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Abstract 
This work focuses on the study of mathematical aspects of upper critical magnetic field of super-
conducting HoMo6Se8. At zero external magnetic field, HoMo6Se8 was found to undergo a transition 
from the normal state to the superconducting state at 5.6 K and returned to a normal but magnet-
ically ordered state between the temperature range of 0.3 K and 0.53 K. The main objective of this 
work is to show the temperature dependence of the upper critical magnetic field of supercon-
ducting HoMo6Se8 by using the Ginzburg-Landau (GL) phenomenological Equation. We found the 
direct relationship between the GL coherence length (ξGL) and penetration depth (λGL) with tem-
perature. From the GL Equations and the results obtained for the GL coherence length, the expres-
sion for upper critical magnetic field (Hc2) is obtained for the superconducting HoMo6Se8. The re-
sult is plotted as a function of temperature. The graph shows the linear dependence of upper crit-
ical magnetic field (Hc2) with temperature (T) and our finding is in agreement with experimental 
observations. 
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1. Introduction 
Superconductivity is a phenomenon that occurs at very low temperatures. Every superconductor has a transition 
temperature (Tc) below which it superconducts and above which it is a normal metal [1]. In the superconducting 
state, the material has no electrical resistance and thus conducts electricity without losses. On the other hand, in 
the normal state, the material does have resistance and the flow of electric current accompanies with the devel-
opment of heat and the dissipation of energy [1]. 
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The era of low-temperature physics began in 1908 when the Dutch physicist Heike Kamerlingh Onnes first 
liquefied helium which boiled at 4.2 K at standard pressure. Three years later, in 1911, Kamerlingh Onnes dis-
covered the phenomenon of superconductivity while studying the resistivity of metals at low temperatures [1]. 

Most of the fundamental properties of superconductors vary from material to material. The superconducting 
state, as any state of matter, has its own basic properties. So, any superconductor independent of the mechanism 
of superconductivity and the material will exhibit these properties. The basic properties of the superconducting 
state are zero resistance, Meissner effect, magnetic flux quantization, Josephson effects, the BCS theory, Cooper 
pair, appearance of an energy gap in elementary excitation energy spectrum, Isotope effect and the proximity 
effect. Every superconducting transition is marked by a jump in specific heat. In the mixed state, the behavior of 
type-II superconductors has the same pattern [3] [4]. 

HoMo6Se8 compound is building blocks of the Chevrel-phase crystal structure [5]. The discovery in 1984 of 
the new superconducting HoMo6Se8 gave rise to a renewed interest in the interplay of magnetism and super-
conductivity. From the experimental results, a magnetic phase transition (Tn = 0.53 K) to a long-period magnetic 
states has been observed via neutron scattering in the superconductor HoMo6Se8 (Tc = 5.6 K) [6]. The characte-
ristic wave vector (qc) is strongly temperature dependent and there is no observation of higher-order satellites. 

The rare occurrence of ferromagnetism, as found in HoMo6Se8 and HoMo6Se8, revealed the strongly competi-
tive nature of these two cooperative phenomena in the form of long-wavelength at low oscillatory magnetic 
temperature (<1 K) and a ferromagnetic lock-in transition that quenched the superconductivity. No sign of reen-
trant behavior (in zero field) was observed down to 0.04 K [6] [7]. Ternary rare-earth superconductors which 
display a propensity for ferromagnetism have received considerable experimental as well as theoretical attention 
recently. In the case of the new superconductors, HoMo6Se8 was observed despite the presence of the holmium 
moment of the rare earth ion in each unit cell. These compounds did not destroy the property of superconductiv-
ity at low temperature. In HoMo6Se8, the domain coexistence phase survives till T = 0.3 K (the exchange inte-
raction is weaker and the coexistence persists down to T = 0.3 K) [8]. In addition to the superconducting and 
ferromagnetic domains, a coexistence region is observed in HoMo6Se8 in which the superconducting state coex-
ists with a long range modulated magnetic order in a narrow region above the reentrant temperature Tc2. 

The upper critical magnetic field is a very important magnetic superconductivity parameter. Therefore, start-
ing from its discovery as a superconducting material, experiments are carried out to analysis the upper critical 
magnetic field (Hc2) of HoMo6Se8. 

