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Abstract

The aim of this paper is to introduce the concept of generalized topological molecular lattices
briefly GTMLs as a generalization of Wang’s topological molecular lattices TMLs, Csaszar’s set-
point generalized topological spaces and lattice valued generalized topological spaces. Some no-
tions such as continuous GOHs, convergence theory and separation axioms are introduced. More-
over, the relations among them are investigated.
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1. Introduction

In 1992 Wang [1], introduced his important theory called topological molecular lattice (briefly, TML) as a
generalization of ordinary topological and fuzzy topological spaces in tools of molecules, remote neighborhoods
and generalized order homomorphisms GOHs. Then many authors characterized some topological notions in
such TMLs, such as convergence theories of molecular nets or ideals [1]-[3], separation axioms [1] [4] and other
notions.

In this paper, we aim to introduce a generalization of TMLs under the name of generalized topological
molecular lattice (briefly, GTML). In the same manner, we study several notions in these GTMLs, investigate
some properties and set the relations among these notions including GOHSs, convergence theories and separation
axioms.

Throughout this work, (L,V, N ,') is a complete lattice with an order-reversing involution () and with
the smallest element L and the largest element T (T = .1).

By an L-generalized topology [5], on a non-empty ordinary set X, we mean a subfamily z of L* with the
following axioms:
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(T)Forall {Aj:jedlc (A jeljcr=V Aer;
(T) Ler.

The pair (X,7) is called an L-generalized topological space. Every element A of 7 is called ~open L-set
and the pseudo complement A" is called z-closed L-set. The concept of L-generalized co-topological space can
be defined dually.

For AeL*,the L-generalized interior of A is the largest L-open subset contained in A and denoted by i(A),
so Ais open if and only if A=i(A). The L-generalized closure of A is the smallest L-closed subset contains A
and denoted by c(A), so Aisclosed ifand only if A=c(A).

Let f:X —Y be an ordinary mapping. The corresponding L-fuzzy mapping f~:L* — L' is defined as
follows:

f2(A)(y)=V{A(X):xe X, f(x)=y}, VAeL* vyeY
anditsinverse f<:L' — L* defined as:
f<(B)(x)=B(f(x)), vBel',vxeX

A mapping f~:(X,z)—>(Y,x) between two L-generalized topological spaces is said to be an L-genera-
lized continuous mapping if and only if VBe u, f“(B)ez. The mapping f~ is called an L-generalized
open (resp. L-generalized closed) mapping if f~(G)e u,VGer (resp. f~(F) is u-closed for all ~closed
set F). The category of L-generalized topological spaces and their L-generalized continuous mappings is denoted
by L-GTop.

Let us recall that a non-zero element a in a lattice L is said to be a molecule, if for every b,ce L such that
a<bwvc, implies a<b or a<c. Denote the set of all molecules of L by M (L) or M for short, clearly,
every element in L can be constructed by elements of M, since each element in L is a union of molecules.

Definition 1.1. [1] Let L ba a complete lattice, a< L. The subset B < L is called a minimal family of a if
the following two conditions are hold:

(i) a=\/B.
(ii)If DcL and a<\/D,then VbeB,3deD suchthat d>b.

Denote the greatest minimal family of aby (a). Hence, let p*(a)=g(a)IM(L).

It is easily to see that both S(a) and g (a) are minimal families of a.

Definition 1.2. [1] Let L, and L, be complete lattice. A mapping f:L — L, is called a generalized
order homomorphism or GOH for short if

(i) f(a)=L ifandonlyif a=_1.

(ii) f is join preserving, i.e.; f ( J.aj)z V,f(a)).

(iiiy " is join preserving, where forall bel,, f"(b)={aeL, :f(a)<b}.

Theorem 1. [1] Let f:L — L, be GOH, then the following properties are hold:
(1) fand f" are order preserving, i.e.:

Va,a, el,a <a,= f(a)<f(a,).
vby,b, e L,by <b, = " ()< " (b,).
(2) f'f(a)=a,forall ael,.
(3) ff"(b)<b,forall bel,.
(4) f(a)sbea<f (b).
() f(a)=Afbel,:f"(b)=a}, forall acl,.

