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Abstract

Let D be a finite simple directed graph with vertex set V(D) and arc set A(D). A function
f:V(D)—>{-1,1} is called a signed dominating function (SDF) if f (NB [v]) >1 for each vertex

veV . The weight o(f) of fis defined by ) f(v). The signed domination number of a digraph

veV

Dis y, (D):min{w( f )| f isan SDF of D}. Let Cn x C, denotes the cartesian product of directed

cycles of length m and n. In this paper, we determine the exact values of y(Cn x C,) for m= 8,9, 10
and arbitrary n. Also, we give the exact value of %(Cn x C,) whenm, n=0 (mod 3) and bounds for
otherwise.

Keywords

Directed Graph, Directed Cycle, Cartesian Product, Signed Dominating Function, Signed
Domination Number

1. Introduction

Throughout this paper, a digraph D(V,A) always means a finite directed graph without loops and multiple
arcs, where V =V (D) is the vertex setand A= A(D) is the arc set. If uv is an arc of D, then say that v is an
out-neighbor of u and u is an in-neighbor of v. For a vertex veV (D), let Nj(v) and Ng(v) denote the set
of out-neighbors and in-neighbors of v, respectively. We write dj (v)= |N5 (v)] and dp(v)=|N; (v)| for the
out-degree and in-degree of v in D, respectively (shortly d*(v), d~(v)). A digraph D is r-regular if
di(v)=dp(v)=r for any vertex ve D. Let Nj[v]=Ng(v)U{v} and N;[v]=Ng(v)U{v}. The maxi-
mum out-degree and in-degree of D are denoted by A"(D) and A" (D), respectively (shortly A", A”). The
minimum out-degree and in-degree of D are denoted by &*(D) and &7 (D), respectively (shortly &, &°).
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A signed dominating function of D is defined in [1] as function f :V —>{—1,1} such that f(N[‘) [v]) >1 for
every vertex veV . The signed domination number of a directed graph D is
Vs (D) =min {a)( f )| f is an SDF of D} . Also, a signed k-dominating function (SKDF) of D is a function

f:V —>{-11} such that f(Ny[v])>k for every vertex veV . The k-signed domination number of a di-

graph D is 7/kS(D)=min{aJ( f )| f is an SKDF of D}. Consult [2] for the notation and terminology which are
not defined here.

The Cartesian product D,xD, of two digraphs D; and D, is the digraph with vertex set V (D, xD,)
=V (D,)xV(D,) and ((u;,u,).(v;,v,))e A(D,xD,) if and only if either u,=v, and (u,,v,)e A(D,) or
u,=v, and (u,v,)eA(D,).

In the past few years, several types of domination problems in graphs had been studied [3]-[7], most of those
belonging to the vertex domination. In 1995, Dunbar et al. [3], had introduced the concept of signed domination
number of an undirected graph. Haas and Wexler in [1], established a sharp lower bound on the signed domina-
tion number of a general graph with a given minimum and maximum degree and also of some simple grid graph.
Zelinka [8] initiated the study of the signed domination numbers of digraphs. He studied the signed domination
number of digraphs for which the in-degrees did not exceed 1, as well as for acyclic tournaments and the circu-
lant tournaments. Karami et al. [9] established lower and upper bounds for the signed domination number of di-
graphs. Atapour et al. [10] presented some sharp lower bounds on the signed k-domination number of digraphs.
Shaheen and Salim in [11], were studied the signed domination number of two directed cycles C, x C, when m
=3, 4,5, 6,7 and arbitrary n. In this paper, we study the Cartesian product of two directed cycles C,, and C, for
mn > 8n. We mainly determine the exact values of y,(C;xC,), 7,(CyxC,), 7,(CyxxC,) and for some
values of m and n. Some previous results:

Theorem 1.1 (Zelinka [8]). Let D be a directed cycle or path with n vertices. Then y,(D)=n.

Lemma 1.2 (Zelinka [8]). Let D be a directed graph with n vertices. Then y,(D)=n(mod 2).

d-

Corollary 1.3 (Karami et al. [9]). Let D be a directed of order n in which d*(v)=d(v)=k for each

veV , where k is a nonnegative integer. Then y, (D) zﬁ .
In [11], the following results are proved.
Theorem 1.4 [11]:
7, (CyxC,)=n:n=0(mod3), otherwise y,(C;xC,)=n+2. »,(C,xC )=2n.
7, (CsxC,)=2n:n=0(mod10), »,(CsxC,)=2n+1:n=35,7(mod10),
7, (CsxC,)=2n+2:n=2,4,6,8(mod10), 7,(CsxC,)=2n+3:n=19(mod10).
75 (C¢xC,)=2n:n=0(mod3), otherwise y,(C,xC,)=2n+4. y,(C,xC )=3n.