According to magnetization measurements, on both poly and single crystalline samples of the ferromagnetic 
superconducting HoMo6Se8, the upper critical magnetic field is a turning point from the superconducting state to 
the normal state. The first-order phase transition is the inter changing point of the superconducting state to the 
normal state observed when the external field H is applied parallel to the magnetically easy axis (a axis of the 
hexagonal-rhombohedral crystal lattice structure). 

The critical magnetic field in type-I superconductor is the inter changing point of superconducting state into  

normal state. From Maxwell’s Equation, BX
t

∂
∇ = −

∂
E , when the magnetic field is frozen, the field is expelled  

from the interior of the superconductors, otherwise superconductivity will be destroyed by a critical magnetic 
field (Hc), such that 

( ) ( )

2

0 1c c
c

TH T H
T

  
 = −  
   

                               (1) 

Equation (1) yields the expression of thermodynamic critical magnetic field ( )( )cH T  [9]. 

2. Mathematical Formulations to Find the Upper Critical Magnetic Field of 
HoMo6Se8 

2.1. The Basic Ginzburg-Landau Theory 
Ginzburg-Landau (GL) theory is a mathematical theory used to describe superconductivity. Ginzburg-Landau 
(GL) theory is used to explain the difference between Type-I and Type-II superconductors and enables the cal-
culation of two critical magnetic fields Hc1 and Hc2 [10]. Ginzburg-Landau theory was derived from the BCS 
microscopic theory by Lev Gorkov, showing that it also appears in some limit of microscopic theory and apply-



T. Desta et al. 
 

 
107 

ing microscopic interpretation of all its parameters. 
The basic postulate of GL is that if ψ is small and varies slowly in space, the free-energy density ( )( )sF r  

can be expanded in a series of the form: 
2 2*

2 4
*

1
2 8π2s n

HeF F i
cm

βα ψ ψ ψ
 

= + + + − ∇ − + 
 
� A                      (2) 

where α and β are phenomenological parameters, (β is positive and the sign of α is temperature dependent), 
* 2m m=  is an effective mass, * * 2e q e= =  is the charge of an electron, A  is the magnetic vector potential 

and X= ∇B A  is the magnetic field [5] [10]. 

If 0ψ = , Equation (2) reduces to the free energy of the normal state; 
2

8πs n

H
F F= + . 

Now, by minimizing the free energy with respect to fluctuations in the order parameter and the vector 
potential, one arrives at the Ginzburg-Landau Equations given by: 

2*
2

*

1 0
2

ei
cm

αψ β ψ ψ ψ
 

+ + − ∇ − = 
 
� A                            (3) 

The current density from the Hamilton’s energy of particles is given by; 
2*

* 2
*

1 1
2 2d

eH m v
cm

 
= = − 

 
p A  

2*
2

*2

1
d

ev
cm

 
= − 

 
p A  

*

*

1
d

ev
cm

 
= − 

 
p A  

where i= − ∇�p  
*

*

1
d

ev i
cm

 
= − ∇ − 

 
� A  

*
s s de n v=J  

where ( ) ( )*
sn r rψ ψ=  

( ) ( )
* *

*
*s

e ei r r
cm

ψ ψ
 

= − ∇ − 
 
�J A  

* * *
* *

*s
e e ei i

c cm
ψ ψ ψ ψ
    

= − ∇ − + − ∇ −    
     

� �j A A                      (4) 

* * *
* *

*s
e e e

i c i cm
ψ ψ ψ ψ
    

= ∇ − + ∇ −    
     

� �j A A                        (5) 

where sj  is supercurrent density. 
Equation (3) determines the order parameter ψ based on the applied magnetic field and Equation (5) yields the 

superconducting current density. The Ginzburg-Landau Equation provides complete information about the su-
perconducting state ( )rψ  that gives the spatial distribution of the Cooper pair density taking into account a 
possible variation in their concentration, where as ( )rA  describes the local distribution of the magnetic field 
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in the superconductor. 
In the absence of external magnetic field (at free surface), there will not be superconducting current(current 

flow) and the Equation for ψ becomes: 
2

s nF F αψ β ψ ψ− = +                                  (6) 

This Equation has a trivial solution ψ = 0 and it corresponds to normal state of > cT T . Below superconduct-
ing transition temperature (Tc), Equation (6) is expected to have a non-trivial solution (i.e. 0ψ ≠ ) and the 
Equation can be rearranged into: 

2 αψ
β

= −                                        (7) 

If the second part of Equation (3) is positive, then there is a non zero solution for ψ and this can be achieved  

by assuming the temperature dependence of α such that ( ) ( )0 cT T Tα α= −  with 0 0
α
β

>  and ( )s cn T T∝ − . 

