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Abstract 
On the basis of Hamilton-Ostrogradskiy variation principle a system of equations of linear pipe-
line vibrations interacting with surrounding soil is derived with appropriate boundary and initial 
conditions under arbitrary direction of seismic effect. Dynamic problem of underground pipeline 
is solved by finite difference method of the second order of accuracy with different combinations 
of boundary conditions under the effect of seismic load on a given law with arbitrary direction. 
Numerical implementation of the problem is realized. 
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1. Introduction 
Current state of computing resources allows considering more closely numerous factors and determining more 
reliably the actual stress-strain state of underground pipeline.  

In this regard, republican and foreign works have been analyzed, in particular, proceedings of XIV (Beijing, 
2008) and XV (Lisbon, 2012) World Conferences on Earthquake Engineering and International Conference on 
Design in Geotechnical Engineering (Tokyo, 2009), associated with the study of seismic systems of pipelines, 
such as underground gas-, water- and oil-pipelines, to improve developed theory by new data, to evaluate its ef-
fectiveness and to establish the level of this work [1]-[3]. 

At present, industrial enterprises and life support systems play a crucial role in human life and in economic 
development of the country: for this reason, their structural safety under extreme conditions, such as strong 
earthquakes, should be provided, especially when a large number of toxic and combustible materials are trans-

http://www.scirp.org/journal/ojapps
http://dx.doi.org/10.4236/ojapps.2015.55023
http://dx.doi.org/10.4236/ojapps.2015.55023
http://www.scirp.org
mailto:diyorbek_84@mail.ru
http://creativecommons.org/licenses/by/4.0/


D. Bekmirzaev 
 

 
227 

ported by these facilities. After the earthquake event, accident rate in pipelines is often increasing. In under-
ground structures, the failure of one part affects the performance of the whole system, while in ground structures 
it is local. Therefore, diversified study of seismic vulnerability assessment was carried out for a number of in-
dustrial facilities and life support systems, such as pipelines, underground storage tanks and reservoirs. 

Modern cities are growing not only in breadth, in height, but also in depth, using underground space. Pipe-
lines of hot and cold water supply, sewage system, electric, telephone cable lines, along with subway lines, ga-
rages, etc. all create a new environment, which differs from the traditional soil medium. All located under mod-
ern megalopolis is likely to be regarded as a soil medium with disturbed structure. The key problem is, on one 
hand, design feature of the structures, and on the other, evaluation of interaction nature in “structure-soil” sys-
tem [4]. 

Fundamental analysis of the effects of earthquakes on underground pipes has been conducted; main types of 
damage have been stated; the effect of impact depth, soil conditions, geometrical sizes, types of joining and the 
quality of construction on seismic stability of underground pipelines for various purposes has been revealed 
[5]-[7]. 

Practical significance of the problem consists in the following. Many large metropolitan areas are located in 
seismically active areas. Therefore, the design of underground structures becomes more difficult. Analysis of 
many earthquakes all over the world shows that the majority of destructions of underground pipelines occur on 
the border and close to it [8]. In this paper the solution of the problem of underground pipeline is studied under 
seismic load of arbitrary direction with different boundary conditions. 

2. Statement of the Problem 
To study combined longitudinal, transverse vibrations of underground structures such as pipelines under arbi-
trary direction of seismic load we will consider applied theory of bar oscillations. This paper investigates a 
seismo-dynamics of underground pipelines based on the theory of seismo-dynamics of underground structures, 
with mathematical model of bar theory discussed by Bekmirzaev D.A. and Rashidov T.R. for the case of bar 
points displacements under combined action of longitudinal and transversal forces [9]. 

Based on the assumptions given in [9], the pipeline is modeled in the form of a bar (Figure 1), α—is an angle 
of incidence of seismic wave, and displacements are selected as follows: 

1 1 2, , B Hu u y u v R y Rα= − = ≤ ≤                                 (1) 

where 1 2,u u —are displacements of the points of a pipeline, u—longitudinal displacements, v—transversal dis-
placements, 1α —an angle of rotation of pipe section. 

