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Abstract

Empirical estimation of a theoretical multi-output production model that uses multiple inputs is
difficult because of the complexities of its functional form. By using proper parameterization to
linearize theoretical model’s functional form, this paper develops an empirical estimation for
multi-output production decision using multiple inputs in the profit maximizing firm, namely,
multi-output production decision model. The model aligns with the dual approach of cost minimi-
zation and revenue maximization for the profit maximizing multi-product firm while keeping
jointness in production structurally intact.
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1. Introduction

[1] developed a theory of multiproduct firm and used a differential approach to model a multi-output production
using multiple inputs. They theoretically derived input demand and output supply equations for multiproduct
firm. The authors also extended these derivations to the input allocation decision for the cost minimizing, the
revenue maximizing firms, as well as multi-output production decision for the profit maximizing firms. Howev-
er, the complexities of the equations presented some barriers to empirical estimation of such models. This paper
developed an empirical estimation model for multi-output production decision using multiple inputs in the profit
maximizing firm, namely, multi-output production decision model.

[2] comprehensively derived input demand and output supply systems and exemplified the estimation of these
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systems. However, he recommended imposing input-output separability restriction to simplify the input alloca-
tion and multi-output production decision models for estimation. This restriction resulted in input allocation de-
cision independent of the changes in output prices and multi-output production decision independent of the
changes in the input prices, which was counterproductive to the multiproduct firm theory.

Recently, [3] and [4] developed empirical models to estimate input allocation in the revenue maximizing and
the cost minimizing firms, respectively. These empirical models linearized functional forms of the input alloca-
tion models without having to impose the input-output separability and input independence restrictions. Addi-
tionally, the authors suggested a statistical test, which checked whether imposing these restrictions was neces-
sary. By using this linearization technique, we developed an empirical model for the multi-output production
decision for the profit maximizing firm that combined both cost minimization and revenue maximization for a
particular firm. We also proved homogeneity property for the individual input price parameter for each output.

[5] and [6] estimated output-supply model. However, no one to date had empirically estimated multi-output
production decision model due to the complexities associated with the input price terms. This paper reformu-
lated multi-output production decision model for the profit maximizing firm by using proper parameterization to
linearize theoretical model’s functional form. This advancement allowed us develop multi-output production de-
cision model that could easily be estimated empirically.

The empirical model suggested that multi-output production decision was a function of the Divisia output vo-
lume index and the relative changes in the individual input and output prices. The model was derived in such a
way that the theoretical adding-up conditions held for all parameters. The restrictions like homogeneity, symme-
try, input-output separability and output independence cpuld be imposed and tested statistically.

The paper was organized in the following way: Section 2 developed the multi-output production decision
model for profit maximizing firm. Section 3 linearized and reformulated the model empirically, and Section 4
concluded the paper.

2. Multi-Output Production Decision Model for Profit Maximizing Firm

Profit maximizing multiproduct firm implies the following multi-output production decision equation for the rth
product [1] [2]

PI/W”

where g, = przr/zr p,z, isthe rth output’s share in revenue; z, is the quantity of the rth output; p is the price

0.d(Inz,)=8d(InZ)-y"Y 6 ( ps/W'S] )

of the rthoutput (r,s=1,2,---,m); d(InZ)=>" g,d(Inz) isa Divisia output volume index;

d (In P’) = zréfd (In pr) is a Frisch output price index where p is the price of the rth output;

d(Inw”)=> 6°d(Inw,) and d(InW")=> 6;d(InW") are Frisch input price indexes where w; is the
price of the ith input (i =12, ) The coefﬂuent 6., isnormalized output price coefficient and represents a
pure substitution effect between the rth and sth products. Therefore, we define ©" = [Q,SJ iSan m x m symme-
tric positive definite matrix, Y. > 6, =" 6, =1. In addition, 6, :Zﬁié_?ri , 6 =0(p,z,)/0(wg;) is de-

scribed as the rth product marginal revenue for the ith input. 6° = Wq /6 P,z S,) expresses the additional
cost of the ith input used in the productlon relative to the addltlonal dollar’s value of the sth output as a neces-
sary condition for profit maX|m|zat|on 6 =Y.6,6" is such that ) Z =>.6, =1, where 8, are
normalized coefficientsand 6 =1 [2]