For > cT T , the expression 
( )Tα
β

 is positive and the second part of Equation (3) is negative and only ψ = 0  

solves the Ginzburg-Landau Equation. For < cT T , the second part of Equation (3) is positive and there is a 
non-trivial solution for ψ. Thus Equation (7) can be expressed as: 

( )2 0 cT Tα
ψ

β
−

=  

( )
1
2

0 cT Tα
ψ

β
 −

=   
 

                                  (8) 

Equation (8) yields Ginzburg Landau order parameter [5] [11]. 

2.2. Calculation of Ginzburg-Landau Coherence Length 
The Ginzbrug-Landau coherence length (ξGL) is a measure of the distance in the superconducting electron con-
centration that can not change drastically in a spatially-varying magnetic field. The Ginzbrug-Landau coherence 
length (ξGL) is a temperature-dependent as well as a material dependent quantity. In the case of absence of the 
magnetic vector potential, Equation (3) reduces to: 

( )3 2
*

1 0
2

i
m

αψ β ψ ψ+ + − ∇ =�                              (9) 

Now, let us consider a wave function that varies only in the z-direction with zero applied magnetic field. In 
this case, the first GL Equation is one dimensional. 
i.e, 

2 2
3

* 2

d 0
2 dm x

ψαψ β ψ+ − =
�

                               (10) 

Assuming ψ is real and neglecting the term 3β ψ  in comparison with α, Equation (10), becomes: 
2 2

* 2

d
2 dm x

ψαψ = −
�

                                   (11) 

For the plane wave function, the solution of Equation (11) is in the form of, 

( ) e expGL

ix

GL

ixx ξψ
ξ

 
  
   

= =  
 

                               (12) 

Substituting the value of plane wave function into Equation (11) (in terms of ( )( )xψ ), we get, 
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2 2

* 2

dexp exp
2 dGL GL

ix ix
m x

α
ξ ξ

      
= −      

         

�  

22

*exp exp
2GL GL GL

ix i ix
m

α
ξ ξ ξ

      
= −      

       

�
 

2 2

* 22 GL

i
m

ψ αψ
ξ
 

− = 
 

�  

This implies that, 

( )

2

* 2

1
2 GL Tm

α
ξ

 
  =
 
 

�                                    (13) 

Solving for ξGL at superconducting state that means, where α is negative yields, 

( ) ( )
2 2

* *
02 2GL T

cm m T T
ξ

α α
= − =

−
� �

                          (14) 

where ( )0 cT Tα α= − , ( )0 cT Tα α− = −  and ( )

2

0 *
02GL

cm T
ξ

α
=

�  

Equation (14) yields the GL coherence length [2]. Since α depends on temperature as ( )cT Tα ∝ − , then we 
can conclude that coherence length is temperature dependent. 

Now let us consider the cases: 
Case (I), For superconducting state (T < Tc), 

( ) ( )

1
2

0 1 ;GL T GL
c

T
T

ξ ξ
−

 
= − 

 
                               (15) 

and 
Case (II), For normal state (T > Tc), 

( ) ( )

1
2

0 1 ;GL T GL
c

T
T

ξ ξ
−

 
= − 

 
                               (16) 

Case (III), at T = Tc, the GL theory is not valid 
Where the length ξGL(0) is known as the zero temperature GL coherence length. 

2.3. Calculation of Ginzburg-Landau Penetration Depth 
The surface current flows in a very thin layer of thickness (λGL) which is called the Ginzburg-Landau penetration 
depth [2]. The temperature and magnetic field dependence of the penetration depth appear quite naturally in 
Ginzburg-Landau (GL) theory. Like the London model, the GL model is independent of the underlying me-
chanism for superconductivity. Ginzburg-Landau theory is strictly valid only in superconducting phase boun-
dary and is thus not generally applicable at low temperatures [2]. In the Ginzburg-Landau theory, a complex or-
der parameter(ψ) is a function of temperature, magnetic field and the spatial coordinates [5] [10]. The total free 
energy per unit volume of the superconducting state in the presence of a magnetic field is minimizing this ex-
pression with respect to the first GL Equation and with respect to A  the current density(GL-II) Equation; 

2*
2

*

1 0
2GL

eF i A
cm

ψ αψ β ψ ψ= − ∇ − + + =�                      (17) 
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where * 2m m=  and * 2e e= . 

