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Abstract 
We study the asymptotic behavior of solutions to the stochastic strongly damped wave equation 
with additive noise defined on unbounded domains. We first prove the uniform estimates of solu- 
tions, and then establish the existence of a random attractor. 
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1. Introduction 
Let ( ), ,Ω    be a probability space, where 

( ) ( ) ( ){ }1 2, , , , : 0 0m
m Cω ω ω ω ωΩ = = ∈ =  

 

the Borel σ -algebra   on Ω  is generated by the compact open topology (see [1]), and   is the corres-
ponding Wiener measure on  . Define ( )t t

θ
∈

 on Ω  via 

( ) ( ) ( ) ,t t t tθ ω ω ω⋅ = ⋅+ − ∈  

Thus, ( )( ), , , t t
θ

∈
Ω



   is an ergodic metric dynamical system. 
Consider the following stochastic strongly damped wave equation with additive noise defined in the entire 

space n
  ( )3n ≤ : 

( ) ( ) ( )
1

d
,

d

m
j

tt t t j
j

W
u u u u u f x u g x h x

t
α λ

=

− ∆ + − ∆ + + = +∑                    (1) 
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with the initial value conditions 

( ) ( ) ( ) ( )0 1,0 ,    ,0 ,    n
tu x u x u x u x x= = ∈                          (2) 

where ∆  is the Laplacian with respect to the variable nx∈ , ( ),u u x t=  is a real function of nx∈  and 
0t ; ,  α λ  are positive constants, ( )2 ng L∈   and ( )1 n

jh H∈   ( )1 j m   are given; f  is a nonlinear  

function satisfying certain dissipative and growth conditions, and { } 1

m
j j

W
=

 are independent two-sided real-  

valued Wiener processes on ( ), ,Ω   . We identify ( )tω  with ( ) ( ) ( )( )1 2, , , mW t W t W t , i.e., 

( ) ( ) ( ) ( )( )1 2= , , , ,    mt W t W t W t tω ∈   

Many works have been done regarding the dynamics of a variety of systems related to Equation (1). For ex-
ample, the asymptotical behavior of solutions for deterministic strongly damped wave equation has been studied 
by many authors (see [2]-[11], etc.). For stochastic wave equation, the asymptotical behavior of solutions have 
been studied by several authors (see [12]-[25], etc.). However, no results have been presented on random attrac-
tors for stochastic strongly damped wave equation (1) with additive noise on unbounded domains to date. 

In general, the existence of global random attractor depends on some kind compactness (see, e.g., [26]-[30]). 
For Cauchy problem, the main question is how to overcome the difficulty of lacking the compactness of Sobolev 
embedding in unbounded domains. For some deterministic equations, the difficulty caused by the unbounded-
ness of domains can be overcome by the energy equation approach. The energy equation method was developed 
by Ball in [31] [32] and used by many authors (see, e.g., [33]-[39]). Under certain circumstances, the tail-esti- 
mates method can be used to deal with the problem caused by the unboundedness of domains (see [40]). In this 
paper, we will combine the splitting technique in [20] with the idea of uniform estimates on the tails of solutions 
to investigate the existence of global attractor of the stochastic strongly damped wave Equation (1) defined on 
unbounded domains. The rest of this paper is organized as follows. In the next section, we recall some basic 
concepts related to random attractor for general random dynamical systems. In Section 3, we provide some basic 
settings about Equation (1) and show that it generates a random dynamical system, and then we prove the uni-
form estimates of solutions and obtain the existence of a random attractor for Equation (1). 

Throughout this paper, we use ⋅  and ( ),⋅ ⋅  to denote the norm and the inner product of ( )2 nL  , respec-
tively. The norm of a Banach space X is generally written as 

X⋅ . The symbol c  is a positive constant which 
may change its value from line to line. 

2. Preliminaries 
In this section, we collect some basic knowledge about general random dynamical systems (see [1] [41] for de-
tails). Let ( ), XX ⋅  be a separable Hilbert space with Borel σ -algebra ( )X . Let ( )( ), , , t t

θ
∈

Ω


   be the 
metric dynamical system on the probability space ( ), ,Ω   . 

In the following, a property holds for  -a.e. ω∈Ω  means that there is 0Ω ∈Ω  with ( )0 1Ω =  and 
0 0tθ Ω = Ω  for t∈ . 

Definition 1 A continuous random dynamical system on X over ( )( ), , , t t
θ

∈
Ω



   is a  
( ) ( ) ( )( ),X X+ × ×    -measurable mapping 

( ) ( ): ,    , , , ,X X t u t uϕ ω ϕ ω+ ×Ω× →   

such that the following properties hold 
• ( )0, ,ϕ ω ⋅  is the identity on X ; 
• ( ) ( )( ), , , , , ,st s t sϕ ω ϕ θ ω ϕ ω+ ⋅ = ⋅  for all , 0s t ; 
• ( ), , :t X Xϕ ω ⋅ →  is continuous for all 0t . 

Definition 2 (See [41]) 
• A set-valued mapping ( ){ } : 2 \XD ω Ω→ ∅ , ( )Dω ω→ , is said to be a random set if the mapping 

( )( ),d u Dω ω  is measurable for any u X∈ . If ( )D ω  is also closed (compact) for each ω∈Ω , 
( ){ }D ω  is called a random closed (compact) set. A random set ( ){ }D ω  is said to be bounded if there 

exist 0u X∈  and a random variable ( ) 0R ω >  such that 

( ) ( ){ }0: for  allXD u X u u Rω ω ω⊂ ∈ − ∈Ω  
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• A random set ( ){ }D ω  is called tempered provided for  -a.e. ω∈Ω , 

( )( )lim e 0 for all 0t
tt

d Dβ θ ω β−
−→+∞

= >  

where ( ) { }sup :Xd D b b D= ∈ . 
Let D  be the set of all random tempered sets in X . 

• A random set ( ){ }B ω  is said to be a random absorbing set if for any tempered random set ( ){ }D ω , and 
 -a.e. ω∈Ω , there exists ( )0t ω  such that 

( )( ) ( ) ( )0, , for allt tt D B t tϕ θ ω θ ω ω ω− − ⊂   

• A random set ( ){ }1B ω  is said to be a random attracting set if for any tempered random set ( ){ }D ω , and 
 -a.e. ω∈Ω , we have 

( )( ) ( )( )1lim , , , 0H t tt
d t D Bϕ θ ω θ ω ω− −→+∞

=  

where Hd  is the Hausdorff semi-distance given by ( ), sup infH u E v F Xd E F u v∈ ∈= −  for any ,  E F X⊂ . 
• ϕ  is said to be asymptotically compact in X  if for  -a.e. ω∈Ω , ( ){ }

1
, ,

nn t n n
t xϕ θ ω

∞

−
=

 has a conver- 
gent subsequence in X  whenever nt → +∞ , and ( )nn tx B θ ω−∈  with ( ){ }B ω ∈D . 

• A random compact set ( ){ }A ω  is said to be a random attractor if it is a random attracting set and 
( )( ) ( ), , tt A Aϕ ω ω θ ω=  for  -a.e. ω∈Ω  and all 0t . 

Theorem 1 (See [41]) Let ϕ  be a continuous random dynamical system with state space X  over 
( )( ), , , t t
θ

∈
Ω



  . If there is a closed random absorbing set ( ){ }B ω  of ϕ  and ϕ  is asymptotically com- 
pact in X , then ( ){ }A ω  is a random attractor of ϕ , where 

( ) ( )( )
0

, , ,
t t

A Bτ τ
τ

ω ϕ τ θ ω θ ω ω− −
>

= ∈Ω



 

Moreover, ( ){ }A ω  is the unique random attractor of ϕ . 