2. Main Results

In this section we calculate the signed domination number of the Cartesian product of two directed cycles Cy,
and C, form=8,9,10and m=0(mod 3) and arbitrary n.

The vertices of a directed cycle C, are always denoted by the integers {1,2,~--,n} considered modulo n. The
ith row of V(C,xC,) is R ={(i,j): j=12--,n} and the jth column K; ={(i, j):i=12,--,m}. For any
vertex (i, j) eV (Cm an), always we have the indices i and j are reduced modulo m and n, respectively.

Let us introduce a definition. Suppose that f is a signed dominating function for C,, x C,, and assume that
1< j,h<n. We say that the hth column of f(C, xC,) is a t-shift of the jth column if f (i, j)=f(i+t,h)
for each vertex (i, j) € K, , where the indices i, t, i + t are reduced modulo m and j, h are reduced modulo n.

Remark 2.1: Letfisa y,(C, xC,)-function. Then f[(r,s)]>1 foreach 1<r<m andeach 1<s<n.

Since Cy, x Cy is 2-regular, it follows from  f((i, j))=-1 that f((i+1,j))=f((i,j+1))=1 because
f[(i,§)]=1, f((i+1j-1))=1 because f[(i+1j)]>1 and f((i—1 j+1))=1 because
f[(i,j+1)]21. On the other hand, if f((i£1,j))=f((i,j+1))=1, f((i+1j-1))=1 and

f((i-1 j+1))=1, then we must have f ((i, ]
Remark 2.2. Since the case f((i, j))=f((i+1 j))=-1 is not possible, we get s; > 0. Furthermore, s; is

odd if m is odd and even when m is even.

)) =-1 since f is a minimum signed dominating function.
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Let f be a signed dominating function for C,, x C,, then we denote f (Kj ) => f((i J)) of the weight of a
i=1

column Kj and put s; = f (Kj). The sequence (sl,sz,m,sn) is called a signed dominating sequence corres-
ponding to f. We define

X, =Hj 'Sy = i}‘,i =0,1,---,m.
Then we have
Xo+ X +--+ X, =0
o(f)=X +2X, +--+mX,.
For the remainder of this section, let f be a signed domination function of C,, x C, with signed dominating

sequence (S,,---,S, ). We need the following Lemma:

Lemma23.If s;=k then s;,,s;,, >m-2k.Furthermore, s, ,+s;>m-k and s;+s;,>m-k.

+1 =
Proof. Let s; =k, then there are (m—k)/Z of vertices in Kj which get value —1. By Remark 2.1, K, in-
clude at least 2(m—k)/2 of vertices which get the value 1 and at most m—(m—k)=k of vertices which has

value —1. Hence, s;,, >m-2k. Furthermore, s; +s;,, >m—k . By the same argument, we get s; , >m-2k

and s;,+s;>2m-k.o
Theorem 2.4.

3n  :n=0(mod16),
3n+1:n=313(mod16),
3n+2:n=6,10(mod16),
3n+3:n=5,7,9,11(mod16),
3n+2<y,(CyxC,)<3n+4:n=2,4,812,14(mod16),
3n+3<y,(CyxC,)<3n+5:n=115(mod16),

ys(CBXCn):

Proof. We define a signed dominating function f as follows:
f((i,2j-1))=f((i+22j-1))=f((i+52j-1))=-1 for 1< j<[n/2] and i=(7j-6)(mod8),
f((i,2j))=f((i+3,2j))=-1 for 1<j<|n/2| and i=(7]j-3)(mod8),and

f((i,j))=1 otherwise. Also we define f,((i,n))=1 for i=1--8.

By the definition of f, we have s; = 2 for j is odd and s; = 4 for j is even. Notice, f is a SDF for Cg x C, when
n=0(mod 16). Therefore, there is a problem with the vertices of K; when n=1,---,15(mod16).