(6) f":L, > L, ismeetpreserving, i.e.: fk(/\jbj)=/\jfk(bj).
Theorem 2. [1] Let f:L,(M,)— L,(M,) bea GOH, then:

&)
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(i)If aeM,, then f(a)eM,.

(ii) If B is a minimal family of ain L, then f(B) isa minimal family of f(a) in L,.

Proposition 3. [1] Let f:L — L,, be a mapping between complete lattices. The following are equivalent:
(1) fis an isomorphism.

(2) fis a bijective GOH.

(3) f" isabijective GOH.

2. Main Notions in GTMLs

This section is devoted to introduce the concept of generalized topological molecular lattices and other concepts
which play an essential role in these GTMLSs.

To denote a molecular lattice, the entry L(M) is used: it indicates both the lattice itself and the set of its
molecules.

Definition 2.1. Let L(M) be a molecular lattice. A subfamily 7 < L is said to be a generalized closed
topology, or briefly, generalized co-topology, if

(Ty) #n isclosed under arbitrary intersections;

(T) Ten.

A generalized co-topology n < L is said to be a closed topology (or co-topology) [1], if it satisfies the
following additional conditions:

(T3) #n isclosed under finite union;

(Ty) Len.

The pair (L(M )77) is called a generalized topological molecular lattice, or briefly, GTML.

Example 1. Let (X, u) be a generalized topological space [6]. Then it is clear that 2% is a molecular
lattice and (ZX ,77) isa GTML, where 7={X\G:G e u}.

Example 2. Let (X,7) be an L-generalized topological space [5]. Then we have that (LX ,77) isa GTML,
where L isamolecular latticeand n={A":Aet}.

Definition 2.2. [7] Let (L(M),7) be a GTML, acM,Fen, and axF . Then F is said to be a
generalized remote neighborhood of a. The set of all generalized remote neighborhoods of a will be denoted by
n(a).

(In)a GTML, if aeM,Fen(a) and Hen such that H<F, then we get H ez(a). However, for
F.Hen(a), FvH need not to be in 7(a), since it does not necessary be closed element because 7 is
not necessary be closed under finite joins.

Definition 2.3. [8] Let L be a complete lattice. A non empty subset | of L is said to be an ideal, if it satisfies
the following conditions:

()For ael,xelL and x<a=xel.

(i) Forall a,bel =avbel.

(ii)y Tel.

Generally, one can get that 77(a) is not necessary be an ideal in GTMLSs. So, let us define the following:

n'(a)={Fen(a):vH en(a),FvH en(a)}

Then 7" (a)cn(a) isan ideal in GTMLs.
Definition 2.4. Let (L(M )77) bea GTML and Ae L. The intersection of all 7-elements containing A will
be called the generalized closure of A denoted by A™.i.e.,
A =\{Fen:A<F}

By the definition of 7, one can obtain that A is a closed element if and only if A= A".
Proposition 4 Let (L(M )77) be a GTML, then the following statements are hold:

(1) VA BelL,if A<B,then A" <B";

(2) VAeL,A<A;

(3) VAeL,(A) =A".

Proof.

(1) For VA,BelL,with A<B, we have
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B =A\{Fen:F2B}=A\{Fen:F>2B>A2\{Fen:F>Al=A
ie, AA<B".
(2) Forall AelL,A > A.obvious;
(3) Forall AelL,we have (A’)_:/\{Fen:FzA’zA}:A’.

Since any generalized co-topology is not necessarily closed under finite join, then the finite join is not
necessarily be a closed L-fuzzy set, so some relations that are valid in topological molecular lattices do not
remain true in generalized topological ones, for example the equation

(AvB) =A vB~
is not necessarily true in generalized topological lattice as shown in the following example:

Example 3. Let X ={a,b,c},and u= {¢,{a,c},{b,c},{b},x} be a generalized topology on X. The class
n={X\G:Geu}= {X,{b},{a},{a,c},¢} is a generalized co-topology on 2% . So for A={a} and B={b},
we have that A" ={a}, B ={b} and A"UB™ ={a,b}.But AUB={a,b} implies that
(AUB) ={a,b} =X which meansthat (AUB) =A UB".