3. Existence of Random Attractor 
3.1. Basic Settings 
In this subsection, we outline some basic settings about (1)-(2) and show that it generates a random dynamical 
system. 

Let tu uξ σ= +  where σ  is a small positive constant whose value will be determined later, then (1)-(2) 
can be rewritten as the equivalent system 

( ) ( )( ) ( ) ( ) ( ) ( )
1

d ,
d

dd 1 , ,
d d

m
j

j
j

u u
t

W
u u f x u g x h x

t t

ξ σ

ξ σ α ξ ξ σ α σ λ σ
=

 = −

 = − + ∆ + − − + − ∆ − + +


∑
         (3) 

with the initial value conditions 

( ) ( ) ( ) ( )0 0,0 ,    ,0u x u x x xξ ξ= =                             (4) 

where ( ) ( ) ( )0 1 0x u x u xξ σ= + , nx ∈ . 
Let ( ) ( )

0
, , d

u
F x u f x s s= ∫  for nx∈  and u∈ . The function f will be assumed to satisfy the following 

conditions, 
(F1) ( ) ( )1 1, kf x u c u xη+  

(F2) ( ) ( ) ( )2 2, ,f x u u c F x u xη−   

(F3) ( ) ( )1
3 3, kF x u c u xη+ −  
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(F4) ( ) ( )1
4 4, k

uf x u c u xη− +  

where 1 k < ∞  for 1, 2n =  and 1 < 3k  for 3n = , ( ) ( )2
1 x Lη ∈  , ( ) ( )1

2 x Lη ∈  , ( ) ( )1
3 x Lη ∈   and 

( ) ( )1
4 x Hη ∈  , ( )1,2,3,4ic i =  are positive constant. Note that (F1) and (F2) imply 

( ) ( )2 1 2
1 2, kF x u c u u η η++ + +                              (5) 

For our purpose, it is convenient to convert the problem (3)-(4) (or (1)-(2)) into a deterministic system with a 
random parameter, and then show that it generates a random dynamical system. 

Let ( )( ), , , t t
θ

∈
Ω



   be the ergodic metric dynamical system in Section 1. For { }1,2, ,j m∈  , consider 
the one-dimensional Ornstein-Uhlenbeck equation 

( )d d dj j jz z t W t+ =  

Its unique stationary solution is given by 

( ) ( )( )0
e d ,    s

j t j t jz s s tθ ω θ ω
−∞

= − ∈∫   

Note that the random variable ( )j jz ω  is tempered, and there is a tθ -invariant 0Ω ⊂ Ω  with ( )0 1Ω =  
such that ( )j t jt z θ ω  is continuous for 0ω∈Ω  and 1,2, ,j m=  . Therefore, it follows from Proposition 
4.3.3 in [1] that for any 0> , there exists a tempered function ( ) 0γ ω >  such that 

( ) ( )( ) ( )
2 1

=1

m k

j j j j
j

z zω ω γ ω
+

+∑                               (6) 

where ( )γ ω  satisfies, for  -a.e. ω∈Ω , 

( ) ( )e ,    t
t tγ θ ω γ ω ∈                                 (7) 

Then it follows from the above, for  -a.e. ω∈Ω , 

( ) ( )( ) ( )
2 1

1
e ,    

m k t
j t j j t j

j
z z tθ ω θ ω γ ω

+

=

+ ∈∑ 

                       (8) 

Put ( ) ( )1
m

t j j t jjz h zθ ω θ ω
=

= ∑ , which solves 
1d d dm

j jjz z t h W
=

+ = ∑ . 

Now, let ( ) ( ) ( ), , tv x t x t zξ θ ω= − , we obtain the equivalent system of (3)-(4), 

( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )2

d ,
d
d 1 , 1 ,
d

t

t t

u v u z
t
v v v u u f x u g x z z
t

σ θ ω

σ α λ σ ασ σ θ ω σ α θ ω

 = − +

 = − + ∆ − + − + − ∆ − + + ∆ + + −


 (9) 

with the initial value conditions 

( ) ( ) ( ) ( )0 0,0 ,    ,0u x u x v x v x= =                            (10) 

where ( ) ( ) ( )0 0v x x zξ ω= − , nx∈ . We will consider (9)-(10) for ω∈Ω  and write Ω  as Ω  from now 
on. 

Let ( ) ( )1 2n nE H L= ×  , endowed with the usual norm 

( ) ( )1 2

1
2 2 2 2= ,    for   = ,H LY u u v Y u v EΤ

×
∇ + + ∈                   (11) 

where ⋅  denotes the usual norm in ( )2 nL   and Τ  stands for the transposition. 
By a standard method as in [2] [3] [42], one may show that under conditions (F1)-(F4), for ( )T

0 0,u v E∈ , 
problem (9)-(10) has a unique solution ( ) ( )( )0 0, , , , ,u t u v t vω ω

Τ  which is continuous with respect to ( )T
0 0,u v  
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in E  for all 0t > . Hence, the solution mapping 

( ) ( ) ( ) ( )( )0 0 0 0, : , , , , , , , ,    S t t u t v v t v E Eσ ω ϕ ϕ ω ϕ ω ω
Τ

= →                  (12) 

generates a continuous random dynamical system, where ( )0 0 0,u vϕ Τ= . Introducing the homeomorphism 
( )( ) ( )( )TT, , t tu u zθ ω ξ ξ θ ω= + , ( )T,u Eξ ∈  whose inverse homeomorphism 

( )( ) ( )( )TT1 , , t tu u zθ ω ξ ξ θ ω− = −  

Then, the transformation 

( ) ( ) ( ) ( )1, ,t tS t S tσ σω θ ω ω θ ω−=                            (13) 

also generates a random dynamical system associated with (3)-(4). Note that the two random dynamical systems 
are equivalent. By (13), it is easy to check that ( ),S tσ ω  has a random attractor ( ) ( ) ( ){ }1

t tθ ω ω θ ω−    
provided ( ),S tσ ω  possesses a random attractor ( ){ }ω . Then, we only need to consider the random dy-
namical system ( ),S tσ ω . 

3.2. Uniform Estimates of Solutions 
In this subsection, we derive uniform estimates on the solutions of the stochastic strongly damped wave Equa-
tions (3)-(4) defined on n

  when t →∞ . These estimates are necessary for proving the existence of bounded 
absorbing sets and the asymptotic compactness of the random dynamical system associated with the equations. 
In particular, we will show that the tails of the solutions for large space variables are uniformly small when time 
is sufficiently large. 

We assume that D  is the collection of all tempered random subsets of E  from now on. Let ( )0,1σ ∈  be 
small enough such that 

2 0,    0λ σ ασ α σ+ − > − >  

Set 

2min , ,
2

c σ
δ α σ σ = − 

 
                                (14) 

where 2c  is the positive constant in (F2). 
We define a new norm 

E⋅  by 

( ) ( )( )
1

2 2 22 21EY v u uλ σ ασ σ= + + − + − ∇                      (15) 

for ( )T,Y u v E= ∈ . It is easy to check that 
E⋅  is equivalent to the usual norm 1 2H L×⋅  in (11). 

