen, so (poo,limSlo ﬁ([s,oo))) #0.

4. Conclusion

The paper establishes necessary conditions for optimality in a smooth infinite horizon optimal control problem
with unilateral state constraints and terminal constraints at the infinite horizon. The necessary conditions include
a complete set of transversality conditions at infinity. The specific growth conditions placed upon the system in
this paper can easily be modified, but strong growth conditions are in any case needed for the full set of neces-
sary conditions to hold.
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Appendix

Below, for any matrix A, [A|=sup,,

Ax|.

Lemma A. Let y:(xl,u-,x"l),z:(xnl*l,---,x”), x=(y,z), n*<n, let

{5 50 e

) : w(t)

where, in F(t), the matrices in the first row are respectively n'xn' and n' x(n—nl) and in the second row
(n*=n)xn' and (n*=n)x(n"=n), and, in G(t), »(t) is n'x1 and y(t) is (n—n")x1, all entries be-
ing measurable functions of te[O,oo), y and w locally integrable. Assume that for some positive numbers
ALBCabx, |F) (D)) <Ae®, |F)(1)|<Be™, |F(t)<cre”, |F(t)<x x<b. Write
(qy(t),qz(t))z:q(t)eR”l><}R”*”l for the solution q(t) on [r,»), r20,0f ¢=F(t)q+G(t) for

q(r)eR" given. Define w=(1/2)min{a,b—x}. Then for some positive number Q, only dependent on
ABLCLabk [0 (0] <Q-[fa(e)+ pledo],

0" () < Q¢ [a(e)|+ [ ()| do+ [y (p)]edp]. Hence

0" (0] <( +87)ee [a()+ [l (p)do+ [y (o)l dp |

Lemma B. Let fY(t,y,z):[0,0)xR™xR™ - R™ and f*(ty,z):[0,0)xR™xR™ —R™ be mea-

surable in t, and with y— f(t,y,z), z—> f'(t,y,z), y—-> f*(t,y,z) and z— f*(t,y,z) Lipschitz
continuous with Lipschitz constants A'e™, B'e™, C'e™ and «x, respectively, x<h. Write x=(y,z),

=(1/2)min{a,b—x}. There exists a positive number I' such that the following properties hold: let
x(t):(y(t),z( )) and x, ( )=(V.(t),z.(t)) betwo solutionon [0,0) of

X)=(17(t,x), f*(t,x)), for x(0), respectively x, (0) given, assumed to exist. Then for all t,
|y |SF| X 0| and |z(t —z*(t)|§1“|x(0)—x*(0) el 5o
| [A +B Fe“”‘]x (O)| which implies that y(co) exists if y, () exists. O]

Note that x(.) and x,(.) do exist whenever f(t,x(0)) and f(t,x,(0)) are integrable.

The proofs of the lemmas A and B are of a standard type and omitted in order to save space.

Let T>0 begivenandlet J, =[0,T]. Let o(f,f"):=meas{t: f(t,x)= f"(t x)forat least one x|.
LemmaC. Let F beafamily of functions f(t,x):J; xR" —R", suchthatall f(t,x) are Lipschitz

continuous in  x with a common Lipschitz rank S(t), / integrable, and with t— f (t,x) measurable. Let
X"(.) beasolutionof %x=f", x"(0) and f*eF given (assumed to exist). Assume that all
f(t.x"(t))- f*(t.x"(t)), feF are bounded by a common constant . Then a constant T exists such

thatforany f, e F, foranygiven x’,asolutionof x, =f,, X (0)=x’ exists, and
X (8) =% (1) <[ (0)=x,(0) + (£, )] forall ted,.

Proof of Lemma C. Note that j;

X, (t)-x (1) <[

f, (s, % (s))= 7 (s,x (s))‘ds <2ac(f,, "), soby Gronwall’s inequality,

X (0)-x. (0] + 2ac (1., ) ]e".
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Lemma D. Let F be a family of functions f(t,x):JT xR" — R", all Lipschitz continuous in x with a

common Lipschitz rank A(t), A integrable, and with t — f(t,x) measurable. Let f* be a given function
in F andlet x"(.) beasolutionof x=f*, x"(0) given (assumed to exist). We assume that all

f(t.x"(t))— f*(t.x"(t)), feF, arebounded by acommon constant o .We also assume that

