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Abstract 
The main objective of this work is to obtain the calculated ratio of efflux processes for liquids, va-
pors, gases on the basis of the developed mathematical model, which allows to determine the cha-
racteristics of the channel profiles nozzles and diffusers, to solve a number of subsequent applica-
tions for analysis modes. On the basis of the calculated ratios are equations of the first law of 
thermodynamics for the flow of liquids and gases. The obtained calculated ratios are extended for 
the case of the efflux of compressible liquids, vapors and gases and as a special case, for incom- 
pressible liquids. The characteristics of the critical efflux regime liquids, which allows to deter- 
mine the linear and the mass efflux rate of the critical regime and the calculated characteristics of 
the channel profiles nozzles and diffusers, Laval nozzles for different modes of operation are ob- 
tained. 
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1. Introduction 
The efflux processes are quite common in various technological processes performed with the power technology 
equipment in the gas and oil industry, in heat engines, pumps, compressor machines, mas-and-heat exchange 
units, pipelines, in separate elements of machines and devices: nozzles, diffusers, convergent nozzles, mud guns, 
fittings, locking devices, gate valves, valves, various calibration holes etc. It is worth emphasising a special role 
in studying the processes of the gas and liquid efflux through various sorts of leakiness and gap [1] [2]. 

The efflux process can be considered as a special case of the occurrence and distribution of potential work. 
Effective work in the efflux process is distributed on the work, directly transmitted to the bodies of external sys-
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tem (in our case in the efflux process this work is absent: 0czWδ ∗ = ) and to a change in the energy of external po-
sition of working medium itself ( )czde . The last term, in turn, consists of the kinetic energy ( )2 2d c  and the 
potential energy ( )gdz . 

Thus, the initial equation of the theoretical efflux process has the following form: 

( )2 2 .W VdP d c gdzδ = − = +                                (1) 

Switching to the real efflux processes then is carried out by introducing correction factors: velocity rates (ϕ) 
and flow rates (φ). The integral of the initial equation of efflux for the expression of potential flow work from 
the initial 1 to the final section 2 of a flow has the form as follows: 

( )2 2
12 2 1 2 12 2 ;W c c g z z= − + −                                (2) 

( )( ) ( )1
12 2 1 1 11 1 .n nW P P PV n n− = − −                            (3) 

The rate of gas efflux in the initial section can be considered as a result of the efflux of a conditional initial 
state 0 - 0 at zero velocity с0 = 0; with the graded level z0 = z2 and pressure P0. 

Then the calculated expression for the potential work and linear velocity of the efflux of the final section of 
the flow is determined by the following equations: 

( )( ) ( )1
02 12 01 2 0 0 01 1 ;n nW W W P P PV n n− = + = − −                      (4) 

( ) ( )
0.50.5 2

2 02 12 1 1 22 2 2 .c W W c g z z = = + + +                           (5) 

The theoretical efflux process is regarded as an adiabatic one, then based on the first law of thermodynamics 
for the flow the potential flow work is determined as the specific heat drop of the flow equal to the difference 
between the heat content (enthalpy) of it, taken with the opposite sign [3] [4]: 

12 1 2 12; 0.W h h q= − =                                  (6) 

Further the mass rate of the efflux is entered in calculations: 

,u G f V f cρ ρ= = =                                  (7) 

where f—the cross section of the flow under consideration; G and V are the mass flow rate and volumetric flow 
rate; ρ—liquid density; с—the linear velocity of the liquid in the direction of movement (the average velocity in 
the section f in the direction of a normal to this section). 

The concept of the mass flow rate in research is most essential. The concept of linear velocity characterises 
only the kinetic energy of the flow, averaging of such a velocity depends on the flow mode (laminar, transitional, 
turbulent) and is not identical with the mass flow rate. 

The calculated expression of the theoretical mass flow rate at the outlet section is obtained according to the 
last equation depending on the linear velocity (4) and (5) and the equation of the efflux process: 

( )( ) ( ) ( ) ( ){ }0.5
1 2

2 2 0 2 0 0 01 2 1 .n n nu P P P P P V n n− = − −                     (8) 

For transition to the real characteristics of a flow we input correction factors in our calculations: 

2 2 2 2 2; ; .c c u u G uf u f c fϕ φ φ φ ρ= = = = =                         (9) 

In the formula (9) the velocity and flow-rate factors are determined as the ratio of theoretical and actual ve-
locities: 

2 2 2 2; .c c V fc u u G fuϕ φ= = = =                           (10) 

The work of irreversible energy losses associated with the real efflux process: 

( ) ( )** 2 2 2 2 2
2 2 22 1 2 2,W c c c cϕ ξ= − = − =                         (11) 
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where ξ—the factor of energy losses in the real process. 
To calculate the velocity and flow rate, as follows from the formulas (10) it is necessary to arrange for mass 

(volume) measurements of the liquid flow rates [5] [6]. 