When δ—is a thickness, DH—external diameter, and l—a length of cylinder shell, then at relative dimensions, 
expressed through order values, 

0,1; 0,1
HD l

δ δ
≤ ≤                                        (2) 

the discussed structure may be referred to a category of long cylinder shells. Such shells, independent on form 
and geometrical sizes of the profile, may be called thin-walled bars [10]. The pipeline under discussion always 
meets the condition (2). 

 

 
Figure 1. Scheme of underground pipeline under arbitrary directed 
seismic effect on horizontal plane.                              
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Assume that pipeline is strained elastically; so Hooke’s law is considered for pipe material: 

1
11 12 1, .u vE y G G

x x x
α

σ σ α
∂∂ ∂ = − = − ∂ ∂ ∂ 

                                (3) 

To derive differential equations with boundary and initial conditions we will use Hamilton-Ostrogradskiy 
variation principle: 

( )d 0
t

T A tδ δ δ− Π + =∫                                        (4) 

where Т—is kinetic, П—potential energy, А—work of external forces, t—time. On the basis of Hamilton-Ostro- 
gradskiy variation principle (4), considering relationships (1) and (3) the following system of differential equa-
tions is derived: 
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2 π 0,
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ρ
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α
ρ

 ∂ ∂
− + − − = ∂ ∂

 ∂ ∂ ∂ ∂− + + − − − =  ∂ ∂∂ ∂  
 ∂∂ ∂− + − − − =
 ∂∂ ∂

                     (5) 

natural boundary conditions 

1
1 10, 0, 0,z

x x x

u vEF u EI GF v
x x x

α
δ δα α δ

∂∂  ∂     − = − = − − =     ∂ ∂ ∂      
                (6) 

and initial conditions 

1
10, 0, 0,z

t tt

u vF u I F v
t t t

α
ρ δ ρ δα ρ δ

∂∂ ∂
= = =

∂ ∂ ∂
                         (7) 

where ρ —is a density of pipeline material, F—an area of its cross section, E—modulus of elasticity of pipe-
line material, G—modulus of elasticity under shear, zI —inertia moment of cross-section, ,x y —pipeline 

coordinates ( )
3 4

3
4

5 , 1 , 1B
H x soil

H H

Dlq R k p
p D D

β µ
β

  
= = − = +  

   
 [6]. 

210 ,
100

B
x

Gk
B

α β = + ⋅ 
 



                                     (8) 

where soilµ —is Poisson ratio of soil, xk —coefficient of uniform shear of the pipeline in soil, l—a length, HD
—external pipe size, BD —internal pipe size, HR —external radius of a pipe, 0xu  and 0 yu —projections on 
coordinate axes of the law of soil movement, ,α β —coefficients which depend on soil conditions, BG —ver- 
tical soil pressure per linear length of a pipe, B—trench width at trench laying of the pipeline [11]. 

Intensity of normal and tangential stresses 

2 2
11 12

1 2 6 ,
2iσ σ σ= +                                      (9) 

2 2
11 12

1 2 6 ,
6iτ σ σ= +                                     (10) 

except intensity of tangential stresses iτ , often implies the concept of intensity of normal stresses 3i iσ τ=  
[12]. 

From natural boundary conditions (6) we may obtain their different combinations. The system of Equations (5) 
with boundary (6) and initial conditions (7) is solved by finite difference method of the second order of accuracy. 
Based on computer algorithm, a program for problem-oriented Borland Delphi 7 language was developed and 
numerical results were obtained. 
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3. Analysis of the Results of Numerical Studies 
The algorithm and design program for underground pipelines in case of incidence of seismic wave at an angle to 
the pipe axis have been worked out; this corresponds to arbitrary seismic loading in the form of accelerograms 
or seismograms. As an example we will consider the following problems: 

