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Abstract

Let the numbers P(r,n,k) bedefinedby P(r,nk):= P,(H(l)—H&l),---,H(r)—HlEr)),where

n n

P. (Xl,---,Xr)= (—1)r Y, (—O!XI,—l!Xz,---,—(I’—1)!Xr) and Y, are the exponential complete Bell po-
lynomials. In this paper, by means of the methods of Riordan arrays, we establish general identi-
ties involving the numbers P(r, n, k) , binomial coefficients and inverse of binomial coefficients.

From these identities, we deduce some identities involving binomial coefficients, Harmonic num-
bers and the Euler sum identities. Furthermore, we obtain the asymptotic values of some summa-

tions associated with the numbers P (r, n, k) by Darboux’s method.
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1. Introduction and Preliminaries

Let Y, be the exponential complete Bell polynomials and
In [1], Zave established the following series expansion:

P (4%, ) = (<)Y, (<01, =11, oo, ~(r =1)1,)

—In(1-1))
Pr(Hr(11)_HS)’.__,HI(]r)_HIEr))tn_k :( (1_(t)k+1)) 1)
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where Hﬁ”zZEdk—lr for nr=12-, H"=0 and HY =H_.
Spiess [2] introduced the numbers P(r,n,k):Pr(H,(ll)—HS),~~-,Hr(]r)—HiEr)) and P(Ln,0)=H, ,

P(r,n,k)=0 for n<r+k;then Equation (1.1) is equivalent to

> [EJP(r,n,k)t"-k _(na-yy

n=k+r (l—t)k+1
© (n+k n_(—ln(l—t))r
;( ‘ jP(r,n+k,k)t _—(l—t)k+1

where P(0,nk)=1, P(Lnk)=H,~H,, P(2nk)=(H,~H,) ~(H?-H),
P(3,nk)=(H, =H, ) =3(H, - H)(H? - HP )+ 2(HP -H?)

The paper is organized as follows. In Section 2, we obtain some for P(r, n, k) and binomial coefficients by
means of the Riordan arrays. In Section 3, we establish some identities involving the numbers P(r,n,k) and
inverse of binomial coefficients. Finally, in Section 4, we give the asymptotic expansions of some summations

involving the numbers P(r,n,k) by Darboux’s method. Due to [3] [4], a Riordan array is a pair (d (t),h(t))

of formal power series with h, = h(O) . It defines an infinite lower triangular array (dn'k) according to the

nkeN
rule

., =[t"Ja ()( (1))
Hence we write {d,, }=(d(t),h(t)). If (d(t),h(t)) is an Riordan array and f(t) is the generating

function of the sequence {f,} . ie, f(t)=> ft“. Thenwe have

édn,k fo=[t"]d(t) f (h(t)=[t"Jd ()] f (y)]y=h(t)] @

Based on the generating function (1), we obtain the next Riordan arrays, to which we pay particular attention

in the present paper:
{:)P(r'"’k)}{%'ﬁJ ©)

L

Lemma 1 (see [5]) Let o be areal numberand L(z)= In(1
-z

j.When n— oo,

1
I'(-a)

n“ntn, (a2 ¢{0,12,})

[z”](l—z)a L“(z)~
[2"](1-2)" L (2) ~ (-1)" km!n ™I, (meZgkeZ,,)

2. Identities Involving the Numbers P (r, n, k) and Binomial Coefficients

Theorem 1. Let r, k>0, n>1,then

nf(j+k)w=(”+kjp(r+1,n+k,k) @)

j=r k n-—j k
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Proof. By (1), we have

i[k;an(r+l,n+k,k)t

n=r

. (-In(z-t))"
(1_t)k+l
:M(—In(l—t)):i(kEnJP(r,n+k,k)t”iﬂ.