x— £"(t,x) is differentiable at (t,x(t)) for ae.t For (f,q,)e FxR", let q(-)=q"®(.) be a solution
of q=f; (t,x* (t))q+f(t,x* (t))—f*(t,x* (t)) q(0)=q,, g, given. Then, for some K" >0, for all t,
|qf'q° (t)|sK*|d|, when a(f,f*)sd, o] <d. Moreover, for some K, and some second order term
o.(d), forallt,all x"(0), all g,eB(0,d), allfsuchthat o(f,f")<d,

|xf(t)—x*(t)—qf'qO (t)|§|xf(O)—x*(O)—qO|K*+o*(d), where x'(.) is the solution of x=f, x'(0)

given (it does exist).
Proof of Lemma D. The proof of |qf'q° (t)|s K*d follows from Lemma C. Let z(t)=q"® (t)+x"(t)

andlet f=1f" on CMxR", meas(M)<d. We have that

‘f*(t,z(t))—f*(t,x*(t))—fx*(t,x*(t))qf'q‘) (t)‘sZﬁ(t)‘qf'qo (t)<2B(t)K'd, and, by differentiability of
x— f at (t,x(t)) we have that ‘f"(t,z(t))—f*(t,x*(t))—f:(t,x*(t))qf’qo (t)‘got*(|qf'q° (t)|)sot*(dK*)
for some second order increasing term r — o, (r)<24(t)r, so for

y()=f(tz(t)-x =q"® = f(t,z(t))— £ (t.x (1)) £, (t.x (t))a"® () - f (t.x (1)) + £ (t.x (1))
0] b [ £ (0200) 66 (0) £ (16 () 0" (0]
(12 1 (L2(0) = 1 (6x (1) - £ (bx ()" (0]
<1,2B(1)[a"® ()] +0; (ja"* (1)]) <2u28()K'd +0; (dK") = 1. (t.d) < 4B(t)K'd

for a.e. t. Dividing by d, we get

7 (1)]/d <7.(t.d)/d <4B(t)K"

By Lebesgue’s dominated convergence theorem, »*(t,d):= J';(l/d);/* (s,d)ds<y"(T,d)40 when d 0.
As
[ (X" ()= £ (tx (6) 4" (1)
:\f (tx" (1))~ f (t,z(t))+y(t)‘ < B (t)-2(t)]+]r (1)
then
|xf (t)-x"(t)-g"® (t)|s|xf (0)—x*(0)—q0|+d7/* (t.d)
+J;ﬁ(s)|xf (s)-x"(t)—q"® (t)|ds

and then by Gronwall’s inequality,
X" (1) =x" (t)=q"% (1) <[x’ (o)-x*(o)-q(o)|ef5”<s>“s +o(t,d)
where o(t,d), asecond order term in d, equals d [;/* (t,d)+ﬁy* (s,d)ﬂ(s)eﬁﬁ(r)drds] <dy’ (T,d)ejgﬂ(r)dr.

Lemma E. In the situation of Lemma B, let x— f(t,x) be differentiable at (t,x*(t)), where

(=)
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x"()=(y.().z () isagiven solutionon [t,,) of x=f(t,x), X'(t) given, assumed to exist. For each
de(0,d.], let x*()=(y"(-),z*()) be a solution on [t,, =), t, >0, of x=f(tx), X’(t) given (it
does exist), and let q(.) be a solution of ¢=f,(t,x" (t))a, q(t;) given. Assume that, for some K,
|xd (t)—x" (to)—dq(to)|so*(d) for all q(t,)eB(0,K), o,(.) a second order term in d. Then for some
second order term o(d), j:|yd (t)—y*(t)—dqy(t)|dtso(d).
Proof of Lemma E. By Lemma D, for some term o(t,d) being of the second order in d,
|xd (t)—x*(t)—dq(t)|§o(t,d), when x*(t,)-X"(t,)—da(t,) is of the second order. For some d'>0,
X ()= X" (t;)| <|da(t,)| +d <d (K +1) for de(0,d"]. Hence, by Lemma B, for some constants T, Q"
we have that |yd (t)—y*(t)|sdl"*, |zd (t)-z. (t)|£d1"*e(”‘”)t, |qy t|£Q*, Z(t)|sQ*e(’““")t, S0
£ (67 ()= £ (¢ (1)) - e (1) Jd < Ae™ —y, (V)] /d+Be ™|z () -z (1)|/d
+A'e®|dg’ (t)|/d + B e‘bt|dq )|/d < (A +B° )r e“”‘+(A +B")Qe ™
By Lebesgue’s dominated convergence theorem the conclusion in the lemma follows if we can prove that for
eacht, (]/d)‘fy(t,xd (t))—fy(t,x*(t))—dqy(t)‘—w when d —0. To obtain the latter fact, let
2% (t)=x"(t)+dq(t), and note that
(ya)| £ (X (1)~ 7 (6. (1)) -da” (¢)
<(a)[ £ (6" (1) - £ (62° ()] ¢ £ (t.2° (1) £ (6.X" (1))~ Fda(t)
<{(A+B7)x* ()= 2* (t)|+ ! (|da (1))}