0
αψ ψ
β
−

= =                                  (18) 

Using Equation (17), we get the expression for current density, as follows 
* *2

2* *
* *s

e i e
m m c

ψ ψ ψ ψ ψ = − ∇ + ∇ − 
�J A                        (19) 

since 22
0snψ ψ= =  

* *2
2* *

* *s
e i e
m m c

ψ ψ ψ ψ ψ = − ∇ + ∇ − 
�J A                        (20) 

Neglecting ψ∇  and *ψ∇  Equation (20), becomes; 
*2

2
*s

e
m c

ψ= −J A                                  (21) 

Using Maxwell’s Equation: 

4π
sX

c
∇ =B J                                    (22) 

Taking the curl on both sides of Equation (22), we get 

( )4π
sX X X

c
∇ ∇ = ∇B J                                (23) 

( ) ( )2 4π
sX

c
∇ ∇⋅ −∇ = ∇B B J                              (24) 

where 0∇⋅ =B , 
*2

2
*s

eX X
m c

ψ∇ = − ∇J A  and X= ∇B A  

From Equation (22) and Equation (24), we get 
*2 2

2 2
* *

4
s

e eX X
m c m c

ψ ψ∇ = − ∇ = −J A B                          (25) 

( )
2

2
*

4π 16π
s s

eX n
c m c

∇ = − ∇ = −B J B                            (26) 

Since 2
sn αψ

β
−

= =  and ( )

* 2
2

216πGL T
s

m c
e n

λ = , we get 

( )
( )

2
2

4π
s

GL T

XJ
c λ

∇ = − ∇ =
BB                               (27) 

Therefore, 

( )

* 2 * 2
2

2 216π 16πGL T
s

m c m c
e n e

βλ
α

= =                                (28) 

( )

* 2 * 2 2

2 2 216π 16π 8πGL T
s s

m c m c mc
e e n e n
βλ
α

= = =                         (29) 
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where * 2m m=  and 
( )0 c

s

T T
n

αα
β β

−
= − = . 

Therefore, 

( ) ( )
2

2
08πGL T

c

mc
e T T

βλ
α

=
−

                              (30) 

For 

( )

2

0 2
08πL

c

mc
e T

βλ
α

=                                  (31) 

from Equation (30) [9] it follows that, the Ginzburg-Landua penetration depth (λGL(T)) varies as a function of 
temperature as: 

( )

1
2

1GL T
c

T
T

λ
−

  
∝ −  
   

                                (32) 

( ) ( )

1
4 2

0 1GL T L
c

T
T

λ λ

−
  
 = −  
   

                             (33) 

where λL(0) is the London penetration at absolute zero temperature [9]. 

2.4. Calculation of the Upper Critical Magnetic Field Using Ginzburg-Landau Theory 
The upper critical magnetic field (UCMF) is the magnetic field which completely suppresses superconductivity 
in type-II superconductors. More properly, the UCMF is a function of temperature (and pressure) and if not spe-
cified absolute zero and standard pressure are implied. Supercondcting region nucleates spontaneously within a 
normal conductor when the applied magnetic field is decreased below a value denoted by Hc2 [8]. At the onset of 
superconductivity, ψ  is small and we linearize the GL Equations as follows; 

2*

*

1
2

eH i E
cm

ψ ψ αψ ψ
 

= − ∇ − = − = 
 
� A                        (34) 

Since * 2m m= , * 2e e= , ˆ ˆ ˆx y z
x y z
∂ ∂ ∂

∇ = + +
∂ ∂ ∂

 and x y zE E E E= + + . 