Definition 2.5. Let (L(M )77) be a GTML, aeM,AeL, then a is said to be an adherence point of A, if

forall Fern(a),wehave ALF.

Since (L(M),n) is a GTML with L equipped with an order reversing involution, we can define the
generalized interior by

A =\/{B:B<AB en}
Proposition 5. Let (L(M )77) be a GTML, then the following statements are hold:
(1) VAeL,A"<A.
(2) VABelL,if A<B,then A'<PB’
(3) VAeL,(A) =A".

Proof.
(1) Forall AelL,A” <A.obvious;
(2) For VA,BelL,with A<B,we have

A =\{G:G<AG en}=\/{G:G<A<B,G en}<\/{G:G<B,G en}=B
ie, A <B".
@) Forall AcL, (A') =\/{G:G<A'<AGen}=A".
The relation (ANB) =A’(B° which is true in TMLs, it is not true in GTMLs as shown in the following

example:
Example 4. For X ={a,b,c} and the generalized co-topology 7 :{X,{b},{a},{a,c},¢} on 2% asgiven

in Example 3. Let A={a,c} and B={b,c},we havethat A’={a,c}, B ={b,c} and A'NB"={c}.But
ANB=/{c} impliesthat (ANB) ={c}" =¢ which meansthat (ANB) = A B".

Definition 2.6. Let (L, (M,),7,) and (L,(M,),7,) be GTMLs. AnGOH f:L, — L, is called:

(1) continuous GOH, if for every H ez,, wehave f"(H)en,.

(2) continuous at a molecule ae M, , if forevery H en,(f(a)), we have (fk (H ))7 en(a).
It is clear that the generalized topological molecular lattices GTMLs and the continuous GOHs form a

category denoted by GTML.
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Theorem 6. Let (L, (M,),7,) and (L,(M,),n,) be GTMLs, f:L, —L, be a GOH, then the following

statements are equivalent:
(i) f is a continuous GOH.

(i) VAeL,f(A)<(f(A) .

(i) VBel,(f"(B)) <f"(B).

Proof. The proof the same as given for Theorem 5.2 [1].

For an L-generalized continuous mapping f~ :L* — L', it is well-known that f~ induced by an ordinary

mapping f:X — Y, and satisfied many useful properties ([9] [10]). Hence, the continuous GOHs can be
regarded as a generalization of L-generalized continuous mappings.

Definition 2.7. Let f:(L (M,),7)—(L,(M,).7,) be an isomorphism and f and f be continuous. A
GOH f:L — L, issaidto be a homeomorphism.

Definition 2.8. Let (L, (M,),n,) and (L,(M,),n,) be GTMLs. AGOH f:L, — L, issaid to be:

(1) closed, if for every F en,,wehave f(F)en,

(2) open, if for every Ae L, (M,) and every Ben, suchthat f"(A)<B, thereexists H ez, such that
A<H and f"(H)<B.

Remark 1. Inthe case L, and L, areequipped with order reversing involutions, we can say that a GOH is
open if it maps open elements in 7, into open elements in 7, . Clearly, every L-generalized closed (resp. open)
mapping is a closed GOH (resp. an open GOH).

As given in [1], we have the following easily established result.

Proposition 7 The compositions of closed (resp.,open) GOHs are closed (resp.,open) GOHs.

Definition 2.9. [1] Let L(M) be a molecular lattice, AeL and D is a directed set, then the mapping

S:D—>M is called a molecular net and denoted by S:{S(n):neD}. S is said to be in A, if
S(n)<AVneD.

Definition 2.10. [1] Let L(M) be a molecular lattice, S={S(n):neD} and T={T(m):meE} be
two molecular nets, then T is said to be a subnet of S, if there exists a mapping ¢g:E — D such that

(i) T=Sog.

(i) YneD,3meE suchthat g(k)>nvm<keE.