The next lemma shows that ( ),S tσ ω  has an absorbing set in D . 
Lemma 1 Assume that (F1)-(F4), ( )2 ng L∈   and ( ) ( )1  1n

jh H j m∈     hold. Then there exists a ran-  
dom ball ( ){ }0A ω ∈D  centered at 0 with random radius ( ) 0ρ ω >  such that ( ){ }0A ω  is a random ab- 

sorbing set for ( ),S tσ ω  in D , that is, for any ( ){ }B ω ∈D  and  -a.e. ω∈Ω , there is ( ) 0BT ω >  such 
that 

( )( ) ( ) ( )0, ,   for all  t t Bt B A t Tϕ θ ω θ ω ω ω− − ⊆ >                       (16) 

Proof. Taking the inner product of the second equation of (9) with v  in ( )2 nL  , we find that 

( ) ( )( ) ( )( ) ( )( ) ( )( )
( )( ) ( ) ( )( )

2 2 2 21 d , 1 , , , ,
2 d
                , 1 , .t t

v v v u v u v f x u v g x v
t

z v z v

σ α λ σ ασ σ

θ ω σ α θ ω

= − − ∇ − + − + − ∆ − +

+ ∆ + + −
    (17) 
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By the first equation of (9), we have 

( )d
d t
uv u z
t

σ θ ω= + −                                   (18) 

Then substituting the above v  into the second and third terms on the left-hand side of (17), we find that 

( ) ( )

( )( )

( )

2 2

22 2

d, ,
d

1 d        ,
2 d
1 d 1         ,
2 d 2 2

t

t

t

uu v u u z
t

u u u z
t

u u z
t

σ θ ω

σ θ ω

σ θ ω
σ

 = + − 
 

= + −

+ −

                            (19) 

( ) ( )

( )( )

( )

2 2

22 2

d, ,
d

1 d           ,
2 d
1 d 1            .
2 d 2 2

t

t

t

uu v u u z
t

u u u z
t

u u z
t

σ θ ω

σ θ ω

σ θ ω
σ

  ∆ = − ∇ ∇ + −  
  

= − ∇ − ∇ + ∇ ∇

− ∇ − ∇ + ∇

                     (20) 

From conditions (F1)-(F3) we get 

( )( ) ( ) ( )

( ) ( )( ) ( ) ( )( )

( ) ( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

( )

2 2 1 1

1 1
12 2 1 1

d, , , ,
d

d , d , , , ,
d
d , d , d d d
d
d , d , d d d
d
d , d
d

n

n n n n

n n n n

t

t

k
t

k
k k

kt tL

uf x u v f x u u z
t

F x u x f x u u f x u z
t

F x u x c F x u x x x c u x z x
t

F x u x c F x u x x x c u x z x z
t

F x u x
t

σ θ ω

σ θ ω

σ σ η η θ ω

σ σ η θ ω η θ ω+ +
+

 − = − + − 
 

= − − +

− − − + +

− − − + + ⋅

−

∫

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫



   

   





 ( ) ( ) ( ) ( ) ( ) ( )1

12 2
2 3 1, d d d .

2 2n n n n

k
t tH

c cF x u x x x x x c z x zσ σσ η η θ ω η θ ω
+

− − + + + ⋅∫ ∫ ∫ ∫
   

(21) 

Using the Cauchy-Schwartz inequality and the Young inequality, we have 

( )( ) ( )
( ) 2

2,
4

g x
g x v g x v vα σ

α σ
−

⋅ +
−

                                   (22) 

( )( ) ( )( ) ( ) ( ) 2 21, ,
4t t t tz v z v z v z vθ ω θ ω θ ω θ ω∆ = − ∇ ∇ ∇ ⋅ ∇ ∇ + ∇             (23) 

( ) ( )( ) ( ) 2 211 , 2
4t tz v z vα σσ α θ ω α σ θ ω

α σ
− + − − − + + − 

                 (24) 

By (19)-(24), it follows from (17) that 

( ) ( ) ( )( )
( ) ( ) ( ) ( )

( ) ( ) ( )( )1

2 2 22

2 2 22
2

2 2 1 2

d 1 2 , d
d
  1 , d

2      1 .

n

n

k
t t t H

v u u F x u x
t

v u u c F x u x

c z z z g

λ σ ασ σ

σ α σ λ σ ασ σ σ σ

θ ω θ ω θ ω
α δ

+

+ + − + − ∇ +

− − + − − − ∇ −

+ + + ∇ + +
−

∫

∫





          (25) 
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Recalling the new norm 
E⋅  in (15), by (14) we obtain from (25) that 

( )( ) ( )( )
( ) ( ) ( )( )1

2 2 2

2 2 1

d 22 , d 2 , d
d

                                             1 .

n nE E

k
t t t H

F x u x F x u x g
t

c z z z

ϕ δ ϕ
α δ

θ ω θ ω θ ω
+

+ − + +
−

+ + + ∇ +

∫ ∫
 


         (26) 

Using the Gronwall lemma, we have 

( )( ) ( )( )( )
( ) ( )( )( ) ( )

( ) ( ) ( ) ( )( )1

2

0 0

2 2
0 0 0

2 2 1

0

, , 2 , , , d

2e 2 , d e d

e 1 d .

n

n

E

t s tt
E

t ks t
t t t H

t F x u t u x

F x u x g s

c z z z s

δδ

δ

ϕ ω ϕ ω ω ω

ϕ ω ω
α δ

θ ω θ ω θ ω

−−

+−

+

+ +
−

+ + + ∇ +

∫

∫ ∫

∫





               (27) 

Substituting ω  by tθ ω− , then we have from (27) that 

( )( ) ( )( )( )
( ) ( )( )( ) ( )

( ) ( ) ( ) ( )( )
( ) ( )( )( ) ( )

1

2

0 0

2 2
0 0 0

2 2 1

0

2 2
0 0 0

0

, , 2 , , , d

2  e 2 , d e d

      e 1 d

2  e 2 , d e d

      e 1

n

n

n

t t t tE

t s tt
t tE

t ks t
s t s t s t H

t s tt
t tE

s
t

t F x u t u x

F x u x g s

c z z z s

F x u x g s

c

δδ

δ

δδ

δ

ϕ θ ω ϕ θ ω θ ω θ ω

ϕ θ ω θ ω
α δ

θ ω θ ω θ ω

ϕ θ ω θ ω
α δ

− − − −

−−
− −

+−
− − −

−−
− −

−

+

+ +
−

+ + + ∇ +

+ +
−

+

∫

∫ ∫

∫

∫ ∫

∫











( ) ( ) ( )( )1

2 2 1
d .

k
s s s H

z z z sθ ω θ ω θ ω
+

+ + ∇ +

           (28) 

By (5), we get 

( )( ) ( ) ( )( )2 1
0 0 0, d 1n

k
t t tF x u x c u uθ ω θ ω θ ω

+

− − −+ +∫


                 (29) 

By assumption, ( ){ }B ω ∈D  is tempered. Then, by (29), if ( ) ( )0 t tBϕ θ ω θ ω− −∈ , we have 

( ) ( )( )( )2
0 0lim e 2 , d 0n

t
t tEt

F x u xδ ϕ θ ω θ ω−
− −→+∞

+ =∫


                   (30) 

Note that ( ) ( )1
m

t j j t jjz h zθ ω θ ω
=

= ∑  and ( ) ( )1  1n
jh H j m∈    . By (8) with 

2
δ

= , we obtain 

( ) ( ) ( )( )
( )

( ) ( )

1

0 2 2 1

0
2

2

e 1 d

    e 1 e d

   1 e 1 e .
2

ks
s s s Ht

s
s

t

tt

c z z z s

c s

c

δ

δ
δ

δ
δ

θ ω θ ω θ ω

γ ω

δδ γ ω

+

−

−

−−

+ + ∇ +

 
+  

 
  

= − + −      

∫

∫                   (31) 

By (F3), we have that 

( )( )( ) ( ) ( )0 3 32 , , , d 2 d 2 dn n nt tF x u t u x x x x xθ ω θ ω η η− −− ∫ ∫ ∫
  

                 (32) 

Combining (28), (30), (31) and (32), there is a ( ) 0BT ω >  such that for all ( )Bt T ω , 

( )( ) ( )
2 2

0, ,t t E
tϕ θ ω ϕ θ ω ω− −                             (33) 
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where ( ) ( )( )2 1cω δ γ ω= +  Since ( )γ ω  is tempered, then ( ){ }0A ω ∈D , and ( ){ }0A ω  is a random ab-
sorbing set for ( ),S tσ ω  in D . So, the proof is completed. 