The upper critical magnetic field (Hc2) can be calculated by linearizing Equation (34) and substituting the 
value of ∇  as: 

2*

*

1 ˆ ˆ ˆ
2

ei x y z
x y z cm

ψ αψ
  ∂ ∂ ∂
− + + − = −  ∂ ∂ ∂  
� A                     (35) 

The magnetic field in a superconducting region at the onset of superconductivity is just the applied field, so 
that ( )0, ,0x x= =A B B  and Equation (35) becomes 

2*

*

1 ˆ ˆ ˆ
2

ei x y z x
x y z cm

ψ αψ
  ∂ ∂ ∂
− + + − = −  ∂ ∂ ∂  
� B                     (36) 

where ˆ ˆ ˆi i x y z
x y z

 ∂ ∂ ∂
= − ∇ = − + + ∂ ∂ ∂ 
� �P  and ( )x y zk k k kψ ψ ψ= = + +� �P  where the eigne value of mo-  

mentum crystal is k� . 
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Therefore, 
2*

*

1
2 y z

ei k k x
x cm

ψ αψ
 ∂ − + + − = −  ∂  
� B                           (37) 

Since the expression of the Hamiltonian’s energy given in Equation (37) does not depend on coordinates (y 
and z) the corresponding momentum components ( yk , zk ) are conserved. 

( )
2

2 2
*2x y zE k k

m
ψ αψ ψ= − − +

�
                               (38) 

( )
2* 2

2 2
* *

1
2 2x y z

eE i Bx k k
x y z cm m

ψ ψ ψ
   ∂ ∂ ∂ = − − + + − − +  ∂ ∂ ∂    

�
�                 (39) 

22 2 * *

* 2 *22x
m e xE

m x m c
ψ ψ ψ

   ∂
= +   

∂   

� B                             (40) 

The largest value of the magnetic field (B) for which the solution of Equation (40) of the lowest eigenvalue is 
given by 

* 2 2
max

* *

1 1
2 2 2

z
n c

e kE n n
m c m

ω α   = + = + = − −   
   

� �
�

B
                       (41) 

Let us take the smallest eigenvalues n = 0 and Kz = 0 corresponding to the highest field in which supercon-
ductivity can nucleate in the interior of a bulk sample which occurs with the upper critical magnetic field in the 
coefficients change of sign. From Equation (41), we have; 

*
max

*

1
2 2c

e
m c

ω α= = −
�

�
B

                                  (42) 

where cω  is the cyclotron frequency and is given by 
*

max
*

2
c

e
m c

αω = = −
�

B
                                   (43) 

since max 2cH=B , solving for 2cH , we get: 
*

2 *

2
c

m cH
e

α= −
�

                                    (44) 

From the relation ( )0 cT Tα α= −  that means ( )
( )

2

0 * 2

1
2c

GL T

T T
m

α α
ξ

 
 − = − =
 
 

� , ( ) ( )

1
2

0 1GL T GL
c

T
T

ξ ξ
−

  
= −  

   
 

and ( )
( )

2
02

1

GL
GL T

c

T
T

ξ
ξ =

 
− 

 

. 

We obtain the expression of the temperature dependent upper critical magnetic field ( 2cH ), 

( )

* 2

2 * * 2
0

2 1
2c

cGL

m c TH
Te m ξ

     
 = −           

�
�
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2 * 2

0

1c
cGL

c TH
Te ξ

 
= − 

 

�  
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( ) ( )

0 0
2 2 2

0

1
2π 2πc

cGL T GL

TH
T

φ φ
ξ ξ

 
= = − 

 
                             (45) 

where 
2π
h

=�  or 2π h=�  and 0 *

2π
2
hc c

e e
φ = =

�  

0
* *2π 2π

hc c
e e

φ
= =

�  

2.5. Anisotropic Mass Tensor Model 
Now, consider anisotropy in mass, by introducing the effective mass tensor to the kinetic energy term of the GL 
Equation (3), i.e. 

2*
2

*

1 0
2

ei A
cm

αψ β ψ ψ ψ
 

+ + − ∇ − = 
 
�                         (46) 

where *m  is an effective mass tensor which is given by, 

*

0 0
0 0
0 0

x

y

z

m
m m

m

 
 =  
  

 

Since the coherence length ( )0GLξ  depends on the effective mass as ( )
1

GL T m
ξ ∝ , the resulting Equation is  

formally identical with the Schrödinger Equation of a particle with charge * 2e e= , an isotropic mass tensor 
* 2m m=  in a uniform magnetic field H and the energy levels that have the harmonic oscillator are given by; 

( )1
2 cnα ω θ − = + 

 
�                                  (47) 

Let us consider Newton’s law of motion under the influence of lorentz force 
i.e. 