Now, let us define the following functions:

f((i,j)) if j=n,

(D)) i e
f((i1)= ((.9) i =n  h((10)=1-1 if =58 j=n,
+1 ifi=1234,56,78j=n, " ifi=123467 j=n
f((i,§)) if j=n, f((i,§)) if j=n,
B((0)=4-1  ifi=5j=n, Cf((h0)={-1  ifi=8j=n,
+1 ifi=1,234,6,78 j=n, +1 ifi=1,2,34,56,7,j=n,
We note:

f, is a SDF of Cg x C, when n=1,2,4,8,12,14,15(mod 16) .
f, is a SDF of Cg x C, when n=3,13(mod 16).

f3is a SDF of Cg x C, when n=6,9,11(mod 16).

f, is a SDF of Cg x C, when n zS,?,lOEmod 16).

Hence,
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3n:n=0(mod16)
3n+1:n=313(mod16)

( )<
( )<
7, (CgxC,)<3n+2:n=6,10(mod16) O
( )<3n+3:n=5,7,9,11(mod16)
( )<3n+4:n=2,4,812,14(mod16)
( )<

3n+5:n=115(mod16)

For example, f; is a SDF of Cg x Cy,, where 7, (CyxC,,)<40=3(12)+4, see Figure 1.

{Here, we must note that, for simplicity of drawing the Cartesian products of two directed cycles C, x C,,, we
do not draw the arcs from vertices in last column to vertices in first column and the arcs from vertices in last row
to vertices in first row. Also for each figure of C,, x C,,, we replace it by a corresponding matrix by signs —and +
which descriptions —1 and +1 on figure of f (Cm an) , respectively}.

By Remark 2.2, for any minimum signed dominating function f of Cg x C, with signed dominating sequence
(51708, ) we have 5;=0,2,4,6 0r8for j=1---,n.ByLemma23,ifs=0then s,,s,,>8,andifs =
then s, ,,s;,, > 4. This implies that

a)(f)zisjz?,n for n=0(mod 2). ®)

M:

3n+1 forn=1(mod2). 3)

o(f)=

j=1
Hence, by (1), (2) and (3) we get
75(C¢xC,)=3n for n=0(mod16).

75(CexC,)=3n+1 for n=313(mod16).

Assume that n #0,3,13(mod16).

Let f' ba a signed dominating function with signed dominating sequence (s{,s;,---,5; ).

If m, n <7, then by Theorem 1.4 is the required (because C,xC, =C, xC,_). Let m, n > 8. We prove the
following claim:

j+k j+k
Claim 2.1. For k > 2, we have JZ sy >3k ifkisevenand ]Z sy >3k —1 when k is odd.
d=j+1 d=j+1
K, K, K K, K K K K K 1<10 K“ Klz K, K, K, K, K K K K K K,K K,
- + 4+ + - + 4+ - 4+ + - +
+ + - + 4+ - 4+ + - + + +
- + + - + + - + + - + +
+ - + + - + + - + + - +
+ + - + + - + + - + + +
- + + - + 4+ - 4+ + 4+ - 4+
+ - 4+ + - + + + - + + +
I e S e S S S

2 4 2 4 2 4 2 4 2 4 2 8
(b)
Figure 1. (a) A signed dominating function of Cg x Cy,; (b) A corresponding matrix of a signed dominating function of

Cg % Cyp.
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Proof of Claim 2.1. We have the subsequence (S}A,---,S;) is including at least two terms. Then, imme-
diately from Remark 2.2 and Lemma 2.3, gets the required. The proof of Claim 2.1 is complete. o

Now, if s;=0 for some j, then s|, =s] 6 =8. Without loss of generality, we can assume that s, =0.
Then Claim 2.1, imply that

n 3 n
a)(f')=253=25}+253216+3(n—3)—1=3n+7_ (4)
=1 -1 =4

Assume that s >2 forall j=1,--,n. We have three cases:
Case 1. If s =8 forsomej. Let s/ =8.Then from Claim 2.1, we get

a)(f'):zn:s} :sl'+zn:s} >8+3(n-1)-1=3n+4, when n=0(mod?2). (5)
=1 =2

a)(f’):zn:s} :sl’+zn:s} >8+3(n-1)=3n+5, whenn=1(mod?2). (6)
j=1 j=2

]
Case 2. Let 2<s]<6.If (si,---,s;) include at least two terms which are equals 6, then

n

a)(f'):zn:s;23n+4. )
=1
For n=1(mod 2), then 8n is even. By Lemma 1.2, y,(C;xC,)=a(f’) must be even number. Hence,
from (7) is
o()=3s) >3n+5. ®)

