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Abstract

In this work, we apply a hyperbola function method to solve the nonlinear family of third order
Korteweg-de Vries equations. Exact travelling wave solutions are obtained and expressed in terms
of hyperbolic functions and trigonometric functions. The method used is a promising method to
solve other nonlinear evaluation equations.
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1. Introduction

Nonlinear partial differential equations (NLPDES) have a significant role in several scientific and engineering
fields. Since the discovery of soliton in 1965 by Zabusky and Kruskal [1], many NLPDEs have been derived and
extensively applied in different branches of physics and applied mathematics. These equations appear in con-
densed matter, solid state physics, fluid mechanics, chemical kinetics, plasma physics, nonlinear optics,
propagation of fluxions in Josephson junctions, theory of turbulence, ocean dynamics, biophysics and star
formation and many others. In order to understand the different nonlinear phenomena, various methods for
obtaining exact solutions to NLPDEs have been proposed. Among these are the inverse scattering method [2],
Hirota’s method [3], Backlund transformation [4], F-expansion method [5], homogeneous balance method [6],
tanh-function method [7], Jacobi elliptic function method [8], and many others.

In this project, we consider the nonlinear family of third order Korteweg-de Vries (KdV) equations in [9] of
the form
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U + P (U)Uy +Uy, =0 @

where u(x,t) isa function of space x and time t. The nonlinear term P (u) takes the forms

P(u)=1u, )

au" —bu®".

For P(u)=au, Equation (1) becomes the standard KdV equation. When P(u) =au?, Equation (1) is called
the modified KdV (mKdV) equation [10]. For P(u) =au", Equation (1) is called the generalized KdV (gKdV)
equation [11]. If P(u)=u, ,then Equation (1) is called potential KdV equation. When P(u)=au" —bu®", we
get the generalized KdV equation with two power nonlinearities [12]. The KdV equation is used to model the
disturbance of the surface of shallow water in the presence of solitary waves. It is a generic model for the study
of weakly nonlinear long waves, incorporating leading order nonlinearity and dispersion [13]. The mKdV
equation appears in electric circuits and multi-component plasmas [14]. The generalized KdV equation serves as
an approximate model for the description of week dispersive effects on the propagation of nonlinear waves
characteristic direction [14]. The nonlinear family of third order Korteweg-de Vries equation and other related
equations were solved by many methods. For single soliton solutions, the tanh-function method [15], the tanh-
coth method [16], the modified tanh-coth method [17]-[20], the sine-cosine method [21], the inverse scattering
method [22], were used. For the concept of multiple solitons solutions, the Hirota bilinear formalism [23] and a
simplified version of this method [24] were used. Our intention in this work is to find new solitary-wave
solutions for the nonlinear family of third order Korteeweg-de Vries. Since there is no unified method that can
be used to handle all types of nonlinear problems, we will use a hyperbola function method [25].

2. Hyperbola Function Method

We describe this method, for a given nonlinear partial differential equation, say, in two variables,

P (U, Uy, Uy, Uy, Uy, ) =0 ©)

Let u(xt)=u(&), &=u(x—ct) then Equation (3) reduces to a nonlinear ordinary differential equation
(ODE)

Q(u,u’,u",-+)=0 4)

We suppose that the solution of the ODE (4) is of the form
u(x,t)=u(&)=a,+ Y. sinh" (b, sinhw+a, cosh ) (5)
i=1

where the coefficients a,,a;,b, (i =1, 2,~~,m),y,c are constants to be determined and wzw(f) satisfies a
nonlinear ordinary differential equation

d—a)zsinhw or d—a)=coshco (6)
dg

dg
Note that, Z—?:sinhw in (6) implies
sinh @ =—csché and cosh w = —coth &, (7)
and do =coshw gives
dg

sinhw=—-cot& and coshw =cscé. (8)

The parameter m will be found by balancing the highest-order nonlinear terms with the highest-order partial
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derivative term in the given equation and then give the formal solution. Substituting the formal solution (5) and
transformation (6) into the ordinary differential equation (4) and the change it into hyperbolic polynomial iden-
tities for the intermediate variable . Collect all terms with the same power in sinh* wcosh! @ and setting

the coefficients of the each order of sinh* wcosh! @ (k =0,1---,m; j= 0,1), 3—?=sinha) or 3—?= coshw

to zero, we obtain a set of nonlinear algebraic equations for a,,a,,b, (i :1,2,---,m),y,c. With the aid of the
computer program Maple we can solve the set of nonlinear algebraic equations and obtain all the constants
a,,a;,b, (i =1, 2,~~,m),y,c . Finally we obtain the traveling wave solutions of the given nonlinear differential
equation.

