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Abstract 
We will find a constant of motion with energy units for a relativistic particle moving in a quadratic 
dissipative medium subjected to a force which depends on the position. Then, we will find the La-
grangian and the Hamiltonian of the equation of motion in a time interval such that the velocity 
does not change its sign. Finally, we will see that the Lagrangian and Hamiltonian have some prob-
lems. 
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1. Introduction 
It is well known that the Lagrangian and Hamiltonian approaches for dissipative systems have some problems 
[1]-[5]. One of these problems consists of the possibility of having two different Hamiltonians to the same clas-
sical system [6], implying that one will have two different quantizations for that system. Another problem con-
sists that for some dissipative systems, the trajectories on the space (x, v) have a good expected behavior but on 
the space (x, p) have an odd behavior. However, the interest in having Hamiltonian for dissipative system con-
tinues [7] [8]. 

In this paper, we will find a constant of motion, the Lagrangian and the Hamiltonian of the equation of motion 
of a one-dimensional relativistic particle in a quadratic dissipative medium subjected to a force that depends of 
the position, in a time interval such that the velocity does not change its sign. 

This problem is already solved if we consider the classical second Newtons law [9], i.e., when the equation of 
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motion of the particle is the following: 

( ) ( ) 2m x F x qk x x= −                                    (1) 

where m is the mass of the particle, x is the position, F is the force, q is the sign of the velocity and k is the dis-
sipative parameter that can depend on x. 

In this case, it is known that the following quantity is a constant of motion: 
( )

( )
2

21e
2

K x
q

mE mv V x= +                                  (2) 

where v is the velocity, q is the sign of v, ( ) ( )dK x k x x= ∫  and ( )
( )

( )
2

e d
K x

q
mV x F x x= −∫ . 

From this constant, the Lagrangian, the momentum and the Hamiltonian of the system are obtained [9]: 
( )

( )
2

21e
2

K x
q

mL mv V x= −                                  (3) 

( )2

e
K x

q
mp mv=                                          (4) 

( )

( )
2 2

e
2

K x
q

m pH V x
m

−
= +                                  (5) 

Note that since q can be 1 or −1, then there are two possible Lagrangians and Hamiltonians. Note also that in 
the free particle case, i.e., if ( ) 0V x = , considering 1q =  ( > 0v ) and ( )k x k= , we can see in Equation (2) 
that the trajectories in the space (x, v) have a good expected behavior ( 0v →  when x →∞ ), but we can see in 
Equation (5) that the trajectories in the space (x, p) have an odd behavior ( p →∞  when x →∞ ). 

If we consider the relativistic second Newtons law, this problem is solved only in the free particle case and 
considering ( )k x k=  [10], i.e., when the equation of motion is the following: 

( )3 2m x x qkxγ = −                                      (6) 

where γ  is the Lorentz factor given by ( )
1 22

21 vv
c

γ
−

 
= − 
 

 with c—the speed of light. 

In this case, the constant of motion is the following: 

2

2 2
2 2

2

2

1 1
ln

1

v
m c cE qkc x mc

v cv
c

 
 + −
 = + −  
 −  
 

                        (7) 

From this constant, the Lagrangian, the momentum and the Hamiltonian of the system are also obtained and 
they have the same problems (see reference [10]). 

2. Constant of Motion 
If we consider the relativistic second Newtons law, the equation of motion of the particle is the following: 

( ) ( ) ( )3 2m x x F x qk x xγ = −                                 (8) 

On the one hand, this equation can be written as the following system: 

( ) ( ) ( )3 2

x v
m v v F x qk x vγ

=


= −





                             (9) 

On the other hand, a constant of motion of this equation is a function ( ),E E x v=  such that it satisfies: 
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( ) ( )d , , 0
d
E E Ex v x x v v
t x v

∂ ∂
= + =
∂ ∂

                                (10) 

Using Equations (9) and (10) we arrive to: 

( ) ( ) ( ) ( ) ( )( )3 2, , 0E Ex v m v x v F x qk x v
x v

γ∂ ∂
+ − =

∂ ∂
                       (11) 

We will propose the following quantity as a solution of this equation: 
( )

( )( ) ( )
2

2 2e
K x

q
mE m v c mc V xγ= − +                             (12) 

We have that: 

( )
( )

( )( ) ( ) ( )
2

2 2 2
, e

K x
q

m
k xE x v m v c mc q F x

x m
γ

 ∂
= − − ∂  

                     (13) 

( )
( )

( )
2

3, e
K x

q
mE x v m v v

v
γ∂

=
∂

                                (14) 

Hence we arrive to: 

( ) ( ) ( ) ( ) ( )( )
( )

( ) ( ) ( )( )

3 2

2
3 2 2

, ,

1e 2 1
2

K x
q

m

E Ex v m v v x v F x qk x v
x v

q k x v v m v c mv

γ

γ γ

∂ ∂
+ −

∂ ∂

 = − −  

                       (15) 

If we consider v c  (but not c →∞ ), we have that ( )( ) 2 211
2

m v c mvγ −   and hence the quantity given  

in Equation (12) is a constant of motion. 
Note that if we take c →∞  in Equation (12) we obtain Equation (2). However, if we take ( ) 0V x =  we do 

not obtain Equation (7). This is because we are considering v c . 

3. Lagrangian, Momentum and Hamiltonian 
The Lagrangian of the system can be consistently deduced from the known expression [4] [11] [12]: 

( ) ( )
2

,
, d

E x v
L x v v v

v
= ∫                                   (16) 

Hence we have that: 
( )

( )
2 2

2 2
2e 1

K x
q

m vL mc mc V x
c

 
 = − − +
 
 

                           (17) 

From this Lagrangian, we can find the momentum by doing Lp
v
∂

=
∂

: 

( )

( )
2

e
K x

q
mp m v vγ=                                    (18) 

The inverse relation of this equation is given by: 
( )

( )

2

4 2
2

2

e

e

K x
q

m

K x
q

m

pv
pm
c

−

−

=

+

                                  (19) 

Replacing this expression in Equation (12) we obtain the Hamiltonian: 
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( ) ( )

( )
2 4

2 2 2e e
K x K x

q q
m mH c m c p mc V x

− 
 = + − +
 
 

                        (20) 

Note that if we consider c →∞  in Equations (17), (18) and (20) we obtain Equations (3)-(5) respectively. 
Note also that as in the classic case, there are two possible Lagrangians and Hamiltonians and the trajectories in 
the space (x, p) have an odd behavior, considering ( ) 0V x = , 1q =  ( > 0v ) and ( )k x k= . 

4. Conclusion 
We obtained a constant of motion, the Lagrangian and the Hamiltonian for a one-dimensional relativistic par-
ticle in a quadratic dissipative medium subjected to a force that depends of the position, in a time interval such 
that the velocity does not change its sign. We could generalize Equations (3)-(5) to the relativistic case and we 
saw that the problems we had in the classic case continue. This suggests that the Hamiltonian approach applied 
to dissipation problem may bring about incorrect solutions if it is directly applied to quantum mechanics or sta-
tistical physics. 
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