=1

Assume that 2<s} <4 forall j=1---,n exceptonce which equals 6. Thus,

a)(f’)zznlsg >3n+2 forn=0(mod?2). 9)
i1
a)(f’):isg >3n+3 for n=1(mod2). (10)

For the case 3, we need the following claim:

Claim 2.2. Let f' be a minimum signed dominating function of Cg x C, with signed dominating sequence
(s!,5,+++,sy) .Then for (s},sgﬂ,s}ﬂ,s;ﬂ): (2,4,2,4), and up to isomorphism, there is only one possible con-
figuration for f", it is shown in Figure 2. The prove is immediately by drawing. o

Figure 2. The form (s/ s’ .5 s;+2):(2,4,2,4).

1Y Y4
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Case 3. Let 2<s; <4 forall j=1---,n. We define
X, =|j:s; =i|i=24.
Then we have
X,+X,=n
w()=2X, +4X,.
Since the case (15 S}, )—(2 2) is not possible, we have X, > X, .

If X,>[n/2]+2.Then o(f')>2(n-[n/2]-2)+4(n/2]+2)=2n+2[n/2]+4. Thus

o(f')= zn:s 3n+4 forn=0(mod2). (11)

j=1

>

w(f’)=Zs 3n+5 for n=1(mod2). (12)
If X,=[n/2]+1.Then o(f')=2(n-[n/2]-1)+4([n/2]+1)=2n+2[n/2]+2. Hence

f)= Zn: 3n+2 forn=0(mod?2). (13)

j=1

/-\

w(f')=i5}23n+3 for n=1(mod2). (14)

1

Let X,=[n/2] and X, =|n/2].

Then we have one possible is as the form (s{,s;,--,s;)=(2,4,2,4,---,2,4,---) . This implies that o( f")=3n
for n=0(mod2) and @(f’)=3n+1 for n=1(mod 2). By Claim 2.2, we have f'is as the function f, which
defined in forefront of Theorem 2.4. However, f is not be a signed dominating function for Cg x C,, when
n#0,3,13(mod16). Thus

75 (CyxC,)>3n for n=0(mod2).
75 (CyxC, ) >3n+1 for n=1(mod?2).

By Lemma 1.2, and above arguments, we conclude that
75 (CyxC,)=3n+2 forn=0(mod2). (15)
75 (CgxC,)=3n+3 for n=1(mod 2). (16)

Hence, from (1), (15) and (16), deduce that
75(C¢xC,)=3n+2 for n=6,10(mod16).

7,(CgxC,)=3n+3 forn=5,7,9,11(mod16).
3n+2<y,(CyxC,)<3n+4 forn=24_812714(mod16).
3n+3<y,(CyxC,)<3n+5 for n=1,15(mod16).

Finally, we result that:
75 (CyxC,)=3n for n=0(mod16).

75 (CgxC,)=3n+1 for n=3,13(mod16).
7,(CyxC,)=3n+2 for n=6,10(mod16).
7 (CsxC,)=3n+3 forn=5,7,9,11(mod16).
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3n+2<y,(CyxC,)<3n+4 forn=2,4,812,14(mod16).
3n+3<y,(CyxC,)<3n+5 for n=115(mod16). o

Theorem 2.5.
3n  :n=0(mod3),
3n+6:n=12(mod3).

7S(C9><Cn):{

Proof. We define a signed dominating function f as follows: f ((i, j))= f((i+3,j))=f((i+6,]j))=-1 for
1<j<n and i= j(mod 9) ,and f ((l j))=1 otherwise. Also, let us define the following function:

(i, i))={f ((i.3)) if j=n,

+1 ifi=1234,5,6,7,89, j=n.

By define f, we have s; = 3 for 1< j<n. Notice, f is a SDF for Cq x C, for n=0(mod 3). And f; is a SDF
of Cg x C, for n=1,2(mod 3). For anillustration y,(C,xC;), see Figure 3. Hence,

7:(CgxC,)<3n forn=0(mod3). a7
7:(CyxC,)<3n+6 for n=1,2(mod3). (18)

From Corollary 1.3 is y,(CyxC,)>3n. Thenby (17), 7,(C,xC,)=3n for n=0(mod 3).

For n=1,2(mod 3).

If 4<n<8,thenby Theorems 1.4 and 2.4, gets the required. Assume thatn>9.