Definition 2.11. Let (L(M),7) beaGTML, S={S(n):neD} beamolecular netand aeM , then:

(1) ais called a limit point of S, if VF ezn(a),S(n)<F eventually true, and denoted by S — a. The join
of all limit points of S will be denoted by limS .
Insymbol, limS=\/{xeM :S - x}.

(2) ais called a cluster point of S, if VF en(a),S(n)«F frequently true, and denoted by Scoa. The join
of all cluster points of S will be denoted by cluS .
In symbol, cluS =\/{xeM :Scox}.

Corollary 1 [1] Suppose that S —a (resp.,, Swa)and b<a.Then S—b (resp., Sowob).
From the Definition 1.1, similarly to the case of TMLs, the following proposition is hold:

Proposition 8. Let (L(M),7) beaGTML, S:D—>M beamolecular netand aeM , then:
(1) S—a ifandonlyif vbe g’ (a),S—b.

(2) Scca ifandonlyif Vbe g (a),Swb.

Proposition 9. Let (L(M),7) beaGTML, S:D—>M beamolecular netand aeM , then:

(1) S—a ifandonlyif a<limS.
(2) Sowa ifandonlyif a<cluS.
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Proof.
(1) We only prove the sufficiency. Suppose that a<limS and /i'*(a) is a standard minimal family of a.

Since limS=\/{xeM:S —x}>a.Thenforall yef (a), there exists a limit point x of S such that y <x.
By Corollary 1, S —y and therefore S —a.

(2) The proof is similar to that of (1) and is omitted.

Remark 2. Let L(M ) be a molecular lattice, S be a molecular netand ae M , then

(1) If S={S(n):neD} isaconstantnet,ie, VneD,S(n)=a,then S—>a.

(2)If S—>a andTbheasubnetofS, then T —>a.

Theorem 10 [8] Let (L(M )77) beaGTML, AcL and aeM, then:

(1) If a< A", then there exists a molecularnet S:D — M inA,suchthat S—a.

(2)If S:D—>M isamolecular netinA, suchthat Sooa,then a<A™.

Corollary 2 [8] Let (L(M),7) beaGTML, AcL and aeM , then a<A ifand only if there exists a

molecularnet S:D —>M inA,suchthat S —>a.

3. Separation Axioms in GTMLs

In this section, we introduce some kinds of separation axioms in GTMLs and investigate their properties.
Moreover, we discuss the relations among them, isomorphic GOHs.

Definition 3.1. Let (L(M),77) bea GTML, then
is called GT,, if Va,beM,a=b, there exists Fen'(b) such that a<F or there

(3) (L(M),n) iscalled GT,,if Va,beM,a%b,thereexists Hepn'(a) suchthat b<H .

@) (L(M).7

HvF=T.
According to the above definitions, we can directly obtain the following results:
Corollary 3 For a GTML, we have the following implications:

GT, = GT, = GT,.
GT,+GT, = GT,.

In general, we have that GT, does notimply GT,. The next example [1] is clear.

Example 5. Take L=[0,1] and 7 ={0,1}, then clearly that (L(M )77) is not GT, and hence it is not
GT, . But there are no disjoint points, so L(M),ry) is GT,.

Definition 3.2. [1] Let L(M) be a molecular lattice, AeL with A= 1,meM , then m is called a
componentof A, if mM<A and m'eM with m'>m and m'<A implythat m'=m.

Lemma 1. [1] Let L(M) be a molecular lattice, AeL with A= 1l,a<A and me M, then A has at
least one component m such that a<m.

Theorem 11. Let (L(M),;7) be a GTML, then it is GT,, if and only if YaeM , we have a is a
component of a”.

Proof.

Assume that there exists a< M such that a is not a component of a, then by the preceding lemma, we can
choose a component b of a~ such that a<b. Since (L(M),n) is a GTj, then 3F en”(b) such that
a<F .Hence a - <F andso b<F.a contradiction.

Let a,be M with a<b, then by the assumption, we have a is a component of a~ and hence b<a".
Then a en’(b) and a<a .

Therefore, (L(M),n) is GT,.