2.1. Applications of the Hyperbola Function Method
2.1.1. The KdV Equation
u +auu +u, =0 )
Here we choose P(u)=au in (1). Substituting u(x,t)=u(&), &=pu(x—ct), into Equation (9) and
integrating once yields

—Cu +%u2+,u2u"=0 (10)

Balancing the order of the nonlinear term u®
m = 2. Thus, the solution of (10) has the form

with the highest derivative u” gives 2m=m-+2 that gives
u(&)=a, +b,sinh? @+a, sinhwcosh w+b, sinhw+a, cosh @ (11)

Substituting (11) in (10) and using 3_? = cosh w, collecting the coefficients of each power of sinh* wcosh! @

(0<k<4;j=0,1), setting each coefficient to zero, and solving the resulting system obtain the following sets
of solutions

—c -3¢ Je
° aUZ_’a'l:bIZa'Z:O'bZZ?’ILl:iT
3c N-¢
=— _Ob =—, =+
° a1 b = 2= H 5
- 6c
° aUZ_'aizbl:O’azz_bzzg’y:i C

:_ai b =0a,=b,= 6:# +I

=8, =, 0,8, =b, =, =2

=§a1 b =0,a, = b=_—,y=ix/z
a

For ¢>0, using (8), (11) and the above sets of solutions we get

u(xt)=— {1+3cot (‘g(x ct)ﬂ

uz(x,t)=‘?C(1+3tan2(%(x_ct)ﬂ

-3¢ 2 [\/E

u3(x,t):Tcsch 7(x—ct)J
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3c 2(\/6

o (1)« Lo 1) |
g (08) = [ 2+ 3eot? (Ve (x—ot) ) 3cot (Ve (x~ot) ose( Ve (x-ct)) |
g (8) == 231" (Ve (x~ct)) = 3tan( e (x ot see( e (x~ct)) |
., (t) = =2 esch? (v (x—ct))  coth Ve (x—ct)esch (e (x—ct) |
umz(x,t):%C[sechz(%(x—ct))iitanhﬁ(x—ct)sech(ﬁ(x—ct))}

e e )]
o e =ty

)= e L o)

a

For c<0

U (X, 1) =

%Csecz (g(x—ct)J

U (xt)= %C[cscz (\/I(x—ct))i cot(x/z(x —ct))csc(«/z(x—ct))}
Usg 20 (X, 1) = %[Secz (*/I(X—Ct))i tan (\/z(x—ct))sec(ﬁ(x —ct)ﬂ
Ug,Ug, -+, Uy, are new solutions.

2.1.2. The mKdV Equation

u, +au’u, +u, =0

(12)

Here we choose P(u)=au’ in (1). Substituting u(x,t)=u(&), &=pu(x-ct), into Equation (12)and in-

tegrating once yields

a
—cu +§u3 +4°u"=0

(13)

Balancing the order of the nonlinear term u® with the highest derivative u” gives 3m=m+2 that gives

=1. Thus, the solution of (13) has the form
u(&)=a, +b sinhw+a, coshw

(14)

Substituting (14) in (13) and using 3—? = cosh @, collecting the coefficients of each power of sinh* wcosh’ w

(0<k<3;j=0,1), setting each coefficient to zero, and solving the resulting system obtain the following sets

of solutions

¢ amn=0a= [T mae
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ao=b1=0,a1=—\gc.u=w—_c

aozq:o,q:\/%,y:i@
a0=a1=0,b1=—\/%,y=ig
aozo,aizblz—\/_??,yzix/%

For ¢>0,a<0, using (8), (14) and the above sets of solutions we get

U, (xt)= igtan [g(x—ct)J
Ug, (X, 1) = i\/?cot[g(x—ct)j

Uggrg (X, t) =% _?&:[tan(«/z(x—ct))isec(«/ﬁ(x—ct))}
Ugo1112 (X 1) = % _TBC[COt(x/%(X—Ct))icsc(\/E(x—ct))]
U (X)) =% _%ccsch(\/g(x—ct))

For ¢<0,a<0

Uy 20,25.26 (X 1) = i\/%[tanh (m(x - ct)) +isech (\/—_ZC(X - ct))]

Uy7,28,20,30 (X:t) =t —C |:COth (\/——ZC(X - Ct)) +csch (\/%(X - Ct))}

For ¢c>0,a>0

Uy 5 (X 1) = i\/%sech (\/E(x - ct))