<(Yd){o(t.d)+0} (dQre" )},
where the second order term 0! (1) =supj., | ¥ (t, X" +x) = £ (t,x" (t))= £’ (t.x° (t))x"
Proof of Lemma 1.

Consider the map z—>W(z)::ﬂx*(oo)—zrx(oo,c(z),P*)+7rq*(oo,c(z),P*)+dy for zeB(dy,ds), d

any number in (0,1] . Let T:max{si*}+1, and note that, by Lemma C, x(T,c(z),P*) and
q"(T.c(z),P") arecontinuousin zeB(dy,ds). Then, by LemmaB, zx(w,c(z),P") and
ﬁq*(oo,c(z),P*) are continuous in z e B(dy,ds). Let C bea Lipschitz rank of c¢(z) and 4(z).For
k" =|y|+6, letthe second order term 0" (d) satisfy

‘ﬂx*(oo)—ﬂ'x(oo,c,P*)+7rq(oo,C,P*)‘§0*(d), when ceE ., |c| < x"Cd,
for the existence of o"(d) see Lemmas D and E. Recall that zq"(e,c,P)=7q"(e,c,P) and that
|7rq** (o0, P)—ﬂq(oo,C,P)| <0™(d) when |c| <Cx'd for some second order term 0™ (.), see an argument
preceding (44) and Lemma A. Hence, for o(d)=0"(d)+0"(d),

‘ﬂ'X*(OO)—ﬂX<OO,C, P*)+7rq*(oo,c, P*) <o(d) when ceE ., |c|<«"Cd.

Note that for ze B(dy,ds), we have W(z)ecIB(dy,o(d)), as |c(z)|sC|z|s/c*Cd, and for d small
(0<d<p for some p>0), cIB(dy,o(d))c B(dy,ds). Fix such a d>0. Now, w(z) is continuous in
cIB(dy,o(d)) and has a fixed point z° here, by Brouwer’s fixed point theorem. As w(z”'):zGI and
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= ( )q‘ +7rq*(oo,c(zd),P*), 0=7xx (oo)—(zi/l,(zd)qi +7rx(oo,c(zd),P*))+dy,
‘ (2¢)—c(dy ‘<C|z —dy|<Co ), ‘i(zd)—ﬂ(dy)‘sCo(d). Then let q* =Y 4 (2°/d)q",
¢’ =¢(z*/d) to obtain Lemma 1.

Observation A. On the space of continuous real-valued functions on [O,oo) with compact support, fur-
nished with the sup-norm, x; can be represented by a nondecreasing bounded function ! such that

I[Ow)(/ﬁ(t)dy"(t):J'[Ow)qﬁ(t)dyj (t) for all bounded continuous ¢ with compact support. In fact, we can let
,uj(s)zinf{yj ([0, s’]):s'>s} 1 (0)=0, (' right continuous for s>0).Let J, be the continuity
points in (0,c0) of s—>J' fu;. Then 4, ([0.s]) <’ (s f[Ode t)= ' ([0,5])< p; ([0,5']) for any
s'>s, hencefor sel,, u;([0,s])=x'([0,s]) and

Sups”<s :uj ([O’S”]) = Sups”<s,s”e‘]* :uj ([0' S"]) :Sups”<s,s"eJ* /uj ([O'S”]) = luj ([O'S]) = luj ([O,S]), o 'uj iS aIso
left continuous at s. For piecewise constant functions ¢ with bounded support, jumping only at points in J,,
evidently j[OOC)(;}(t I[Ow )du; (t). By approximating continuous function (or even piecewise conti-

nuous functions jumplng only at points in J,) by such piecewise constant functions, one see that the same
equality holds for continuous functions (or such piecewise continuous functions) ¢ with bounded support.
Note that if ¢, —>¢ uniformly (¢4,,¢ continuous, with a common bounded support), and s, »>seJ,,

then j[ ¢n )du; (t —>j[ (t)du; (t): Assuming for simplicity (say) s, { s, this follows from
oo (00, (0)=],_ (O, (0] =[O (O=[ o0, (O], 90w, (0)-],_ p(0)du, (1)