To prove asymptotic compactness of the random dynamical system ( ),S tσ ω , we first prove that the solu-
tions were uniformly small outside a bounded domain and then decomposed the solutions in a bounded domain 
in terms of eigenfunctions of negative Laplacian as in [20]. 

Given 1r , denote by { }:n
r x x r= ∈ <  and \n

r   the complement of r . 

Choose a smooth function ρ , such that ( )0 1sρ   for s∈ , and 

( )
0, 0 1,
1, 2,

s
s

s
ρ

= 


 


                                 (34) 

and there exist constants 5 6,  c c , such that ( ) 5s cρ′  , ( ) 6s cρ′′   for s∈ . 

Lemma 2 Assume that (F1)-(F4), ( )2 ng L∈   and ( ) ( )1  1n
jh H j m∈     hold. Let ( ){ }B ω ∈D  and  

( ) ( )0 Bϕ ω ω∈ . Then, for every 0> , there exist ( ), , 0T T B ε ω= >   and ( ), 1R R ε ω=   , such that the so-  
lution ϕ  of (9)-(10) satisfies for  -a.e. ω∈Ω , t T∀  , r R , 

( )( ) ( )
2

0 \
, , n

r
t t E

tϕ θ ω ϕ θ ω ε− −
 

                             (35) 

Proof. We first consider the random Equations (9)-(10). Then taking the inner product of the second equation  

of (9) with 
2

2

x
v

r
ρ
 
 
 
 

 in ( )2 nL  , we obtain 

( ) ( )

( ) ( ) ( ) ( )

( )( )

2
2

2

2 2 2
2 2 2

2 2 2

2 2 2

2 2 2

2

2

1 d d
2 d

  d d d

      1 d , d d

      

n

n n n

n n n

n t

x
v x

t r

x x x
v x v x uv x

r r r

x x x
u v x f x u v x g x v x

r r r

x
z

r

ρ

σ α ρ ρ λ σ ασ ρ

σ ρ ρ ρ

θ ω ρ

 
 
 
 

     
     = − − ∇ − + −
     
     

     
     + − ∆ − +
     
     


+ ∆



∫

∫ ∫ ∫

∫ ∫ ∫

∫



  

  



( ) ( )
2

2d 1 d .n t
x

v x z v x
r

σ α ρ θ ω
  

   + + −
   

  
∫


           (36) 

Substituting v  in (18) into the third, fourth and fifth terms on the left-hand side of (36), we get that 

( )

( )

2 2

2 2

2
2 2

2

2 2
2 2

2 2

dd d
d

1 d                         d
2 d

1 d                          d d
2 d

n n

n

n n

t

t

x x uuv x u u z x
tr r

x
u u z u x

tr

x x
u x u x

t r r

ρ ρ σ θ ω

ρ σ θ ω

ρ σ ρ

        = + −         

   = + −    

   
   + −
   
   

∫ ∫

∫

∫ ∫

 



 

 ( )

( )

2

2

2 2 2
22 2

2 2 2

d

1 d 1                          d d d ,
2 d 2 2

n

n n n

t

t

x
z u x

r

x x x
u x u x z x

t r r r

ρ θ ω

σρ ρ ρ θ ω
σ

 
  ⋅
 
 

     
     + −
     
     

∫

∫ ∫ ∫



  



        (37) 
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( ) ( )

( ) ( )

( )

2 2

2 2

2 2

2 2 2

2 2 2
2 25

2 2 2 22

d d

2 d d
d

2 1 dd d d
2 d

n n

n

n n n

t

r x r

x x
u v x u v x

r r

x xx uu v u z x
tr r r

x x xc x u v x u x u x
tr r r r

ρ ρ

ρ ρ σ θ ω

ρ σ ρ ρ
< <

    
    ∆ = − ∇ ∇

        

       ′   = − ∇ + ∇ + −          

   
   ∇ − ∇ − ∇ +
   
   

∫ ∫

∫

∫ ∫ ∫ ∫

 



  

 ( )

( ) ( )

( ) ( )

2 2 2
22 25

2 2 2

2 2 2
22 2 2 25

2 2 2

d

2 2 1 d 1d d d d
2 d 2 2

2 1 d 1d d d
2 d 2 2

n n n n

n n n

t

t

t

u z x

x x xc u v x u x u x z x
r t r r r

x x xc u v u x u x z
r t r r r

θ ω

σρ ρ ρ θ ω
σ

σρ ρ ρ θ ω
σ

 
  ∇ ⋅ ∇
 
 

     
     ∇ − ∇ − ∇ + ∇
     
     

     
     ∇ + − ∇ − ∇ + ∇
     
     

∫ ∫ ∫ ∫

∫ ∫ ∫

   

  



 ,x

  (38) 

By using conditions (F1), (F2) and (F3), we find 

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )

2 2

2 2

2 2 2

2 2 2

2 2

22 2

d, d , d
d

d , d , d , d
d

d , d , d
d

n n

n n n

n n

t

t

x x uf x u v x f x u u z x
tr r

x x x
F x u x f x u u x f x u z x

t r r r

x x
F x u x c F x u x

t r r

ρ ρ σ θ ω

ρ σ ρ ρ θ ω

ρ σ ρ σ

       − = − + −        

     
     = − − +
     
     

   
   − − −
   
   

∫ ∫

∫ ∫ ∫

∫ ∫

 

  

 

 ( )

( )( ) ( )

( ) ( ) ( )

( ) ( )

2

22

2

1 12

2 2 2

2 22 2 2

2 2
22

12 2

2

1 2

d

d

d , d , d d
d

1 1    d d
2 2

    

n

n

n n n

n n

n

k
t

t

x
x x

r

x
c u x z x

r

x x x
F x u x c F x u x x x

t r r r

x x
x x z x

r r

x
c

r

ρ η

ρ η θ ω

ρ σ ρ σ ρ η

ρ η ρ θ ω

ρ

 
 
 
 

 
 + +
 
 

     
     − − −
     
     

   
   + +
   
   


+



∫

∫

∫ ∫ ∫

∫ ∫

∫





  

 





( )

( ) ( ) ( )

( ) ( )

1
21 1

11
2

2 2 2
2

22 2 2

2 2
22

12 2

d d

d   , d , d d
d 2

1 1       d d
2 2

 

n

n n n

n n

k
k k

kk
t

t

x
u x z x

r

x x xcF x u x F x u x x x
t r r r

x x
x x z x

r r

ρ θ ω

σρ ρ σ ρ η

ρ η ρ θ ω

+ +
++

     
      

           

     
     − − −
     
     

   
   + +
   
   

∫

∫ ∫ ∫

∫ ∫



  

 



( ) ( )
2 2

12
32 2      d d .