By Remark 2.2, we have s; = 1, 3, 5, 7 or 9. By Lemma 23, if ;=1 then s; ;,s;,>7, s = 3 then
Sj1:8;,,>3 and s;=5then s, ,,s;, >3 (because if s; ;,s;,, <3, then we need s; > 7). By Lemma 2.3, the

+k
cases (sj+l,sj+z) =(1,3),(3,1) are not possible. Hence, JZ s, >3k, for k> 2. This implies that,

d=j+1
n-1
D5y 23(n-1). (19)
d=1

We define
X, =|{i:s, =i} .i=13579.

Then we have

Kl 2 K3 K4 5 6
R[- + + = + +]
R |+ - + + - 4+
R |+ + - + + -
R |- + + - + 4+
R|+ - + + - +
R|+ + - + + -
R |- + + - + 4+
R |+ - + + - 4+
Ry|+ + - + + -]

3 3 3 3 3 3

=

Figure 3. A corresponding matrix of a
signed dominating function of Cq X Cq.
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Xi+ X3+ X+ X, + X =n.
o(f)=X,+3X;+5X;+7X, +9X,.

If we have one case from the cases Xg > 1, X;>2, Xs + X;>2 or Xs > 3. Then by (19) is @(f)>3n+6.

Assume the contrary, i.e., (Xg =0, X7 <2, X5 + X; < 2 and X5 < 3).

Hence, a)( f)= X, +3X;+5X, +7X,. We consider the cases X; < 2 and Xs < 3, which are including the re-
mained cases, i.e., X7 = 1 and X5 = 2. First, we give the following Claim:

Claim 2.3. There is onIy one possible for Sj)= =(3,3) is

EEI J;g EE i+3 j))) f((i+6,7))=f((i +1 j+1))=f((i+4,j+1))=f((i+7,j+1))=-1 and
f((i,j))=f((i,j+1))=1, otherwise for 1<i<9.

The proof comes immediately by the drawing. o

Case 1. X; =1 and X5 = Xg = 0. Without loss of generality, we can assume s, = 7. Then we have the form
(3,3,++,3,7). By Claim 2.3, for j<n-1, each column Kjy is 1-shift of K;, K, , is 2-shift of Kjand K;,,
is 3-shift = (0-shift) of K;. Without loss of generality, we can assume f ((11))=f((4,1)) = f ((71)3 =-1 and
f ((ll)) =1 otherwise. We consider two subcases:

Subcase 1.1. For n=1(mod 3). Then K,_, is(n— 2)-shift = (2-shift) of K;. This implies that
f((3n-1))=f((6.:n- 1)8 f (29 n—1))=-1. Hence, we need f((i,n))=1 for all i=1---,9. This is a
contradiction with w( f (K,))=7

Subcase 1.2. For n=2(m

/—\

=7.Thus, w(f)>3X +9X,=3(n-1)+9=3n+6.
d ) Then K, is(n—2)- shlft (0-shift) of K. This implies that
f((Ln-1))=f((4n-1))=f((7.n-1))=-1. So, we need f((i,n))=1 forall i=1--9. Again, we get a
contradiction with w(f (K,))=7.Thus, o(f)>3X,+9X,=3(n-1)+9=3n+6.

Case 2. Xs=2and X, =X, =0.Here we have s, =s,,, =5 and s; = 3 otherwise. By the same argument
similar to the Case 1, we have K- is (j — 1)-shift of K. Thus, if j zl(mod 3), then
f((L3)="1((41)=f((7 j)ﬁ:—l and for j=2(mod3) is f((2 j)gz f((5.3))=f((815))=-1. Also,
for position the vertices of K, we always have

f((Ln))=f((2:n))=f((4n))=f((5n))=f((7.n))=f((8,n))=1. We consider four Subcases:

Subcase 2.1. d = 1, without loss of generality, we can assume s, _

f
)

For n=1(mod3), f((2,n-2))=1f((5n-2))= f((8 n-2) ) _1 Then
f((ln 1))=f((2n-1))=f((4n-1))=f((5.n-1))=f((7, 1) f((8,n—1))=1. The three remaining
vertices from each K., and K,, most including two values 1 and this is impossible. The same arguments is

for n=2(mod 3).

Subcase 2.2.d =2, let s,_, =s, =5. Then we have the form (s,,s,,---,s,)=(3,3,--,3,5,3,5).