<[ ~dl. 1, ([0.0) )+|¢Lo #([s5,)):
Let £>0, & arbitrary. For T>T*, T" large, 0< ([T, ®))-u;(w)<e, hence, forany S>T>T",

;([T.S))<2e. Thusfor Teld,, T>T,

26 2 sups 4 ([T,8)) =supsc, 4, ([T.8))=sups ' ([T.8)) = p’([T.0)) =, du’. Hence,

m ([Too)) —0, when T > . If ¢ isbounded and continuous, but with unbounded support, evidently, by
the last inequality, U[S‘S]¢(t)d,uj j[ o (t)dy; (t ‘ J'(T o) |4, du; (t)<|g|, 2e, so lim; .[[S,T]¢d”i exists.
As also u'([T,8))<2¢ (u!([T.S))<u;([T"8"), T"<T'<T,S<S"), exactly the same argument works
for lim, I[S,T]¢d”]' the latter limit written J-[Sm)qﬁd,uj.

Proof of (10) () = (p,..lim, o 3" 0.4 ([5:))) #0.

Assume again that ax( ) is maximized and postulate the conditions in Theorem 2 (allow even for the con-
ditions in Remark 3), in particular postulate (10) (). For simplicity, assume a; =0 for j<j', a;>2 for
i>7 k=2. We want to replace each condition gJ >0, j<]' by two condltlons g'>0 for t<2,
g' >0 for t>2. Itcan be done by requiring that g’ >0, j<j' holdsfor t<2 and, by adding new con-
straints g’**) >0 required to hold on [2,:0), where g’**) =g’ for j<j'. We now first assume both that
g', j<]' isindependentoft, andthat f isindependentoftfor te[0,2]. Assume that there exist v, eU ,
i=1i" A4 >0, YA =1 (see(9))such that

16 = rgw)gx‘ (0,%)D A f(0,%,v)>0 (71)
jeG(0+ ;

()
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Then, for some &>0,&€(0,1], both
jeG(0+)= gj(O,x*(t))>O fort e(0,2¢) (72)
and, for 0<s<t<g,

min  gJ(0,x)C(t,s)> A (0,xV,)=6p". (73)

jeG(0+),xeB(x,5) 7

Let M have the property that maxi|f(0,x,vi)|sM and ‘f(o,x,u*(t))‘sM for xeB(x,,d). Let
O(7) beafirst order term (i.e. O(7)40 when 7{0), such that
O(7) 2|9, (0,x) f(0,%,v;)—g; (0,x) f(0,Xv, )| when x,x"eB(x,,7) forall j<j',i. As we did in con-

nection with (43), let a,=1/2 and define inductively a =aj_1—(aj_1)2 (3, V0). Let A =[aja,).

Choose a partition M}=[a‘j,b‘j), i=1---,i", of A suchthat (b}—a‘j)=/1|meas(Aj).Define
a(t)=>_. vl . (t). Itiseasily seen thatfor te(0,1/2),

ijiTml
t — 2
‘fof(O,X,u(t))dt—tZJ,,f(O,X,vi) <8t’M (74)
for any xeB(x,,5). To see this, note that for t=a; the left hand side vanishes, while for te(aj,aj_l)

(=t=a,(1-a;,)=a,,/2), thelefthand side is smaller that

2(t-a;)M <2(a;,-a;)M =2a; ;M <8°M. Let j"=j +j. Define I'=max,,,

0, (t.x (1))C (b)),
M " = SUP,.es0 ng(O,xO)|. Let «<(0,6/2M] be any given number, a<g/2,

a<f /M(2C+M"), suchthat O(Ma)< g and (®+2+M")8t°’M <tB" when te[0,a].