2. Efflux of Incompressible Liquids 
The initial condition (ρ1 = ρ2 = ρ = 1/v = idem): 

( ) ( )12 1 2 02 0 2; .W P P W P Pρ ρ= − = −                           (12) 

Further, by using the initial general ratios (5), (7), (9) and Equation (12), we will obtain the calculated ratios 
for a particular case of the efflux of incompressible liquids: 

( ) ( ) ( )

( ) ( )

0.5 0.50.5 2
2 02 12 1 1 2 0 2

0.52
1 2 1 1 2

2 2 2 2

2 2 ;

c W W c g z z P P

P P c g z z

ρ

ρ

   = = + + + = −  

 = − + + + 

                (13) 

( ) 0.5
2 2 0 22 ;u G f V f c P Pρ ρ ρ = = = = −                           (14) 

2 .G u fφ=                                      (15) 

The obtained ratios can be applied to the efflux of compressible liquids (gases) with the condition of insig-
nificant fluctuations of the densities. In this case, in Formulae (12)-(15) there should be introduced the average 
density value, for example, as arithmetic mean: 

( )1 2 2 mρ ρ ρ+ =  

3. Efflux of Compressible Liquids (Gases) 
The general solution of problems concerning the efflux of compressible liquids is obtained by a corresponding 
development of the previously obtained initial relationships. 

From a consideration of the original ratio (8) it follows that the mass velocity becomes zero for the following 
values of pressure ratios: 1) P2/P0 = 1, this takes place at the beginning of the efflux с = 0; u = сρ = 0 due to the 
initial rate; 2) P2/P0 = 0—in the efflux to vacuum at the outlet section ρ = 0; u = сρ = 0 due to density. Within 
this range, the mass flow rate passes through the maximum (Rolle’s theorem). This means the variable factor of 
the radicand (8) passes through the maximum: 

( )( ) ( )1 2
2 0 2 01 .n n nP P P P− Ψ = −                             (16) 

Let us introduce the following designations: 

( ) ( ) ( ) ( )21 2 1
2 0 2 0; ,nn n nP P P Pτ τ− −= =                           (17) 

using the Rolle’s theorem for investigating the function to the maximum, we obtain the parameters of the critical 
mode of efflux for compressible liquids 

( )( ) ( )1
2 0 2 1 ,n n

cr cr
P P nτ −= = +                             (18) 

( ) ( ) ( ) ( )11
2 0 2 1 ,

n nn n
crcr

P P nβ τ
−−= = = +                          (19) 

( ) ( )2 11 .n
cr cr crτ τ −Ψ = −                                 (20) 

Depending on parameters of the critical efflux mode, the linear and mass efflux rates of the critical mode are 
determined: 

( ) 0.5
,cr crc n PV =                                   (21) 
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Table 1. Characteristic values of the discharge critical mode. 

n  1.1 1.2 1.3 1.4  

( )2 1cr nτ = +  0.953 0.909 0.870 0.833  

( )1n n
crβ τ −=  0.5847 0.5645 0.5457 0.5283 ~0.55 

crΨ  1.9677 2.0309 2.0896 2.1443 ~2.05 

 

( ) 0.5
0 02 1 .cr cru P n nρ= Ψ −                                  (22) 

Table 1 shows the values of the critical discharge characteristics depending on the performance of the efflux 
process. 

4. Particular Cases of Efflux 
The ideal gas (PV = RT): 

[ ] ( ) 0.50.5
0; 2 1 ,cr cr cr cr crc nRT u P n n RT= = Ψ −                          (23) 

The incompressible liquids (V = idem; n = ∞): ccr = ∞. 
This means that the critical mode for incompressible fluids is unattainable. The critical linear velocity of the 

adiabatic efflux (n = k) is the velocity of sound: 

( ) 0.5
,cra k PV∗  =    

for the ideal gas: 

[ ]0.5 .cra nRT∗ =                                    (24) 

5. Conclusion 
According to the energy conservation law, the equation of distribution and occurrence of the potential work of 
any thermodynamic systems is obtained. Taken as a basis for the theory of the efflux of gases, compressible and 
incompressible liquids, the characteristic features of the critical mode of the liquid efflux are obtained. The de-
rived calculated ratios will further determine the calculated characteristics of the channel profiles of nozzles and 
diffusers, Laval nozzles for a range of modes of operation. 
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