If n=1(mod 3), then n—3=1(mod3). This implies that K _; is O-shift of K;. Therefore,
f((Ln-3))=f((4n-3))=f((7.n-3))=—1. Hence, the three columns K, K, K, must be including
seven values of -1, two in K, _,, threein K, , and two in K, and this impossible. The same argument is for n
=2(mod 3).

Subcase 2.3. d = 3, let s,_,=s =5. We have the form (s,,s,,---,5,)=(3,3,---,3,5,3,3,5). Then for
n—l(mod 3), K, is2-shiftof Ki. Therefore f((3,n—4))=f((6,n—4))=f((9,n—4))=-1.Also,

S,., =S,, =3. Therefore, two vertices of {(l,n—3),(4,n—3 ,(7,n—3)} must has value —1. By symmetry, let
f 1 n— 3) = f((4,n—3)) =—1. Then by Claim 2.3, there is one case for (s, ,,s, ,)=(3,3). Hence,

f((2,n- 2) f((5n-2 ):f((8,n —2)): f((3n —1)):f((6,n—1)) f((g n— 1)):—1. Therefore, we
need two vertices from K, with value —1. This is a contradiction, (because the vertices of the first column must
be a signed dominates by the vertices of the last column). The same argument is for n= 2(mod 3) .

Subcase 2.4.d>4,let s,_, =s,=5 (bysymmetryis n—d >4).

We have the form (s;,s,,--+,s,)=(3,3,--+,3,5,3,--,3,5). By Claim 2.3, if ( e ) (3,3,+-) then for
each two vertices f((i,))=f((q,J))=-1 we must have |[i-q|=3 and so for KiK. Since
s;=3(j<n-d-1) and s, =5,then K_, including two vertices with value —1 by 1-shift of two vertices
in K._,,.Also, K, 4., including two vertices with value —1 by 1-shift of vertices in K, , and the third ver-
tex must be distance 3 from any one has value —1 (Since s, 4, =S, 4., =--- =3, Claim 2.3). Thus, the order of
the values —1 or 1 of the vertices K, _,,,,---,K,_; does not change. Hence the vertices of K, has the same
order of K, , when we have the signed dominating sequence (3,3,---,3,3) and this impossible is signed do-
minating sequence of Cy x C, for n=1, 2(mod 3). In Subcases 2.1, 2.2, 2.3 and 2.4 there are many details, we
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will be omitted it.
Finally, we deduce that does not exist a signed dominating function f of Cq x C, for n sl,Z(mod 3) with
o(f)<3n+4. Hence,

7s(CexC,)=3n+6:n=12(mod3). (20)

From (18) and (20) is 7, (C,xC,)=3n+6:n=12(mod3).o
Theorem 2.6. ,(Cy, xC,)=4n.
Proof. We define a signed dominating function f as follows:
f((i,7))=f((i+3]))=f((i+6,j))=-1 for 1<j<n and i = j(mod 10), and f((i,]))=1 otherwise.
Also, we define

foo((3n-7))=1f_,((7.n-7))=f,,((10.n-7))=-1
fos((L0=6)) = fis((5.:1=6))= f, s((8.n-6))=-1,
f.s((3n-5))=f,((6,n-5))=f, 5 ((9,n-5))=-1,
foe((Ln=4))=fou((4n-4) = f, . ((7.n-4)) =1
fis((2n-8))= fs((5:n-3)) = f, 4((9:n-3))=-1
fia ((80-2)) = £ ((7.n-2)) = £, ,((20.n-2)) = -1
fra ((Rn-1)) = f4((5.:n-1)) = f,4((8,:n-1)) =1

(@)= ((6.m)= 6 (Om)=-1,

and f;((i,j))=1 otherwise for j=n-5n-4,n-3n-2n-1n.
By define fand f ., f, ¢, f. s fo s fogs fop fo0 £, We have s; = 4 for all 1< j<n. Notice that: f is a