7C (t,s)|, © := max,

Let 7e(0,6/2], 7<&/2M. Moreover, let Y(t)=x*(r)+£f(O,Y(r),U(r))dr, te(z,2]. Then
|Y(t)—x*(r)|sM;7 when t-7z€[0,7], 7<min{1/2,6/2M}, as X" (r)eB(%,,5/2).So
9. (0, (1)) f(0,%(t),u(t))-g) (0,x (7)) f (0.x (r),U(t))‘ <0(M7) when [t—7|<7.

Consider the following auxiliary control problem on [-1-a+7,0) . Define d(t)=0U(t+a-7),
te[-a+z,z]. Let f=yf(0,x0(t))Y ... (t)+(@-ay)f(Oxu)L,, ,(t)+f(txu)l,,,(t), and in-
troduce the two state equations %= f, x(-1-a+7)=x"(7), y=W, .. .., Y(-l-a+7)=0, y(=)

free,and let ueU and w>0 be the controls. We require g’ (t,x)=0 on [z,2] for j<j' and

g’ (t.x)20 on [2,0) for j>j, and y(t)<&>0, & described below. The end conditions on x(o0)
are as before. Then y=w=0 and u(.)=u"(.) (on [r,%0)) are optimal in this problem, see below. Applying
Theorem 2 to this problem, with p and p, as costates corresponding to x and y, gives x; >0,

i ([~1-a+7,7))=0, u;([r,2)NCI"(j,B))=0 forall p>0, w([z,2))=0 for j>j,
U ((Zoo)) =0, j<j’, andthe maximum condition (22), i.e. (a.e.)

p(s)(f(s,x*(s),u)—f*(s))éo, s>z, p,(s)w<0, se[-l-a+z,—a+7],

where
p(s)=p.C(w5)+ 2 [, 6/ (1)C(ts)du; (1),

b, (1) ==p(t) f (0.X (7).0(1))1 .. () + P () T (D)1, (1),
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p, ()= p,(1+7)=0. In particular, because inf . g’ (0, X" (t)) >0 when jeG(0+), j<j', see
(72), then
j£G(0+)= g ([z’,z'-i-e]):O. (75)
Assume by contradiction both that 3. .. 4, (Ja+7,))<ypa<y andthat |p,|<ya, where

7= 2t (1.0 7)) = X g0t ([7.+ 7)), which by necessity means that 7 >0. Then, for
©(8)= 2 aoihon (0X (1)) C(r8)day (),
s)::'f[m)zjng(r,x*(r))C(r,s)dyJ—(r),

p(s)=p,C(w,s)+x"(s) for s>r+a, p(s)=p,C(w,s)+x(s)+x" (c+a) for se[r,a+7),
p(s)=p(r) for s<z, which gives zc*(s)|§ayr and |p(s)<ay(T+M") for s>a+r, and

[p(s) <A +ay(T+M")<y(20+M") for se[r,z+a]. Also, x(r)ad. 4T (0,X (z),v)=6aBy, by
(73). As p, (z+1)=p,()=0, using (74), we have, for te[-2a+7,-a+7],
p, ()= p, (r+1)+[ p(z) F(0.x (z).a(t))dt~["ep(t) £ (0,x" (t),u" (t))ct
_ p(f)[jjwf (0.x" (), 0(t))dt—aX A (0.x" (). )]
+[p.C(0 ) +&" (r+a)|ad AT(0,X ()% )+ x(r)a X AT (0.X (2).v)
—[ap(t) £ (0. (t),u (1)) dt—[ap(t) £ (0.x" (t)u" (1))t

>-y(2l +M")8a*M —aM |pw||7zC (oo,r)|—aM |K* (r+a)|+6aﬁ*;/

- J.:may(ZF +M")Mdt - I::azy (C+M")Mdt
>—ayf —ayf’ —ayf’ +6ayB —ayf’ —ayp’ = ayp” >0,

contradicting p, (s)w<0, for se(-2a+7,a+7) (as w=0 isoptimal).

The optimality of w=0,x"(.),u"(.) follows from the following argument: Let x(.),y(.),u(.),w(.) be an
arbitrary admissible quadruple in the auxiliary problem. Let y=y(-a+7). If y>0, let x’(t)=
X (t)y=x(r+(t-7)/y), w (t)=0a(c+(t-7)/y) for te[-ay+r,z), let xy(t):xv+(t—r)/(l—ay)),
u (t)=u(r+(t-7)/(1-ay)) for te[rl-ay+r), and let x’(t)=x(t+ay), u’(t)=u(t+ay) for
t>1-ay+r. Next let x, (t)=x'(t-ay), u,(t)=u’(t-ay), te[r,»). Then

X (6) = X(r+(t=2)/y)/Vh oy ()
#X(z+(t-7)/(1=ay)) /(1= ay)l, o oy (O+ Xt @y ) (1)
= F (00 (0.0 (D) sy rayr (0 F [ty X (6,07 (0. (1)

and hence X, (t)= f(t X, (t),u, (t)). Moreover, x,(z)=x"(z).