(1—t)k+1 n=r n=1 N

Comparing the coefficients of t" on both sides of (5), we completes the proof of Theorem 1.
Recall that P(0,n,k)=1 Thus, setting r=0,1,2 in Theorem 1 gives the next three identities, respectively.
Corollary 1. Let n>1, k>0, the following relations hold

”Z(ij 1 (nzkj(HM H),

—J
k k
j+ K n+ (sz H ka—H(Z)k+H§2)),
= k _J k n+ n+ n+

I-TZ(J-'_kjk*—JfHkH:[n;kj((HMk H )(H’?*k T(H)k) 2Hn+k( r(1+)k ()>+2( |E+k HIEZ)))_

J
Theorem 2. Let r>0, n=>1, then

&8tk 1 n+k
_ , X » 6
Z [ k J(n_jl)(jl_jz)‘n(jrl_jr) ( k j (r+ n+ ) ( )

Proof. To obtain the result, make use of the Theorem 1.
Theorem 3. Let n,r >0, m>k, then

é[:j[TjP(r,n,k):(n;mJP(r,ner,m) @)

Proof. Applying the summation property (2) to the Riordan arrays (3), we have

T
_ [tn](—ln(l—t))r :[n+m]P(r,n+m,m),

(1_t)m+1 m

®)

HO

:, -

h=rjp=r-1  j=0

which is just the desired result.
Setting m=n in Theorem 3 gives the next Corollary.
Corollary 2 Let n,r >0, then

8 s

Corollary 3 Let

M- I I
~ D ~ S ~ S

=~
Il
o

n+m m

(Hf+H£2)):(n:nm]((Hn “Hy + Hy )+ HE =HE, + HE),
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S a2 =" (3O, (T L )

k=0
+2(HY = HE, + HD 434, (HP -HE, )

n+m m+n

Proof. Setting r =0,1,2,3 in Theorem 3 gives Corollary 3.
Corollary 4. Let n>0, then

W-(7)

NS ] —H.).

BIGIS [i“]((zw—H2n>2+szz>-H;z>),
K

M-

=
]

0

M= I

=
I

0

n
k

M-

HZ +3H,H? +2H [ J (2H, —Ha, ) +2(2H ~ LY

=~
]

)
+3(H, —H,, ) (2H - n))+3Hn(H§2>—H§?)).

Proof. Setting r =0,1,2,3 in Corollary 2 yields Corollary 4.
Theorem 4. Let n>r, m=>2,then

i(U(UkP(r,n,k):m(mml_lJP(r,mm—l,m—z) ®)

k=0 n+

Proof. which is just the desired result.
Setting m=n in Theorem 4 gives the next Corollary.
Corollary 5. Let n,r >0, then

i[:]z kP(r,nk)= n[Zn _1le(r,2n—1,n—2)

k=0 n+

Corollary 6. The substitutions r=0,1,2,3 in Theorem 4 gives the next four identities, respectively.

- n+m-1
kZ:U ]( j ( n+1 )
N m n+m-1
gl J[kij ) ( n+1 )(H"_H”*mﬁHmz)'
y -1
3 B O B S (CH A A
=0
> E](Uk(Hthkaquf))
k=0
n+m-1

n+m-1 n

+3H o (HE —HP ) +3(HP —H ), + Hif}z)(Hn + Hmfz)).

Setting r=0,1,2,3 in Corollary 5 gives the next four identities, respectively.

Corollary 7. Let n>0, then
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M-

2
n 2n-1
k:n[ J’
k n+1

2
n 2n-1
‘ kH, =n 1 (Hn—H2n71+HH),

=~
]
o

M-

n+

=~
Il
o

M=

2
n 2n-1
) |<(Hk2 + H,52>)= n{ rHlJ((Hn ~Hyyy +H,,) +HP —HP .+ ngg),

=
Il
o

2
2n-1
(HE +3HH +2H ) = [nn+1]((Hn—HZn_1+Hn_2)3+2(H§2>—H§§>_1+H§E

:)

+3H2n—1(H£i>—l_Hr(12))+3(Hr(12) _Hgi)—l_'_ HrEZ)z)(Hn + Hn—Z))'

M-

=~
]
o

Theorem 5. Let n,r>0, m=>k, then

é[g)[r} P(krflk) :ﬁ[(mrrr:#}p(r,n+m+1,m)—WJ

where s(n,h) are the Stirling numbers of the first kind.
Proof. By (1) and (2), we have

() (m\P(nK) o (EINEO) | @ey)™ 1 | a2t [ (En@-Y) :
e -1 [ y (<D Iyzﬁiz[t Jm+l{ - ‘("“(“))J

:L[[n+m+le(r,n+m+1,m)—w}

m+1 m (n+1)!

which is just the desired result.
Setting m=n in Theorem 5 gives the next Corollary.
Corollary 8. Let n,r >0, then