n-6! 'n-5' 'n-4' 'n-3? 'n-27 "'n-1' 'n

SDF for C4o x C, when n=0,3,(mod 10).
{f\{f(Kn,S)Uf(Kn,4)Uf(Kn,3)Uf(Kn,2)Uf(Kn,l)Uf(Kn)}}
U{f_sUf_ Uf_ Uf_ Uf_ Uf}
is a SDF for Cyo x C, when n=1(mod 10).
{EF (Ko )U (K )U (KU, U T U
is a SDF for Cyo x C, when n=2(mod 10).
{f\{f(ane)Uf(ans)Uf(KH)Uf(ans)Uf(anz)Uf(K,H)Uf(Kn)}}
U{f sUf Uf_ Uf  Uf Uf_ Uf}
is a SDF for Cyo x C, when n=4(mod 10).
[P (Ko a)UF (Koo )U (K, U T (K)JU{ T U f L U T U
is a SDF for Cyo x C, when n=5(mod 10).
LK) UL
is a SDF for Cyo x C, when n=6(mod 10).
{f\{f(Kn_7)Uf(Kn_G)Uf(Kn_S)Uf(Kn_4)Uf(Kn_s)Uf(Kn_z)Uf(Kn_l)Uf(Kn)}}
U{f,,Uf Uf Uf_ Uf_ Uf Uf Uf}
is a SDF for Cyo x C, when n=7(mod 10).
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{f \{f (Kn—4)U f (Kn—S)U f (Kn—Z)U f (Kn—l)U f (Kn)}}u{fn—4u fn—BU fn—ZU fn—lL-J fn}
is a SDF for Cyo x C, when n=8(mod 10).
(I (KU (KU U

is a SDF for C1o x C, when n=9(mod 10).
For an illustration y,(CyxC,;) see Figure 4, (here for n=1(mod 10), we are changing the functions of
the columns: K, ¢, K, . K, 5, K,,,K, . K,). Inall the cases we have ,(C,,xC,)<4n.
By Remark 2.2, we have s;=0, 2, 4, 6, 8 or 10. Also by Lemma 2.3, if s; = 0, then Sj4,8;1 210 and when s;
=2,is s;,,5;,,26 ands;=41is s;,,5;,>4 (because if s; ;=2 or s;,=2, then s; > 6). This implies
that

S; >4n.

M-

7S(C10><Cn):

j=1

So, we get 7, (C,yxC,)=4n.o
Corollary 2.7. For m=0(mod 3), we have

7.(C, an)z? if n=0(mod3).

_Sys(cmxcn)z%‘{'z?m if nEl,Z(mOdg).

Proof. By Corollary 1.3 we have

7.(C xcn)z?. (21)

Let us a signed dominating function f as follows: f((3i-2,3j-2))=-1 for 1<i<m/3, 1<j<n/3,
f((3i-1,3j-1))=-1 for 1<i<m/3, 1<j<n/3,and f((3i,3j))=-1 for 1<i<m/3, 1< j<n/3.

By define f, we have s; = m/3 for 1< j<n. Notice, f is a SDF for C, x C, for m,n=0(mod 3). Hence,
7:(C,xC,) <mn/3. Then from (21), is »,(C, *xC,)=mn/3 for m,n=0(mod 3).

Forn=1, 2(mod 3).

Let f,((i,n))=1 for 1<i<m. Notice, éf \{f(K,)JU{f,}} isaSDF for Cyx C,for n=12(mod 3).

Thus, 7,(C,xC,)<m(n-1)/3+m=mn/3+2m/3. Hence, by (21) is mn/3<y,(C,xC, )<mn/3+2m/3 if
n=1,2(mod 3). o

Kl K7 K K4 KS K6 K7 8 K‘) KIO Kl 1
R, (- + + + - + - o+ o+ - 4]
R |+ - + + + + + - + + +
R |+ + - + + - + + - + =
R |- + + - + + - + + + +
Ri|+ - + + - + + - + - +
R |+ + - + + - + + + + -
R |- + + - + + - + - + +
R |+ - + + - + + + + - +
R+ + - + + - + - + + =
Ryt + + — + + + + - + +]

4 4 4 4 4 4
Sos Joa Sos So2 S S,

Figure 4. A corresponding matrix of a signed do-
minating function of Cyy x Cy;.
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3. Conclusions

This paper determined that exact value of the signed domination number of C,, x C, for m = 8, 9, 10 and arbi-
trary n. By using same technique methods, our hope eventually lead to determination (Cm an) for general
mand n.

Based on the above (Lemma 2.3 and Theorems 1.4, 2.4, 2.5 and 2.6), also by the technique which used in this
paper, we again rewritten the following conjecture (This conjecture was mention in [11]):

Conjecture 3.1.

7 (Cn an):[%Wn when n=0(mod2m) or n=1(mod3).
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