2 n n

k
t

x xc x x c z x
r r

σ ρ η ρ θ ω
+   

   + +
   
   

∫ ∫
 

         (39) 

By the Cauchy-Schwartz inequality and the Young inequality, we obtain 



Z. J. Wang, S. F. Zhou 
 

 
347 

( ) ( )
2 2 2

2 2
2 2 2

1d d d
4n n n

x x x
g x v x g x x v x

r r r
α σρ ρ ρ

α σ

     −     +
     −     

∫ ∫ ∫
  

              (40) 

( )( ) ( )( )

( ) ( )

( ) ( )

2 2 2

2 2 2 2

2
5
2 22

2 2
225

2 2

5

2d d

2 d d

2 2 1d d d
4

2

n n

n

n n n

t t

t tr x r

t t

x x xxz v x z v v x
r r r r

xc x v z x v z x
r r

x xc v z x v x z x
r r r

c

θ ω ρ θ ω ρ ρ

θ ω ρ θ ω

θ ω ρ ρ θ ω

< <

      
 ′     ∆ = − ∇ + ∇

            
 
 ⋅∇ + ∇ ⋅∇
 
 

   
   ⋅∇ + ∇ + ∇
   
   

∫ ∫

∫ ∫

∫ ∫ ∫

 



  





 ( )( ) ( )
2 2

2 22 2
2 2

1d d ,
4n nt t

x x
z v v x z x

r r r
θ ω ρ ρ θ ω

   
   ∇ + + ∇ + ∇
   
   

∫ ∫
 

             (41) 

( ) ( ) ( )
2 2 2

2 2
2 2 2

11 d 2 d d
4n n nt t

x x x
z v x z x v x

r r r
α σσ α ρ θ ω α σ ρ θ ω ρ

α σ

     −      + − − − + +      −      
∫ ∫ ∫
  

   (42) 

Then it follows from (37)-(42) that 

( ) ( ) ( )( )

( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )( )

( ) ( ) ( )( )

2
2 2 22

2

2
2 2 22

22

2
2 2

1 2 32

2
2 2 1 2 2

2

d 1 2 , d
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n

n

n

n

k
t t t
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v u u F x u x
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v u u c F x u x

r

x
c x x x g x x

r

x cc z z z x u v z
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ρ η η η

ρ θ ω θ ω θ ω
+

 
  + + − + − ∇ +
 
 
 
  − − + − − − ∇ −
 
 

 
 + + + +
 
 
 
 + + ∇ + + ∇ + + ∇
 
 

∫

∫

∫

∫











( )( )2
.tθ ω

        (43) 

Letting 

( )( ) ( )( ) ( ) ( )( ) ( ) ( )( )2 2 22
0 0 0 0, , , , , , 1 , ,X t X v t v u t u u t uω ω ω ω λ σ ασ ω ω σ ω ω= + + − + − ∇       (44) 

then, by (14) we have from (43) that 
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+
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 
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 
 
 
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 
 
 
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 
 

∫

∫

∫

∫











       (45) 

By using the Gronwall lemma, we get that 



Z. J. Wang, S. F. Zhou 
 

 
348 
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             (46) 

By replacing ω  by tθ ω− , it then follows from (46) that 
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        (47) 

By using (F3), there exists ( )1 1 , 0R R ε ω= >  , such that for all 1r R , 

( )( )( ) ( )
2 2

0 32 22 , , , d 2 dn nt t

x x
F x u t u x x x

r r
ρ θ ω θ ω ρ η ε− −

   
   −
   
   

∫ ∫
 

                (48) 

In what follows, we estimate the terms on the right-hand side of (47). By (5), ( ) ( )0 t tBϕ θ ω θ ω− −∈  and the 
fact that ( ){ }B ω  is tempered, we have that, there exists ( )1 1 , , 0T T B ε ω= >  , such that for all 1t T , 

( ) ( )( )( ) ( ) ( )( )( )
( ) ( ) ( )( )

2
2

0 0 0 02

2 2 1
0 0 0

e 2 , d e 2 ,

e 1 .

n
t t

t t t tE

kt
t t tE

x
X F x u x F x u

r

u u

δ δ

δ

ρ θ ω θ ω ϕ θ ω θ ω

ϕ θ ω θ ω θ ω ε

− −
− − − −

+−
− − −

 
  + +
 
 

+ + +

∫




 

      (49) 

Since ( )2 ng L∈  , ( ) ( )2
1 x Lη ∈  , ( ) ( )1

2 x Lη ∈   and ( ) ( )1
3 x Lη ∈  , then, there is ( )2 2 , 1R R ε ω= >  , 

such that for 2r R , the second term on the right-hand side of (47) satisfies 

( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )( )

2
2 2

1 2 320

2
2 2

1 2 32

e d d

   d .

n

t s t

x r

x
c x x x g x x s

r

xc x x x g x x
r

δ ρ η η η

ρ η η η ε
δ

−
 
  + + +
 
 
 
  + + +
 
 

∫ ∫

∫




 

                  (50) 
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Note that ( )j t jz θ ω  is tempered, ( ) ( )1
m

t j j t jjz h zθ ω θ ω
=

= ∑  and ( ) ( )1  1n
jh H j m∈    . By (8) with  

2
δ

= , there is ( )3 3 , 1R R ε ω= >  , such that for all 3r R , the third term on the right-hand side of (47) satisfies 

( ) ( ) ( )( )

( ) ( ) ( )( )
( ) ( )( ) ( )

2
0 2 2 1

2

2
2 12 2 10

2
1

2
2 1 2 2 10

2
1 1

0
2

e d d

   e d d

   e d d

   e

n

n

n

ks
s s st

m kks
j j j s j j j s jt

j

m mk ks
j s j j s j j j jt

j j

t

x
c z z z x s

r

x
c h h z h z x s

r

x
c z z s h h h x

r

c

δ

δ

δ

δ

ρ θ ω θ ω θ ω

ρ θ ω θ ω

θ ω θ ω ρ

+

−

++

−
=

+ +

−
= =

−

 
  + ∇ +
 
 

 
  + ∇ +
 
 

 
 + + ∇ +
 
 

∫ ∫

∑∫ ∫

∑ ∑∫ ∫

∫











 ( ) ( )
( ) ( )

2
2 2 1

2
1

2 2 1

1

d d

2   d

   .

n

ms k
j j j

j

m k
j j jx r

j

x
s h h h x

r

c h h h x

γ ω ρ

γ ω
δ
ε

+

=

+

=

 
  + ∇ +
 
 

+ ∇ +

∑∫

∑∫








          (51) 

Next, we estimate the forth term on the right-hand side of (47). Using (F3), replacing t by s and then ω  by 
tθ ω−  in (27), we have 

( )( ) ( ) ( ) ( )( )( )
( ) ( ) ( ) ( )( )1

2 2
0 3 0 0

2 2 1

0

, , 2 d e 2 , d

                                        e 1 d ,

n n
s

t t t tEE

s ks
t t t H

s x x F x u x

c z z z

δ

δ τ
τ τ τ

ϕ θ ω ϕ θ ω η ϕ θ ω θ ω

θ ω θ ω θ ω τ

−
− − − −

+−
− − −

+ +

+ + + ∇ +

∫ ∫

∫

 


         (52) 

it then follows that 

( ) ( )( ) ( )( ) ( )( )
( ) ( )( ) ( )( )
( ) ( ) ( ) ( )( )( )(
( ) ( ) ( ) ( )( ) )1