Ug,Ug,-+-,U,, are new solutions.
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2.1.3. The pKdV Equation
u +a(u, )’ +u, =0 (15)
Here we choose P(u)=au, in(1). Substituting u(x,t)=u(&), &=u(x—ct), into Equation (15) we get
—cu'+au(u') +pPu" =0 (16)

Balancing the order of the nonlinear term (u’)z with the highest derivative u” gives 2(n+1)=n+3 that
gives n=1. Thus, the solution of (16) has the form

u(¢&)=a, +bsinhw+a, coshw 17)

Substituting (17) in (16) and using 3_? = coshw, collecting the coefficients of each power of sinh* wcosh! @

(0<k<4;j=0,1), setting each coefficient to zero, and solving the resulting system obtain the following sets

of solutions
e
¢ =23 = bl—w_ =~/
. ao=ao,a1=—b1=3§,y=ﬁ
. ao=aovai=—b1=—3§:ﬂ=—\/—_c
. ao=ao,a1=b1:—3\5,u=\/3
For ¢ >0, using (8), (17) and the above sets of solutions we get
u (xt)= a0+%coth(\/27(x ct)]
Uy (x,t) = a0+itanh(\2f(x ct)}
3Jc
u3'4(x,t):a0+T[coth(x/E(x—ct))icsch(x/E(x—ct))]
u5y6(x,t)=a0+¥[tanh(\E(x—ct))iisech(\/E(x—ct))]
For c<0
u7(x,t)=a0+3\{a__ccot{§(x—ct)J
Uy (x,1) = _3Ttan[J2_°(x ct)j

ug,lo(x,t)=a0+3\{a_c[cot(\/_(x ct))icsc(x/—_c(x—ct)ﬂ
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Uy (X)) =25 — 3 [tan (\/I(x —ct))isec(\/—_c(x—ct))]

a
u;, and ug, are new solutions.

2.1.4. The gKdV Equation
u, +au"u, +u,, =0 (18)
Here we choose P(u)=au" in (1). Substituting u(xt)=u(&), &=pu(x-ct), into Equation (18) and
integrating once yields

U+ 2y +4°u"=0 (19)
n+1

1

Balancing the order of the nonlinear term u"™" with the highest derivative u” gives (n+1)m=n+2 that

. 2 . .
gives m=—, mshould be integer, then we use the transformation
n

u(&)=wr(¢) (20)
Substituting (20) in (19) we get

2

—en? (n+1)W? +an’w® +n(n+1)ww’ +(1-n*)(w') =0 (21)

Balancing the order of w® with ww” gives 3m=m+m+2 that gives m=2. Thus, the solution of (21)
has the form

u(¢&)=a, +b,sinh? w+a, sinhwcosh w+b, sinh @ +a, cosh (22)

Substituting (22) in (21) and using 3—? =sinh @, collecting the coefficients of each power of sinh* wcosh’ w

(0<k<6;j=0,1), setting each coefficient to zero, and solving the resulting system obtain the following sets

of solutions
—c(n+1)(n+2 Jc
° aOZaizq:aZZO’bzz%’ﬂ:iTn

1 2
° aozaizblzo,azz_bzzw,ﬂ:i\/an

a
—(n+1)(n+2
. aozaizblzo,azzbﬁ%,ﬂ:iﬁn

For ¢>0, using (7), (22) and the above sets of solutions we get
1

c
2

uz(x,t):{C(””)(””)sechz[”f(x-ct)ﬂ

S -

2a

1

n

Uy s (X,1) = {_W(CSCN (n\/E(x —ct))icsch (n\/E(x —ct))coth(n\ﬁ(x—ct)))}

1

U (X,1) = {W(seehz (n\ﬁ(x—ct))i isech(nﬁ(x—ct))tanh (n\/E(x—ct)))}n
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For c<0

u, (x,t) = csc

2a

c(n +1)(n+2)sec2[n§(X—ct)]

Ug (X,t) = -2

1

Ugyo (X,1) = {W(cscz (n\/—_c(x—ct))ir csc(n\/z(x—ct))cot(n\/z(x—ct)))}n

a

Uy, (X 1) = {w(sec2 (n\/z(x —ct))isec(nx/z(x—ct))tan (nx/z(x—ct)))}

u;, and ug, are new solutions.

3. Conclusion

In this article, the hyperbola function method has been successfully implemented to find new traveling wave
solutions for the nonlinear family of third order Korteweg-de Vries. The results show that this method is a
powerful Mathematical tool for obtaining exact solutions for the nonlinear family of third KdV. It is also a
promising method to solve other nonlinear partial differential equations.
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