Finally, the revenue-cost ratio is y =R/C where R=Y" p.z is the firm’s revenue, and C=) wq, is
the cost. The " is the price elasticity of the supply and defined by (YR)p (6 C/ 0z0z' ) p>0. Italso sa-

tisfies v~ > y//(y—u/ >0, where w is a measure of the curvature of the logarithmic cost function and can be
found using 1+(J/;/2)Zrzs(82 InC/(8Inz,8In zs)) for output homogeneous production function [2]. By
these definitions, Equation (1) shows that the multi-output production decision is affected by the changes in both

output and input prices.
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Note that when the firm is input-output separable, the multi-output production decision model becomes inde-
pendent of the input price changes. This restriction implies that the individual input price indexes are the same

for each output. Hence, the Frisch input price indexes are equal to each other, d (Inw*)=d (InW")=d (InW").

Therefore, the input prices disappear in the Equation (1). Further output independence restriction yields &), =0
forr#sand 6, =6 >0 forr=s][2].

3. Multi-Output Production Decision Model
3.1. Linear Model

This section simplifies Equation (1) to a linear form. We can show Equation (1) as the three-term summation:
0,d(Inz,)=gd(InZ)-y Zad(ln j 'y 4 [ w j @

When we decompose output price terms into two terms using the above definition, —y" >’ 6.d(In p,/P’)
can be written as

v 20 d(Inp,)+y 6 3 0d (Inp, ) ®)
Collecting under output price term, the two terms can be written as
v Y (6. -6/6])d(Inp,)=3 7.d(Inp,) @)

where 7. can obey the adding-up condition, Zrﬂ; =0, the homogeneity condition, Zsﬂ'; =0, and the
symmetry restriction, 7, =7, Vr,S.
Then, we rewrite the last term of Equation (2) as, -y ) 6, (d (Inw")—d (InW’s )) and substitute
d(InwW")=>" 6;d(InW") in this expression
—y" > 0. 0.d(INW )+ Y 0Ld (InW”) ()
By using ZSH; =6, and the former term of expression (5) simplifies to -y Y. 6,6.d (InW’S) , as shown
in Appendix A. Next, we insert this term into expression (5), and by rearranging the terms, it yields

v 3.0 -6,6)d(Inw") (6)
We substitute d (InW'*) =" 6°d (Inw;) into the expression (6) and obtain
vy (6.-6,6.)% 6:d (Inw;) (7)

By distributive property, we rewrite expression (7) as
VY03, 0 (nw ) -y’ Y 60°Y, 6 (nw,) ®

v 20,2, 6:d(Inw) can be simplified to y"> (. 6.6°)d(Inw;), as shown in Appendix A. Since
>..0,0°=6, we define Y 6.6°=6, .
y'Y 6.d(Inw), where &,
rth product for ith input [3]. We can simplify —y" >’ 6,6, 6°d(Inw,) by taking 6] outside of the sum and
¢, inside of the sum; thus, we end up with -6, Y. >" 6,6°d (Inw;) . Using the definition " 6,67 =6, we
obtain -6, Y. 6d(Inw)=-y" > 6,6d(Inw).

Substituting simplified terms into expression (8) yields

y Y G d(Inw)—y Y 66d(Inw,)= V/Z(ﬁ ) (Inw,) 9)

&)

We can then rewrite the first term of expression (8) as

represents the revenue gained by the firm from the additional production of the
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Define 7z, = (én -6'6, ) and substitute expressions (4) and (9) into Equation (2). Thus, the linear form of
the multi-output production decision equation becomes

g.d(Inz)=6d(InZ)+> 7z d(Inp)+> 7;d(Inw) (10)

The properties of the parameters are demonstrated in Appendix B. In summary, all parameters automatically

hold the adding-up condition, Zref =1, Zrﬂ; =0, and ZrZiﬁri =0. Next, one can impose homogeneity

condition on price parameters, Zsﬂ; =0 and Zﬁri =0. The symmetry restriction only holds for

output price parameters =, =7, Vr,s . Homogeneity condition is proved as a property of parameter 7z,; al-
though previous study by [4] could not confirm homogeneity condition for this parameter. It is worth noting that
symmetry in the n X m matrix 7 = [Eri] is not necessary to hold.