2 2 2
0 00

2 2
00

2
3 0 00

2 2 1

0 0

e , , , , d

   e , , d

   e 2 d e 2 , d

      e 1 d d

n n

t s t
t t t t s t

t s t
t t s t

t s t s
t tE

s tks t
t t t H

c u s u v s v z s
r

c s z s
r
c x x F x u x
r

cc z z z s
r

δ

δ

δ δ

δ
τ τ τ

θ ω θ ω θ ω θ ω θ ω

ϕ θ ω ϕ θ ω θ ω

η ϕ θ ω θ ω

θ ω θ ω θ ω τ

−
− − − − −

−
− − −

− −
− −

+−
− − −

∇ + + ∇

+ ∇

+ +

+ + + ∇ + +

∫

∫

∫ ∫ ∫

∫

 





( ) ( )

( ) ( ) ( )( )
( ) ( ) ( ) ( )( ) ( )( )

( ) ( ) ( )( )
( )

1

1

1

2

2 2 1
0 0 00

2 2 1

0 0

2 2 1
0 0 00

2 2
2

0 0
=1

e d

   e d

      e d d 1

   e d

      e

s t
s t

t kt
t t tE H

t s ks t
t t t H

t kt
t t tE H

mt kt s
j j j

j

z s

c u u s
r

c cz z z s
r r

c u u s
r

c h h h
r

δ

δ

δ
τ τ τ

δ

δ τ

θ ω

ϕ θ ω θ ω θ ω

θ ω θ ω θ ω τ γ ω

ϕ θ ω θ ω θ ω

−
−

+−
− − −

+−
− − −

+−
− − −

− +

∇

+ +

+ + ∇ + + +

+ +

+ + ∇ +

∫

∫

∫ ∫

∫

∑∫ ∫





( ) ( ) ( )( )

( ) ( ) ( )( )
( ) ( ) ( )( )

1

1

2 2 1
0 0 00

2 2 1

=1

d d 1

   e d

      1 .

t kt
t t tE H

m k
j j j

j

cs
r

c u u s
r

c ch h h
r r

δ

γ ω τ γ ω

ϕ θ ω θ ω θ ω

γ ω γ ω

+−
− − −

+

+ +

+ +

+ + ∇ + + +

∫

∑



     (53) 
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Since ( )γ ω  and ( ){ }B ω  are tempered and ( ) ( )1  1n
jh H j m∈    , then for any ( ) ( )0 t tBϕ θ ω θ ω− −∈ , 

there exist ( )2 2 , , 0T T B ε ω= >   and ( )4 4 , 1R R ε ω=   , such that for all 2t T  and 4r R , we obtain 

( ) ( )( ) ( )( ) ( )( )2 2 2
0 00

e , , , , d
t s t

t t t t s t
c u s u v s v z s
r

δ θ ω θ ω θ ω θ ω θ ω ε−
− − − − −∇ + + ∇∫            (54) 

Letting { }1 2max ,T T T=    and { }1 2 3 4max , , ,R R R R R=     , then, combining (48), (49), (50), (51) and (54), we 
have for all t T>   and r R>  , 

( )( )
2

02 , , d 5n t t

x
X t X x

r
ρ θ ω θ ω ε− −

 
 
 
 

∫


                         (55) 

which implies 

( )( ) ( )
2

0 \
, , 5n

r
t t E

tϕ θ ω ϕ θ ω ε− −
 

                            (56) 

Then we complete the proof. 

Let ˆ 1ρ ρ= −  with ρ  given by (35) and denote by 
2

2
ˆ ˆ

r

x
r

ρ ρ
 
 =
 
 

. Fix 1r  and set 

( )( ) ( )( )
( )( ) ( )( )

( ) ( )

0 0

0 0

ˆˆ , , , , ,
ˆˆ , , , , ,

ˆˆ .

r

r

t r t

u t u u t u

v t v t v

z z

ω ω ρ ω ω

ω ω ρ ω ω

θ ω ρ θ ω

 =
 =
 =

                           (57) 

Multiplying (9) by ˆrρ  and using (57) we find that 

( )

( ) ( )( )

( ) ( ) ( ) ( ) ( ) ( )2

ˆd ˆ ˆ ˆ ,
d

ˆd ˆ ˆ ˆ ˆˆ ˆ ˆ2 1 2
d

ˆ ˆˆ ˆ ˆ        , 1 .

t

r r r r

r r t t

u v u z
t
v v v v v u u u
t

u f x u g x z z

σ θ ω

σ α ρ ρ σ ρ ρ

λ σ ασ ρ ρ θ ω σ α θ ω

 = − +

 = − + ∆ − ∆ − ∇ ∇ + − ∆ − ∆ − ∇ ∇



− + − − + + ∆ + + −

         (58) 

Considering the eigenvalue problem 

2 2ˆ ˆ ˆ  in  ,  with  0  on  r ru u u−∆ = = ∂                             (59) 

The problem has a family of eigenfunctions { }i i
e

∈
 with the eigenvalues { }i i

λ
∈

: 

( )1 2 ,     i i iλ λ λ λ → +∞ → +∞      

such that { }i i
e

∈
 is an orthonormal basis of ( )2

2rL  . Given n, let { }1span , ,n nX e e= ⋅⋅⋅  and  
( )2

2:n r nP L X→  be the projection operator. 
Lemma 3 Assume that (F1)-(F4), ( )2 ng L∈   and ( ) ( )1  1n

jh H j m∈     hold. Let ( ){ }B ω ∈D  and  
( ) ( )0 Bϕ ω ω∈ . Then, for every 0ε > , there exist ( )ˆ ˆ , , 0T T B ε ω= > , ˆ ˆ= ( , ) 1R R ε ω ≥  and 

( ), 0N N ε ω= > , such that the solution ϕ of (9)-(10) satisfies for  -a.e. ω∈Ω , ˆt T∀  , ˆr R  and n N , 

( ) ( )( )
( )2

2

0ˆ , ,
r

n t t E
I P tϕ θ ω ϕ θ ω ε− −−


                           (60) 

Proof. Let ,1ˆ ˆn nu P u= , ( ),2ˆ ˆn nu I P u= − , ,1ˆ ˆn nv P v= , ( ),2ˆ ˆn nv I P v= − , ( ) ( ),1ˆ ˆn t n tz P zθ ω θ ω= ,  
( ) ( ) ( ),2ˆ ˆn t n tz I P zθ ω θ ω= − . Applying nI P−  to the first equation of (58), we obtain 

( ),2
,2 ,2 ,2

ˆd
ˆ ˆ ˆ

d
n

n n n t

u
v u z

t
σ θ ω= + −                              (61) 
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Then applying nI P−  to the second equation of (58) and taking the inner product of the resulting equation 
with ,2ˆnv  in ( )2

2rL  , we have 

( ) ( )( ) ( )( )
( ) ( )( ) ( )( )( )
( ) ( )( )( ) ( ) ( )( )

2 2 2 2
,2 ,2 ,2 ,2 ,2 ,2

,2 ,2

,2 ,2

1 d ˆ ˆ ˆ ˆ ˆ ˆ ˆ1 , , 
2 d

ˆ ˆ ˆˆ ˆ                    , , 2 , 

ˆ ˆ ˆˆ ˆ                    1 2 , , 

        

n n n n n n

n r n n r r n

n r r n n r n

v v v u v u v
t

I P f x u v I P v v v

I P u u v I P g x v

σ α σ λ σ ασ

ρ ρ ρ

σ ρ ρ ρ

= − − ∇ + − ∆ − + −

− − − − ∆ + ∇ ∇

− − − ∆ + ∇ ∇ + −

( ) ( ) ( )( ),2 ,2 ,2ˆˆ ˆ            1 , .n t n t nz z vθ ω σ α θ ω+ ∆ + + −

        (62) 