*
*

l
eF m v vXH
c

= ⋅ =�                                  (48) 

where v is the velocity. 
The upper critical magnetic field can be expressed by using cyclotron frequency with the lowest free energy; 

( )
1
2 c θα ω− = �  

The solution of upper critical magnetic field by applying elliptical orbits traversed with cyclotron frequency is 
given by, 

( )

1
* 2 2 2max sin cos

c
x z x

e B

c m m mθ
θ θω

 
= + 

 
                             (49) 

The solution of the lowest free energy corresponds to n = 0 and by using Equation (49), we get 

( )

1
* 2 2 2max1 1 sin cos

2 2c
x z x

e B

c m m mθ
θ θω α

 
  = − = +     

� �  
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where θ is the angle of the magnetic field that makes with the z-axis 

( ) ( )0 0c cT T T Tα α α− = − − = − . 

( )0
2 1

2 2 2
*

2

sin cos

c
c

x z x

c T T
H

e
m m m

α

θ θ

−
=

 
+ 

 
�

                               (50) 

From the general expression of coherence length Equation (45) we have, 

( )

1
2 2

02x
x cm T T

ξ
α

 
=  

−  

�                                  (51) 

( )

1
2 2

02z
z cm T T

ξ
α

 
=  

−  

�                                  (52) 

Using the expression for the flux quantization, 0 *

hc
e

φ =  and Equation (45), 2cH  can be expressed as, 

0
2 1

2 2 2

2 2 4
sin cos2π

c

x z x

H
φ

θ θ
ξ ξ ξ

=
 

+ 
 

                               (53) 

For fields parallel and perpendicular to the symmetry plane we can write Equation (53) as: 

0
2 2πc

z z

H
φ
ξ ξ

=                                     (54) 

and 

0
2 22πc

x

H
φ
ξ

⊥=                                      (55) 

Equations (54) and (55) are the mathematical expressions of the upper critical magnetic field (Hc2) for fields 
parallel and perpendicular to the symmetry axis [4]. 

3. Results and Discussion 
From Equation (15), we obtained the graph that shows the relationship between the GL coherence length and 
temperature (T) as indicated in Figure 1. 

As can be see from Figure 1, the GL coherence length increases with temperature and diverge as cT T→ . 
( )0GLξ  has the same value with the BCS coherence length i.e. ( ( ) 00GLξ ξ= ) [2]. 

We have already calculated the GL penetration depth in (33), the relationship between the GL penetration 
depth and temperature(T) is shown in Figure 2. 

From Figure 2, we observe that, the increase of the GL penetration depth with temperature (T) and generally, 
we observe that, the penetration depth rises asymptotically as the temperature approaches Tc. Thus, the pene- 
tration of field increase as the temperature approaches to Tc. 

We finally determined the expression for upper critical magnetic field for superconducting HoMo6Se8 using 
the GL Equation (45) and by taking experimental data and upper critical magnetic fields for parallel and perpen-
dicular, we plot the upper critical fields at parallel and perpendicular to the symmetry axis as shown in Figure 3 
[6] [7]. 
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Figure 1. GL coherence length versus temperature (T). 
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Figure 2. GL penetration depth versus temperature (T). 
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Figure 3. Upper critical magnetic field parallel and perpendicular to the symmetry axis 
versus temperature (T). 

 
From Figure 3, we can see that, the upper critical magnetic field decreases as temperature increases and 

reaches to zero at the critical temperature of superconducting HoMo6Se8, which agrees with the experimental 
observations [6]. And as can be seen from $, the upper critical magnetic field (Hc2) parallel and perpendicular to 
the symmetry axis of superconducting HoMo6Se8 is inversely proportional to the GL coherence length and fits. 

4. Conclusion 
The aim of this research is to determine the upper critical field of superconducting HoMo6Se8 by using Ginz-
burg-Landau approach. From the calculation, the effect of coherence length, penetration depth and anisotropy in 
mass tensor on upper critical field are considered in our model. And finally figures are plotted by using 
MATLAB scripts. From the figures plotted, it can be concluded that the upper critical magnetic field of super-
conducting HoMo6Se8 is inversely related to temperature which is in agreement with experimental observations 
[6]. 
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