S(0 a2 a0

Setting r=0,1,2,3 in Theorem 6 gives the next Corollary.
Corollary 9. Let n>0, m>k, then

kZ:; EJ mjklﬂ m1+1(n+rr:+1j'

e R L e

;J E] UH I:: m+l[n+rr:+lj(('*n—Hn+m+1+Hm)2+H§2)—Hﬁi)m+l+H¥2))+m+21)%'
kz(:] U UH +3HkH+1 +2H. mil(MnTH]((Hn—Hn+m+1+Hm)3

+(2+3(Hn + Hm))(H:\Z) _Hr(li)m+1+ Hr(r12))+3Hn+m+l(Hr(1i)m+l_ Hr(nZ)))
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We give four applications of Corollary 9:
Corollary 10. Let n>0, then

n\’ 1 1 2n+1
k) k+1 n+1l n )

M-

k=0
2
n(n) H, 1 (2n+1 1
L S 2H —H -
é k+1 n+1( n j( " 2”*1)+(n+1)2

2 2)
sz + HIE _ 1 (2n+1 2 (2) ()
k+1 - n+l n ((2Hn - H2n+1) +2Hn _H2n+1)+

M3
=~ >

=~
I
o

M-

k k+1 n+l{ n

=~
1l
o

+(2+6H,)(2H”

(n THP+3HHP +2HP 1 [2n+1) (2H, —H, ) + 6H?
n 2n+1 (n+1)2

n

(n+1)*

- H£n+l)+3H2n+1(H£f1)+l -H

2 )J

3. Identities Involving P (r,n,k) and Inverse of Binomial Coefficients

For identities involving Harmonic numbers and inverse of binomial coefficients zw

H2n

n=1 (n + kj
n
k

in given in [6].

In Section, we obtain some for P(r,n,k) and binomial coefficients by means of the Riordan arrays. From
these identities, we deduce some identities involving binomial coefficients, Harmonic numbers and identities

related to ¢'(2), ¢(3)

In [7], the inverse of a binomial coefficient is related to an integral, as follows

@ = (n+D) [t -t at

From the generating function of P(r,n,k) and (10), we have
Theorem 6. For r >0 be any integer, then

B e

Proof. From (1) and (10), we obtain

(o) P

n+k+1

I N of

j ~Int)" dt

_ (Y

B ka.l(j) i
This gives (11).

Corollary 11 Setting r=0,1,2,3 in Theorem 6, The following relation holds:

i n n+k)* 1 1
Llk-1) K n+k+1 kK

_ n;(kiJ P(r,nk—1) [t (1-t)"t
-7 (-In2-(-v))

dt

(10)

(11)

(12)
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= (n \n+k)' H 1
1 et 13
n;l(k_lj( k j n+k+1 k( k k—l) ( )
= (n \(n+k) THZ-H® 1 )
] B e (R Rte) "
n=k-1 -
i[ " j{”*"lehZHﬁz)—anHﬁz)
nTca( k=1 k n+k+1 -

-1

1
(2B, 5, )

Setting k =1,2 in Corollary 11, gives the next identities.
Corollary 12 The following relation holds

Sl (16)

22 17)
© 2 @
5 Hi-HO .

2 HE+2HP —3H HP

D EFEICVE (19)
. 0 )

;(n+1)(n+2)(n+3)zz (20)
i nH, :E -

m(n+1)(n+2)(n+3) 8

n(HZ-HP)

nz:;(n+1)(n+2)(n+3) "B (22)

8
. n(H§+2H§2>—3HnH§2>) 8

S (n+1)(n+2)(n+3) :é (23)
Corollary 13. The following relation holds
g(n+1)(ni2)(n+3) 2% (24)
g(n+l)(nlin2)(n+3) “ (25)
> oty L (26)

Z(n+1)(n+2)(n+3) 8

H3+2H® —3H H® 3

g (n+1)(n+2)(n+3) " 16 @7

Proof. (16) minus(20) give (24); (17) minus (21), (18) minus (22) and (19) minus (23), yields (25), (26) and

(27), respectively.
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Leonhard Euler (1707-1783) had already stated the equation

£(5)=3

1

n=1 N pprimel_ p_S

Recall the Euler sum identities [8] [9].