So X ( ) y>0, is a solution in the original system evidently satisfying the end restrictions, and
0<g’ ( x(t))=g (tx (t)) for t>2, j>j. Because g'(0,x(t))>0, te[r,2] for j<j,

g’ (o, xy())z , te[rz ay], and then g’(t,x (t))>0 for te[z+ay,2], j<j, Finally, on
[T ay,z] g’

0,x" (t ))>0 i<’ as we shall see in a moment, so g’(O,xy(t) >0 for te[r,ay+7),
hence g’(t,x, ))>O forall te[r,2], j<j. For y=0, let x’(t)=x,(t)=x(t
is automatically an original solution.

From (74) and f_:+ Hf(O X'(7), ~(5))d5:f

—ay+t

), inwhich case x,(.)

(-a+t)y+r

—

(O,x*(r),uy(f))df, for te(0,a], weget
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J‘( a+t) y+rf (0 X ( ) (f))df—tyzi‘/l. f (O,X* (z-),vi) < y8t2M (76)

ay+t
Using x’(-ay+7)=x"(z), when te[0,a], for j<j’
g’ (0.X (~ay+ty+7))-g’ (0,x" (7))
a+t y+7 j y y y
—J‘aw (O X )) f (O,X (r),u (r))dr
a+t)y+r N y _
>.[ay+r ( ))f(O,x (7),u (r))dr tyO(Ma).
Then, by (72), (73), (76), forall ye(0,1], all te[0,«], all jeG(7),
9’ (0.X! (~ay+ty+7))-g’(0,x" (7))
—a+t)y+r
>-tyO(Ma)+ [ " g) (0,x" (¢)) £ (0,x" (£),u (r))r
>-tyO(Ma)+tyg; (O, X" (r))ziﬂ,l f (O, X' (7).v, )— yost’M
>ty(64 -8 - B)20
As g'(0,x'(z))20, then g’(0,X'((-a+t)y+r))=0 for te[0,a], jeG(r). Moreover, for
& =min ., 9’(0,x'(r))>0, for some positive & small enough, gj(O,Xy((—a+t)y+r))20 when
y<¢&, te[0,a]. (For y=0 thereis nothing to prove.)
Now, zx,(t)=7zx(t) for t>2, so (xy(.),uy(.)) belongs to the set of admissible pairs in the original
problem. We have ax(«o)=ax, () <ax" (), hence w(.)=0, u"(.) areoptimal in the auxiliary problem®.
Let now z=17"¢€(0,¢/2], 7" <&5/2M, where "4 0, and let p" and ] be corresponding multip-
+ 3 4 ([rar0)) =1. We put ] ([0,7,))=0. Now, (pl,4") has a
cluster point (p,,u) satisfying (22), (55), and (56). Assume now that (pw,,u([a,oo)))zo. Then there exist

2 4 ([7 + @, 0)) < @/4 <14, and hence
y=2 4 [0z +@)) = 2 o] ([z0:70 +@))2Y/2. Hence, a/4<ay, which leads to a contradiction, as
was shown above. Thus, ( pw,y([a,oo))) #0.

We can extend this result to problems that are nonautonomous on [0,2] , by using t as a new state variable,
say z, governed by z=1, with x governed by x=f(t,x,z,u)= f(z,x,u)]mz) (t)+f(t,x,u)]12,w) (t), pro-
vided that f (t,x,u) is jointly differentiable in (t,x) at (t, X" (t)) forall t, and that g’ (t,x) is differentiable
in (t,x) at (t,x* (t)) uniformly in te[0,2], with a derivative at this point bounded uniformly in t &[0,2].

In case we have constraints g’ (t,x,u)>0, j> j°, (in which case g’ (t.x(t),u(t))=0, t=0 is required), then for r and

a small, for se[r,z+ya), g'(tx (s).u,(s))=min g’ (tx (s),v,)min g’ (t,x,v)>0,8 v,eU(0).
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