Substituting ,2ˆnv  in (61) into the the third, fourth and fifth terms on the left-hand side of (62), we have 

( ) ( )

( )

,2
,2 ,2 ,2 ,2 ,2

2 2 2
,2 ,2 ,2

ˆd
ˆ ˆ ˆ ˆ ˆ, , 

d
1 d 1ˆ ˆ ˆ                 ,
2 d 2 2

n
n n n n n t

n n n t

u
u v u u z

t

u u z
t

σ θ ω

σ θ ω
σ

 
= + − 
 

+ −
                     (63) 

( ) ( )

( )

,2
,2 ,2 ,2 ,2 ,2

2 2 2
,2 ,2 ,2

ˆd
ˆ ˆ ˆ ˆ ˆ, , 

d

1 d 3 1ˆ ˆ ˆ                   ,
2 d 4

n
n n n n n t

n n n t

u
u v u u z

t

u u z
t

σ θ ω

σ θ ω
σ

  
∆ = − ∇ ∇ + −     

− ∇ − ∇ + ∇

               (64) 

( ) ( )( )

( ) ( ) ( )

( ) ( )( ) ( ) ( )( ) ( ) ( ) ( )( )

,2

,2
,2 ,2

,2 ,2 ,2

ˆ ˆ, , 

ˆd
ˆ ˆ ˆ  , , 

d

ˆ ˆ ˆˆ ˆ ˆ  , , , , , , .

n r n

n
n r n n t

n u t r n n r n n r n t

I P f x u v

u
I P f x u u z

t

I P f x u u u I P f x u u I P f x u z

ρ

ρ σ θ ω

ρ σ ρ ρ θ ω

− −

 
= − − + − 

 
= − − − − + −

     (65) 

Using conditions (F1) and (F4), we have 

( ) ( )( )

( )

6
6 6 34

6 66 6

1

,2

1
,2 4 ,2

1 13 1
1 2 22 2

,2 ,2 4 ,2 ,2

3 1
14 4

11 ,2 1 4 ,2

2
,2

ˆ ˆ, ,

ˆ ˆ   

ˆ ˆ ˆ ˆ   
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1 2ˆ   
8 1

k

n u t r n

k
t n t nL LL L

kk
k

t n n t n nL LL L
k

k
n t n n t nH H

n

I P f x u u u

c u u u c u u

c u u u u c u u u

c u u u c u u

cu

ρ

η

η

λ λ η

σ σ
σ

−

−

−−
−

−
−−

+ +

− −

⋅ ⋅ + ⋅ ⋅

⋅ ⋅ ⋅ + ⋅ ⋅ ⋅

⋅ ⋅ ∇ + ⋅ ⋅ ∇

−
∇ +

−








( ) 1 1

3 1
2 22( 1) 22 2

1 1 4 ,
k

k
n t n tH Hu u uλ λ η

σ

−
−−

+ +

 
⋅ + ⋅  

 

               (66) 

( ) ( )( ) ( )
( )

( ) ( )
1

1

,2 1 ,2 1 ,2

1
2
1 ,2 1 1

22 1
,2 1 1 1

ˆ ˆ ˆ ˆ, , 

ˆ                                             

1 2ˆ                                             ,
8 1

k
n r n n n

k
n n H

k
n n H

I P f x u u c u u u

u c u

u c u

σ ρ σ η

σλ η

σ σ σ λ η
σ

−

+

−
+

− − ⋅ + ⋅

∇ +

−
∇ + +

−







             (67) 

( ) ( ) ( )( ) ( ) ( )( ) ( )

( )( ) ( )1

,2 1 1 ,2

,2 1 ,2

ˆ ˆ ˆˆ ˆ, , 

ˆˆ ˆ                                                 ,

k
n r n t n r n r n t

k
n n r n tH

I P f x u z c I P u I P z

c u I P z

ρ θ ω ρ η ρ θ ω

η ρ θ ω

− − + −

+ −




           (68) 
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it then follows that 

( ) ( )( ) ( )
( )

( ) ( )( ) ( )

1 1

1 1

3 1
2 2 22( 1) 22 2

,2 ,2 1 1 4

2
1
1 1 1 ,2 1 ,2

1 2ˆ ˆ ˆ, , 
4 1

2 ˆˆ ˆ                                             .
1

k
k

n r n n n t n tH H

kk
n n n r n tH H

cI P f x u v u u u u

c u c u I P z

σ σ
ρ λ λ η

σ σ

σ λ η η ρ θ ω
σ

−
−−

+ +

−
+

 −
− − ∇ + ⋅ + ⋅  −  

+ + + + −
−


   (69) 

By using the Cauchy-Schwartz inequality and the Young inequality, we have 

( ) ( )( )( )

( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )
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2

,24 2 2

6 5 5
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22 2
22 26 5 5
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ˆ ˆ ˆ1 2 , 

4 2 4ˆ ˆ ˆ ˆ  1 , 

8 2 4 2 ˆ   1

8 24 1 32 ˆ   
8

n r r n

n r r r n

n n n

n n n

I P u u v

x xI P u u u v
r r r

c c c
I P u I P u v

rr

c c c
I P u I P u v

r r

σ ρ ρ

σ ρ ρ ρ

σ

σ α σ
α σ

− − − ∆ + ∇ ∇

  
′′ ′ ′= − − − + + ∇ ⋅     
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           (70) 
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                   (71) 
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             (73) 

From (63)-(73) we can obtain that 
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r r

ρ ∇ + + − + − 
 

               (74) 
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Since 1nλ + → ∞  there exist ( )1 1
ˆ ˆ , 0N N ε ω= >  and ( )ˆ ˆ , 1R R ε ω= > , such that if ˆr R>  and 1

ˆn N> , then 
by (14) and the new norm 

E⋅  in (15), we have 

( )

( ) ( ) ( )( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( ) ( )( ) ( ) ( )

2

1 1
2

1 1
2

2
,2

22 2 2 2 22 1
,2 ,2 ,2 1

2 2 2 2

2 2 2 2 22 1 2
,2 ,2 ,2

d ˆ
d

ˆ ˆ ˆ    

ˆ       

ˆ ˆ ˆ    1

r

r

r

n E

k k
n n t n t t tH HE

n n n n r

k k
n n t n t t t nH HE

t

c z z c u u c u c u

c I P u c I P u c I P v c I P g x

c z z c u u u u I P

ϕ

δ ϕ θ ω θ ω ε ε ε η

ε ε ε ρ

δ ϕ θ ω θ ω ε

−

−

− + + ∇ + ⋅ + + +

+ − + − ∇ + − + −

− + + ∇ + + ⋅ + + + −









 ( )
( ) ( ) ( )( ) ( )( )1

2

2

2 2 2 26 6
,2 ,2 ,2ˆ ˆ ˆ    1 .

r

E

n n t n t t nH EE
c z z c u u I P

ϕ

δ ϕ θ ω θ ω ε ϕ− + + ∇ + + + + −




 (75) 

Using the Gronwall lemma, we have 

( )( )
( )

( ) ( )
( ) ( ) ( )( )

( ) ( )( ) ( )( ) ( ) ( )( )( )

2

2

1

2

,2 ,2,0

2 2 2
,2,0 ,2 ,20

6 6 2

0 0 00

ˆ , ,

ˆ ˆ   e e d

      e 1 , , , , , , d .

r

r

n n E

t s tt
n n s n sE

t s t
t nH E

t

c z z s

c u s u u s u I P s s

δδ

δ

ϕ ω ϕ ω

ϕ ω θ ω θ ω

ε ω ω ω ω ϕ ω ϕ ω

−−

−

+ + ∇

+ + + + −

∫

∫




        (76) 