Problem. Consider a steel underground pipeline. Stated problem is solved on the basis of computer imple-
mentation of the algorithm. The mechanical and geometrical parameters of underground pipeline and soil are 
selected as follows: 

Modulus of elasticity 52 10 MPaE = × , density 3 37.8 10 kg mρ = × , external and internal diameter  

0.4 mHD = , 0.39 mBD = , area of cross-section 
( )2 2

2
π

m
4

H BD D
F

−
= , pipeline length 100 ml = , moment 

of inertia
 

( )4 4
4

π
m

64
H B

z

D D
I

−
= , coefficient of uniform shear of the pipeline in soil 4 33 10 kН mxk = × , pro-

jection of seismic load on coordinate axes 0 sin cosxu A tω α= ⋅ ⋅ , 0 sin sinyu A tω α= ⋅ ⋅ , amplitude of vibra-

tions 0.002 mA = , frequency of vibrations 2π
T

ω = , period of vibrations of the pipeline 0.3 sT = , Poisson’s  

ratio of soil 0.3soilµ = , Poisson’s ratio of a pipe 0.25pipeµ = . 
From the nature of an earthquake it is known that it has a complex character and effects on the structure and 

underground pipelines in arbitrary direction. Such effects of seismic loads on underground pipes complicate an 
assessment of stress-strain state of underground structures. 

In this problem underground pipeline under seismic load works on tension, compression and bending. In the 
process of vibration of underground pipeline phases of displacements and stresses are changing. Results of 
problem solution are given in the form of graphs. 

Vibration time is chosen in such a way that under all three boundary conditions the pipeline is either in tensile 
state Figure 2(a) or in compressed one—Figure 2(b) at α = 0, and normal stress at a given time along the length 
of a pipeline is changing as in Figure 2(c) in tensile state and Figure 2(d)—in compressed one at α = 0. 

 

 
(a)                                               (b) 

 
(c)                                               (d) 

Figure 2. Changes of longitudinal displacement and normal stress along the axis of the pipeline at given time: 1) 
both ends of the pipeline are jammed, 2) the left end of the pipeline is jammed, the right one is free, 3) both ends are 
elastically fixed.                                                                                   
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The effect of seismic load along the axis of underground pipeline under different boundary conditions and 
different times of changes of longitudinal displacement and normal stress along pipeline axis are shown in Fig-
ure 2 (α = 0). Time is chosen so that the pipeline is in tensile or compressed state. 

Three boundary conditions are examined: 
1. Both ends of the pipeline are jammed, 
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= = =
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2. The left end is jammed, the right one is free,  
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3. Both ends of the pipeline are elastically fixed,  
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where NK , MK , QK —are rigidity coefficients of joints under corresponding loading (longitudinal forces, 
bending moment, transversal forces). 

Analysis of results in Figure 2 shows that maximum values of longitudinal displacement at boundary condi-
tions 1 and 3 are within the span of the pipeline, and boundary conditions 2—at free end of the pipeline. Longi-
tudinal stress has its maximum value at jammed ends or elastically fixed ends of the pipeline. It should be noted 
that the value of normal stress at jammed end of the pipeline is greater than the one at elastically fixed end of the 
pipeline (see Figure 2). 

The changes of transversal displacement and tangential stress under seismic loads transversal to the axis of 
the pipeline at different boundary conditions and at different times are shown in Figure 3. 

 

 
(a)                                               (b) 

 
(c)                                               (d) 

Figure 3. Changes of transversal displacement and tangential stress along the axis of the pipeline at given time: 1) 
both ends of the pipeline are jammed, 2) the left end of the pipeline is jammed, the right one is free, 3) both ends are 
elastically fixed.                                                                                   
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Here, as in Figure 2, transverse displacement reaches its maximum value at boundary conditions 1 and 3 in 
pipeline range, and at boundary conditions 2-at the free end of the pipeline (Figure 3). Shear stress has its 
maximum values at jammed and elastically fixed ends of the pipeline (Figure 3). This corresponds to a change 
in the value of normal stress (Figure 2). 