)
)
exists Hen"(a) suchthat b<H .
)
)

is called GT,,if Va,beM,anb=_1,thereexists H ey (a) and Fen"(b) such that

&)
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Theorem 12. Let (L(M ),1) beaGTML, thenitis GT,, if and only if Va,beM,a=b,wehave a%h

or bta .
Proof.

Let (L(M),7) be GT,, then Va,beM,a=h, there exists F en’(b) suchthat a<F or there exists
Hen' (a) such that b <H . Hence, a is not an adherence point of b or b is not an adherence point of a which

impliesthat a<b™ or b£a .
Let a,beM with a=b, then we have a<b™ or b£a . Hence, we get b” ey’ (a) with b<b™ or

a en’(b) with a<a” which complete the proof.

Theorem 13. Let (L(M )77) be a GTML, thenitis GT,, ifand only if YaeM , ais closed.

Proof.
Let (L(M),n) be GT, and a,beM ,if agb,thenthereexists H en"(a) suchthat b<H .Hence, a

is not an adherence point of b. Thus, b contains all its adherence points and hence, b is closed.
Let abeM,a%b . By the assumption, b is closed and then ben”(a) with b<b . Therefore,

(L(M),n) is GT,.
Theorem 14. Let (L(M )77) be a GTML, then it is GT,, if and only if for every molecular net S, limS

contains no disjoint molecules.
Proof.

Let S={S(n):neD} be a molecular net such that a,b<limS with arb=1. Let Fen’(a) and

Hen (b), since S—a, then S£F eventually, ie; 3nyeD such that YneD,n>n, we have
S(n)« F . Similarly, we have S(n)«H, but D is a directed set, hence 3k e D such that S(k)«F and

S(k)£H.Then S(k)£FvH.Therefore, FvH =T, then (L(M),n) isnot GT,.
Assume that (L(M),77) is not GT,, then Ja,beM with arb=1 and VF ez (a),Hen (b), we
have FvH =T . Thus, we can choose amolecule S((F,H)) suchthat S((F,H))=FvH .Put

S={S((F.H)):(F.H)en (a)xn"(b)}

Then S is a molecular net with both a and b are limit points of S. Hence, limS contains at least two disjoint
molecules.

Theorem 15. Let (L, (M,),7) and (L,(M,).n,) be GTMLs. If (L (M,).n) is a GT,(i=-10,12)
and f:L — L, beahomeomorphism, thensois (L,(M,).7,).

Proof. We only show the case of GT, and the others are similar. Let (Ll(Ml)!nl) be a GT, and
x,yeM, with xAy=_1.Since fis bijective, then there exist a,be M, suchthat f(a)=x and f(b)=y.
Then there exist Hen'(a) and Fen (b) such that HvF=T. But f is isomorphic GOH, so
f(H)en,(x) and f(F)en;(y).

Thus, f(H)vf(F)=f(HVF)=f(T)=T.

Therefore, (L,(M,),n,) isalsoa GT,.

Similarly, one can check the other cases.
Analogously to [4], we give the next definitions:

Definition 3.3. Let (L(M),7) beaGTML, then (L(M),7) issaidtobe GU,, if and only if Va,beM
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with aab=_1, thereexists Hen"(a) and Fen'(b) suchthat H° vF =T.

Clearly, if (L(M),77) isa GU,, thenitis GT,.Furthermore, we have the following:

Definition 3.4. Let (L(M),7) be a GTML, then (L(M),77) is called an interior additive if VF,H en,
wehave H'VF =(HVF) .

Theorem 16. Let (L(M),77) bea GTML, ifitis both GT, and an interior additive, then (L(M),7) isa
GU, .

Proof. Let abeM with anb=1. Since (L(M),7) is GT,, then there exists H ez’(a) and
Fen'(b) suchthat HvF =T.Hence, (HvF) =T.

But (L(M),n) isan interior additive, then H*vF =(HVvF) =(T) =T.

Therefore, (L(M),) isa GU,.

4. Conclusion

The concept of generalized topological molecular lattices GTMLs has been defined. Some notions have been
extended to such spaces namely continuous GOHSs, convergence theory in terms of molecular nets and and
separation axioms.
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