By substituting ω  by tθ ω− , we can get from (76) that, 

( )( )
( )

( ) ( )
( ) ( ) ( )( )

( ) ( )( ) ( )( ) ( ) ( )( )( )
22

1

2 2 2 2
,2 ,2,0 ,2,0 ,2 ,20

6 6 2

0 0 00

ˆ ˆ ˆ ˆ, , e e d

e 1 , , , , , , d .

rr

t s tt
n t n t n t n s t n s tEE

t s t
t t t t t n t tH E

t c z z s

c u s u u s u I P s s

δδ

δ

ϕ θ ω ϕ θ ω ϕ θ ω θ ω θ ω

ε θ ω θ ω θ ω θ ω ϕ θ ω ϕ θ ω

−−
− − − − −

−
− − − − − −

+ + ∇

+ + + + −

∫

∫




  (77) 

We next estimate each term on the right-hand side of (77). Since ( ) ( )0 t tBϕ θ ω θ ω− −∈  and the fact that 
( ){ }B ω  is tempered, there exist ( )1 1

ˆ ˆ , , 0T T B ε ω= >  and ( )2 2
ˆ ˆ , 0N N ε ω= > , such that if 1̂t T>  and 

2
ˆn N> , then 

( ) ( )2

2
,2,0ˆe

r

t
n t E

δ ϕ θ ω ε−
− 

                               (78) 

Since ( )j t jz θ ω  is tempered, ( ) ( )1
m

t j j t jjz h zθ ω θ ω
=

= ∑  and ( ) ( )1  1n
jh H j m∈    , then, by (8) with  

2
δ

=  there are ( )3 3
ˆ ˆ  , 0N N ε ω= >  and ( )2 2

ˆ ˆ  , 0T T ε ω= > , such that for all 3
ˆn N>  and 2̂t T> , the second  

term on the right-hand side of (77) satisfies 

( ) ( ) ( )( ) ( ) ( )( )
( ) ( ) ( )

02 2 2 2
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22 20
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ˆ ˆ ˆ ˆe d e d
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δ δ
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ρ θ ω

−
− − −

−
=

+ ∇ + ∇

− + ∇
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




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20
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m
s

j s jt
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c z s

c

δε θ ω

ε γ ω
δ

−
=
∑∫



                        .ε

   (79) 
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Next, we estimate the third term on the right-hand side of (77). By (6), (18) and (33), 

( ) ( )( ) ( )( ) ( ) ( )( )( )
( ) ( )( ) ( )( ) ( ) ( )( )(

( )( ) )
( ) ( )( ) ( )

1

1

6 6 2

0 0 00

6 6 66
0 0 00

2

0

6 6
00

e 1 , , , , , , d

   e 1 , , , , , ,

      , , d

   e 1 , ,
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s s

c s z

δ
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ε θ ω θ ω θ ω θ ω ω θ ω θ ω
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−
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− −

−
− −

+ + + −
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c

δ
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ε ω ω γ ω

εδ ω ω γ ω
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− + + +

+ + +

∫



 

 

  (80) 

which implies that there exists ( )3 3
ˆ ˆ , , 0T T B ε ω= > , such that for 3̂t T> , 

( ) ( )( ) ( )( ) ( ) ( )( )( )1

6 6 2

0 0 00
e 1 , , , , , , d
t s t

t t t t t n t tH E
c u s u u s u I P s sδε θ ω θ ω θ ω θ ω ϕ θ ω ϕ θ ω ε−

− − − − − −+ + + −∫   (81) 

Let { }1 2 3max , ,N N N N=  and { }1 2 3
ˆ ˆ ˆ ˆmax , ,T T T T= . Then, it follows from (78), (79) and (81) that, for all 

ˆt T> , ˆr R>  and n N , 

( )( )
( )2

2

,2 ,2,0ˆ , , 3
r

n t n t E
tϕ θ ω ϕ θ ω ε− − 

                            (82) 

which completes the proof. 

3.3. Random Attractor 
In this subsection, we prove the existence of a global random attractor for the random dynamical system gener-
ated by (9)-(10). 

Theorem 2 Assume that (F1)-(F4), ( )2 ng L∈   and ( ) ( )1  1n
jh H j m∈     hold. Let ( ){ }B ω ∈D  and 

( ) ( )0 Bϕ ω ω∈ . Then the random dynamical system ( ),S tσ ω  generated by (9)-(10) has a unique global 
random attractor in E . 

Proof. Notice that the random dynamical system ( ),S tσ ω  has a random absorbing set ( ){ }A ω  in D  by 
Lemma 1. 

Next, we will prove that the random dynamical system ( ),S tσ ω  is asymptotically compact in E . 
Let mt →∞ , ( ){ }B ω ∈D , and ( ) ( )0 m mt tBϕ θ ω θ ω− −∈ . Using Lemma 1, we find that 

( )( ){ }0, ,
m mm t ttϕ θ ω ϕ θ ω− −  

is a bounded in E ; that is, for  -a.e. ω∈Ω , there exists ( )1 1 , 0M M ε ω= >  such that for all 1m M> , 

( )( ) ( )
2

2
0, ,

m mm t t
E

tϕ θ ω ϕ θ ω ω− −                              (83) 

By Lemma 2, we have that there are ( )1 1 , 0k k ε ω= >  and ( )2 2
ˆ ˆ , , 0M M B ε ω= > , such that for every 

2
ˆm M , 

( )( ) ( )1

2

0
\

ˆ , ,
m m n

k
m t t

E
tϕ θ ω ϕ θ ω ε− −

 
                            (84) 

In addition, it follows from Lemma 3 that there exist ( ), 0N N ε ω= > , ( )2 2 1,k k kε ω=   and 
( )3 3

ˆ ˆ , , 0M M B ε ω= > , such that for every 3
ˆm M , 

( ) ( )( ) ( )2 2

2

0ˆ , ,
m m

k
N m t t

E
I P tϕ θ ω ϕ θ ω ε− −−


                        (85) 
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Then, by (57) and (83), ( )( ){ }0ˆ , ,
m mN m t tP tϕ θ ω ϕ θ ω− −  is a bounded in ( )22N kP E  , which together with (85)  

implies that ( )( ){ }0ˆ , ,
m mm t ttϕ θ ω ϕ θ ω− −  is precompact in ( ) ( )2 2

1 2
0 2 2k kH L×  . Recalling (57), we find that  

( )( ){ }0, ,
m mm t ttϕ θ ω ϕ θ ω− −  is precompact in ( )2kE  , which along with (84) and (12) shows that the random  

dynamical system ( ),S tσ ω  is asymptotically compact in E . 
Then, by Theorem 1, the random dynamical system ( ),S tσ ω  generated by (9)-(10) has a unique global 

random attractor in E . 

4. Remarks 
In the present article, we have discussed the existence of a random attractor to the stochastic strongly damped 
wave equation with additive noise defined on unbounded domains. It is also interesting to consider the the same  

problem for stochastic strongly damped wave equation with multiplicative noise d
d
Wu
t

 . In this case, the  

coefficient   of the noise term needs to be suitable small, which is different from (1) that with additive white  

noise ( )1

d
d

m j
jj

W
h x

t=∑ , this is because that the multiplicative noise d
d
Wu
t

  depends on the state variable u , 

but the additive noise term ( )1

d
d

m j
jj

W
h x

t=∑  is independent of u . The authors will pursue this line of research  

in the future. 
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