3.2. An Empirical Model

. and 7, are constants and add disturbance &, for em-
pirical estimation, where &, is m-variate normal distribution with zero means [2]. Thus, the empirical model
for multi-output production decision in a profit maximizing firm that uses multiple inputs is

grtdzr = Hr*dzt + ZS ﬂ-:sdpst + Zi 7?ri dVVn + 8:,[ (11)

We parameterize Equation (10) by assuming 6, , x,.

To estimate parameter, we calculate arithmetic means of output shares, g,, = (gryl + ng) /2 ; log difference
of quantity and prices, dx; =Inx, —Inx,_; with x representing z, p and w; Divisia volume index,
dz, =) §,dz,;andinclude & ~N(0,Z).

The model naturally maintains the adding-up conditions. Symmetry conditions on z~ and homogeneity
conditions on z~ :[n;J and 7 are imposable. Log-likelihood-ratio tests (LRT) can test these restrictions.

The covariance matrix, Z, happens to be singular due to the adding-up conditions.

After dropping one equation we estimate the remaining m-1 equations simultaneously [7]. Maximum likelih-
ood or iterative seemingly unrelated regression (SUR), which also iterates to maximum likelihood [8] [9], can
estimate the parameters 8" = [9,* J 7~ and 7 . By imposing input-output separability restriction we get

g.dz, = er*dzt + Zsﬂ:sdpst + g:t (12)

where input prices disappear from the linear form. Further output separability restriction simplifies Equation (12)
to

g.dz, =0/dz, ~y 0 d [In %j e (13)

t

Both restrictions can be tested with an LRT.

4. Conclusions

This study makes it possible to empirically estimate the decision model that optimizes the production process
with multiple inputs being used across multiple outputs. The model aligns with the dual approach of cost mini-
mization and revenue maximization for the profit maximizing multi-product firm while keeping jointness in
production structurally intact.

We reformulate multi-output production decision model by using proper parameterization to linearize theo-
retical model’s functional form. Homogeneity property for the individual input price parameter for each output
is formally proven, which is never done before.
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Appendix A: Simplification of Summation Terms

The expression —:,z/*zs@;zsé?:d(an’s) can be written as
[ (8440 )d (W) 446, (6 4+ 6, )d (W™
= (63,0 (W) +-+60, Y 0rd (Inw ™) |.
Using Y 6, =6, itsimplifiesto —y"Y 6/6]d (InW").
In explicit form, "> 6> 6°d(Inw;) can be written as
y/*[efl(g?fd(Inw1)+---+6_?nld(Inwn))+---+6':m(émd(lnw1)+--~+§nmd(Inwn))]
Further rearrangement and simplification, it yields

W (OR8] + 05,07 4+ 6,07 )d (W) oo+ (6,07 + 6,07 +++-+ 087 d (Inw, )]

rm=n

and we can write this simplified expressionas =y "> (3 6.6°)d (Inw,).

Appendix B: Properties of Parameters
Define 7, =—y" (6, —6,6.). Sum 7z over r,which leads to
=y Y (006 =" O+ Oy O =y 0 +y 6, =0
and hence, 7, obeys the adding-up condition. To show the homogeneity condition, sum 7, overs
Tn=Y Y (0, -06) ="y O +y Y 0 =y 0 +y"6] =0.
Lastly, symmetry holds for m x m matrix, where 7z, =z, Vr,s.

Define ﬁ_ﬁ = z 0.6° . Sum 6, over both i and r to show it as a normalized input price parameter. Using [2]

rs=i

definition Y 6,6° =6, , we find

PIDINIED IS PINASED IO I D IO INAED WELE

Individually summing over r and i, respectively, yields

X =L (2.00)=2.(X0.)0 = 2.0 =

and

20 =22.(0.6)=2.(X.0)0. =20, =6

for the parameter with m x n dimension.
Define 7, =y(6,—06,6,). Sum 1, over r which leads to

7Y (0,-6,0)=wY. 0,~76. 6 =y, —76, =0
obeys the adding-up condition. To show the homogeneity condition, sum 7z, over i
T =2 (00-68) =70, -7 Y66 =06 -7y, (2.6 6)6,
=0 —7Y..0,6'(X,6)=w6 -0 6 =y, -y, =0.

Lastly, symmetry does not hold for m x n matrix.

and hence, 7,

r
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