2 H, 2 H, 2 H = H
n — 2 , n — 3
S B ge. Soienec) 3ot
The next, we gives identities related to ¢(2), ¢(3)
For completeness we supply proofs:
= HZ = 1 1Y H2 ) &[HZ, HZ 2H 1
n — H = _ n — n-1 n n-1
= (n+1)(n+2) ;[n-ﬁ-l( ”1+nJ n+2 nz_;(nﬂ n+2 n(n+1)+n (n+1)
2 H 51 & 1
=2y n - =1 2).
,12:‘1(n+1)(n+2)+nzzln2 nz:;n(n+1) +¢(2)

1& H 1/l& H > 1
= — n +— n — H
2;12:;(n+1)2 4[;(n+3) nz;(n+1)( n-2
H 1 & 1 1

i A 1
a 2;(n+1)2 4(;(n+1)n

Similarly, we obtain summation formulas related ¢'(2), ¢(3)

z H? 1
Zininnra) 216 @)
0 H3
g{—(n+1)(nn+2) =1+2¢(2)+4¢ (3)
By (18) and (28), (19) and (31), we have
@ ng)
ez B
HHY 4

iMs

:1(n+1)(n+2) 3

Similarly, for completeness we supply a proof:

0

HS 1& H;

Z(n+1)(n+2)(n+3) :EHZ:;(n+1)(n+2)_

-23

1& HS
E;(n+2)(n+3)
1& H] 1a( 1 1y H;
2n1(n+1)(n+2)_§nz;[n+2(H”1 n] _n+3j
1 3 H? H,
=§(1+2§(2)+4§(3)) 52(n+1)(n+3)__z_;(n+1)2(n+3)

-He@esc@

o)

|

(28)

(29)

(30)

@31

(32)

(33)

(34)
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By (28) minus (30), we get

o0 H2 0 H2 00
n — n 35
2D+ 2)(ne3) Znr)(nr2) ;(n+2)(n+3) 21+¢(2) (39)
Applying (25) and (34), (26) and (32), we have
g H? 1 3 & H,HY? 5 31
= - pn =—(¢(2 3))+—
Znne2mea) 20 D% Zmmeoneg 2 DO g
4. Asymptotics
Theorem 7 For r>1 be any integer,as n— o, we have
n"ZIn"n
, m¢4{1,0,-1-2---1;
nn)(m r(m-1) a j
> P(r,nk)~ . (36)
o\ k)L Kk (—:I_)fm+ r(—m+1)!|n”1n
P , me{1,0-1-2--.
n
Proof. By Lemma 1, we have
n"ZIn"n
0| 10,-1-2-+};
: R e met }
Sl JPeeni=[r =gt
0 (1-t) (-1 r(-m+1)lin""n
— €{1,0,-1-2--}.
n
and this complete the proof.
Similarly, we can obtain the next Theorem.
Theorem 8. Let r>1 be any integer, as n— oo, we have
mn™?In"n
—_— 1,0,-1-2--};
n(n r(m-1) me }
Z kP(r nk)~ . (37)
=0 m(-1)"" r(-m+1)!n""n
S , me{l,0,-1-2--.
n
Theorem 9. For r>1 be any integer, as n— oo, we have
m-2
1 [ In"n rin ] m¢{1,0,—1—2--~};
i(nj[mjp(r'n’k) m+1{(m-1) n+1 @)
— k+1 1y ™ 11 r-1
k=0 1 [( 1) r(zin+1).ln n rin njy me{10,-1-2--1.
m+1 nm n+1

Proof. By Lemma 1, we have

1 e [t"”]mil[(_(lln_(;l?)r—<—In<1-t>)rJ

m-2y,47 r-1
1 (n In n_rln n} m${1,0,—1—2---};

m+1{Tr(m-1) n+1

1 {(—1)m+1r(—m+l)!ln”n rIn"n

m+1 nzm o+l ] mefL0-1-2-4.



W.Y.G. W, S.D. Wang

this give (38).
Theorem 10. For r >0 be any integer, as k — o, we have
= (n Y n+k 71P(r nk-1) 1&4(r i , r!in"k
— = - -1)'tY (1) Ik +0 39
nzk“l(k—lj{ k j n+k+1 k; i () T ’ k? (39)

Proof. By Corollary 3 of [10], immediately complete the proof of Theorem 10.
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