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Abstract

Il

In his paper “On quasi-separative ‘semigroup’s’”, Krasilnikova, Yu. I. and Novikov, B. V. have stu-
died congruences induced by certain relations on a “semigroup”. They further showed that if the
“semigroup” is quasi separative then the induced congruence is a semilattice congruence. In this
paper we continue the study of these relations and the induced congruences i.e., the congruences

'

induced by certain relations on “semigroup’s”. In this paper mainly it is observed that if S is a qua-
si-separative and regular “semigroup” then the necessary and sufficient condition for SxS to be
the smallest semilattice congruence 7 is obtained.
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1. Introduction

In this paper “On quasi-separative ‘semigroup’s’”, Krasilnikova Yu. I. and Novikov B.V. have studied congru-
ences induced by certain relations on a “semigroup”. They further showed that if the “semigroup” is quasi-se-
parative then the induced congruence is a semilattice congruence. In this paper we continue the study of these
relations and the induced congruences. In theorem 2, we have proved that the family of all relatios .~ which
satisfy the conditions from (1) to (3) in Def. 1 of this paper is a complete lattice. In theorem 3, we have also ob-
tained that the family of all congruences which are induced by the relations in .~ is a complete lattice. If S is
a quasi-separative and regular “semigroup” then the necessary and sufficient condition for SxS to be the
smallest semilattice congruence which is denoted by 7 (throughout this chapter) is obtained, from which as a
corollary that if S is a commutative regular “semigroup” then the congruence induced by the S x S is the smallest
semilattice congruence [1]. The authors have remarked that a semilattice of weakly cancellative “semigroup’s”
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is weakly balanced, it is not known that “whether semilattice of weakly cancellative ‘semigroup’s’ [2] is
weakly balanced”, show that the result is not true. It is also observed that every semilattice of weakly cancella-
tive “semigroup’s”, need not be weakly balanced, for this an example is obtained.

2. Main Content

The following definition is due to Krasilnikova Yu. I. and Novikov B. V. (see [3]).
Def 1: Let S be a “semigroup” and Q be a relation on S satisfying conditions.

VaeS,QnE(a)=QnF(a)—> 1)
VabeS,b(QnE(ab))cQ— )
Vabes, (QnF(ab))acQ—> 3)

where E(a)={(x,y)eSxS/ax=ay} and F(a)={(x,y)eSxS/xa=ya}
Define a relation Q on S corresponding to Q by aQb if and only if QE(a)=QnE(b). It is also

equivalentto aQb ifand only if Q~F (a)=QnF(b), this relation Q isacongruence on S.

Lemma 2: Let .~ be the family of all relations on S which satisfy the conditions from (1) to (3) then .~
is a complete lattice.

Proof: Let 7 :{QchS/Q satisfies from(1)to(3) in def1, of this paper} . Then clearly 1 €.~ . Let
{Q,} beasubsetof ~ .Thenboth LQ, and NQ, arein .~ .Therefore . isacomplete lattice.

Lemma3: Let ~ ={Q/Qe /| then  isacomplete lattice.

Proof: Since 1, € # 1 e ~ . Therefore / =¢.Also 1, is the greatest elementin .~ . Let {Q ] be

asubsetof. Then » NnQ, =uQ, e ~ because =LQ, e 7 .

Theorem 4: Let S be quasi-separative and regular “semigroup”. Then SxS =7 if and only if for any
a,xX,yeS, ax=ay< xa=ya.

Proof: Suppose S is quasi-separative and regular and Suppose SxS =7.Then SxSe.# , so that it satis-
fies (1). Therefore ax=ay if and only if xa=ya for any x,yeS . Conversely suppose that

ax=ay & xa=ya.Then SxS e .7 .SinceS is quasi-separative SxS issemilattice congruence and hence
ncSxS. Let (ab)cSxS so that E(a)=E(b) and hence ax=ay if and ony if bx=by for any
x,ye$S, since S is regular there exists a’,b’eS such that a=aa'a and b=bb’b. Put e=a'a and
f =b'b then we have a-e=a and b-f =b so that aef =af hence bef =bf . Therefore ba'af =b and
similarly we have ab’be=a. Therefore if F is any filter in S then aeF if and only if beF so that
(a,b)en andhenceSxS=7.