At each boundary condition the time is chosen so that transverse displacement has either positive value Fig-
ure 3(a) or negative one—Figure 3(b) at α = 90, and tangential stress at a given time along the length of the 
pipeline is changing as in Figure 3(c) in tensile state and Figure 3(d)—in compressed one at α = 90. 

The law of soil motion is considered in the form 0 sin
p

xu A t
C

ω
 

= ⋅ −  
 

. Then the projections on coordinate 

axes x and y have the form: 0 0 cosxu u α= ⋅ , 0 0 sinyu u α= ⋅ , 2000 m spC = . Equation system (4) with stated  
boundary conditions and at the change of incidence angle of seismic load on pipeline axis is solved with these 
data. 

Figure 4 shows the changes of maximum values of longitudinal and transversal displacements, and normal 
and tangential stresses when the direction of the effect of seismic loads is changing. If consider the figures with 
increasing angle of seismic load effect, maximum values of transversal displacements and tangential stresses are 
also increasing (Figure 4(b) and Figure 4(d)). When an angle of the effect of seismic load is increasing, the 
values of maximal longitudinal displacement and normal stress are decreasing (Figure 4(a) and Figure 4(c)). 

To determine strength characteristics of the pipeline it is necessary to determine the intensity of normal and 
tangential stresses. This operation is performed by formulas (9) and (10). 

The results are shown in Figure 5. Here it should be noted that, in general with increasing angle of incidence 
of seismic load, intensity values of normal and tangential stresses are also increasing (Figure 5). It should be 
also noted that elastically fixed pipelines (relative to other boundary conditions (1, 2)) have lower intensity val-
ues of normal and tangential stresses (Figure 5). 

4. Conclusions 
An algorithm for solution of obtained equations and the design program are worked out. The solution is built on the  

 

  
(a)                                                     (b) 

   
(c)                                                      (d) 

Figure 4. Change of longitudinal and transversal displacements and normal and tangential stresses at alteration of inci-
dence angle of seismic loads: 1) both ends of the pipeline are jammed, 2) the left end of the pipeline is jammed, the right 
one is free, 3) both ends are elastically fixed.                                                                 
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(a)                                                     (b) 

Figure 5. Changes of intensity of normal and tangential stresses at alteration of incidence angle of seismic load: 1) 
both ends of the pipeline are jammed, 2) the left end of the pipeline is jammed, the right one is free, 3) both ends are 
elastically fixed.                                                                                    

 
basis of finite difference method; that allows simultaneously specifying the initial and boundary conditions, soil 
response and the decision itself. The results are obtained under different boundary conditions. From analysis of 
the results, it is evident that stress-strain state of the pipeline with elastically fixed ends is lower than with other 
combination of boundary conditions. It can be concluded that in design of underground pipeline, joining parts 
must be close to elastically fixed conditions. Thus stress-strain state of the pipeline decreases by 20% - 40% rel-
ative to the rigidly fixed boundary conditions. Maximal normal stresses occur under longitudinal seismic loading, 
and tangential stress reaches its maximum value at transversal seismic loading of the pipeline. 

Results of the intensity of normal and tangential stresses of the pipeline are given. This makes it possible to 
evaluate strength characteristics of underground pipelines during strong earthquakes in seismically active areas. 
Presented methods and software tools provide a comprehensive analysis of the strength of underground pipeline 
under seismic actions and implement a systematic approach to determining the effects of the earthquake on 
stress-strain state of the pipeline and to planning engineering measures to ensure safe and reliable operation of 
underground pipeline in zones of high seismic risk. Developed algorithms and design programs allow us to con-
sider pipeline vibrations under different types of loading, types of ends fixing and soil parameters. All these 
procedures allow us to determine actual loading and displacements occurring in sections of the pipeline under 
different seismic loadings. This makes it possible to improve regulatory documents on earthquake-resistant en-
gineering of underground networks of supply pipelines [11] and to develop universal applied programs of design 
and construction. 
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