Corollary 5: If S is a commutative regular “semigroup” then SxS =7 .

Corollary 6: If S is a completely regularand SxSe .~ andif Q=7 ,forsome Qe » then SxS=7.

The following is an example of a completely regular “semigroup” in which SxS ¢ /.

Example 7: Let S be a left zero “semigroup” with at least two elements. If SxS ¢ .~ then
E(a)=F(a)vae$S then |S|=1, whichisa contradiction and hence SxS ¢ 7 .

Theorem 8: Inaband S, SxS ¢ .~ ifandonlyifS isa semilattice. _

It is natural to ask whether every semilattice congruence on “semigroup” is of the form Q for some
Qe 7.

The following example shows that it is not true.

Example 9: Consider the non modular lattice L =(L,A,v) in Figure 1 and let S be the “semigroup”

(L,A) isasemilattice. Clearly F ={a,b,1} isa filter inL so that 6, = {(a,b)|a/\ f="bnf forsomef e F}

is a congruence on S. But 6 # Q forany Qe 7~ .
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Figure 1.a°=h®=0, take c =f.

The following example shows that Q is a semi lattice congruence whenever Qe .~ then the “semigroup”
need not be quasi-separative.
Example 10: Let S ={0,a} be two element null “semigroup”. Clearly . ={1;,SxS} and

1, =SxS =SxS which is a semilattice ongruence. But is not a quasi-separative (since a’=a-0=a’ and

a=0).

The following example shows that in non quasi-separative “semigroup’s” there exists Qe ~ such that Q
is a semi-lattice congruence.

Example 11: Let S be a non quasi-separative “semigroup”, then 1sisin -, 1, =SxS and SxS isa
semi-lattice congruence.

It is interesting to note that if S is a left or right zero “semigroup” then

7 ={1}.

In paper [1] they have remarked that it is not known that whether semilattice of weakly cancellative “semi-
group’s” is quasi-separative and weakly balanced. In the following we are giving an example which shows that
it is not true i.e. if a “semigroup’s” is isomorphic to a semilattice of weakly cancellative “semigroup’s” then S is
a quasi-separative and weakly balanced.

Example 12: Consider the “semigroup” S ={a,b,c,d} with multiplication table as follows:

a b c d
a a b a a
b a b b b
c a b c d
d a b c d

Then 7-classes are {a, b} and {c, d} which are right zero “semigroup’s” and hence S is a semilattice of weak-
ly cancellative “semigroup’s”, but S is not weakly balanced since a-a=a-c, a-b=c-b,but b-a=b-c.

The following is an example of quasi separative “semigroup”, which is not completely regular.

Example 13: Consider the “semigroup” S =NxN on which “.” is defined by

(mn)-(p,g)=(m-n+t, g—p+t)
where t=max{n, p}. Clearly S is quasi separative “semigroup”, and since the inverse of (m, n) is (n, m) and
(m,n)-(n,m)=(n,m)-(m,n), S is not completely regular.

Thorem 14: Let S be a separative “semigroup”, and aeS suchthat E(a) isasemilattice congruence then
ae E(S)nC(S).
Proof: Let S be a separative “semigroup” and a € S such that E(a) is a semilattice congruence. Then for any
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X,yeS, (xy,yx)eE(a), so that axy=ayx Vx,yeS. Now replace “y” by “b” and “x” by “a” then
a-ab=a-bavbeS which implies ba-ab=ba-ba. Since S is separative and a’b =aba we have ba® =aba
so that ba-ab :(ab)2 . Since S is separative we have ab=ba. Again since E(a) is a semilattice congruence,

(a,az)e E(a) sothat a®=a andhence aeE(S)NC(S).
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