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Abstract

The main purpose of the paper consists in illustrating a procedure for expressing the equations of
motion for a general time-dependent constrained system. Constraints are both of geometrical and
differential type. The use of quasi-velocities as variables of the mathematical problem opens the
possibility of incorporating some remarkable and classic cases of equations of motion. Afterwards,
the scheme of equations is implemented for a pair of substantial examples, which are presented in
a double version, acting either as a scleronomic system and as a rheonomic system.
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1. Introduction

Nonholonomous systems are beyond a doubt more and more considered, mainly in view of the important im-
plementations they exhibit for mechanical models.

From the mathematical point of view, the draft of the equations for such systems commonly matches the in-
troduction of the quasi-velocities and, starting from the Euler-Poincaré equations [1], several sets of equations
have been formulated.

The time-dependent case is probably more disregarded in literature: we direct here our attention especially to
rheonomic systems, admitting the holonomic and nonholonomic constraints and the applied forces to depend
explicitly on time.

The nonholonomous restrictions are assumed to be linear, so that the equations of motion can be written in the
linear space of the admissible displacements of the system, eliminating the Lagrangian multipliers connected to
the constraints.
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If on the one hand the use of quasi-velocities formally complicates calculations, on the other hand the final
form of the system allows computing the equations merely by means of a list of particular matrices, once the
Lagrangian function has been written and the quasi-velocities have been chosen.

We pay attention to keep separated the various contributions to the mobility of the system; the customary sta-
tionary case can be easily recovered from the general equations we will write.

An energy balance-type equation, which will be proposed in terms of the quasi-velocities, affirms the conser-
vation of the energy in the full stationary case and shows the contributions of the different terms in the rheo-
nomic context.

We will conclude by presenting some applications of the developed system of equations.

Most of the formal notation used onward is explained just below. For a given a list of variables y = (yl,---, yn) ,

the operator Vv, will compute the gradient V f =[£i] of a scalar funcion f,and J, calculates
1 n
the mxn Jacobian matrix of a vector v(y)=(v,(y),-.V, (¥)): (Jyv)_ j =6—‘, i=1--,m, j=1---,n.
1, yJ
Anywhere, vectors are in bold type and are meant as columns: row vectors will be written by means of the
0
transposition symbol . Moreover, 0, is the null column vector |---|eR", O,, isthe nxm null matrix,
0
O, the nxm null matrixand I, the unit matrix of size n.
2. Modelling the System
The theoretical frame we point and expand is contained in [2].
Let us consider a system of n point particles (P, m,), ---, (P,,m,) restricted both by x geometrical
constraints and by v kinematic constraints, x>0, v>0, u+v<3n:
Y(X,t)=0, @)
G(X,)X+G,(X,t)=0, @

where X eR®™ is the representative vector of the system and, for each fixed t, Y = (Yl,---,Y#) ‘R >R, G
is a matrix of size 3nxv, G, avectorin R".The constraint equations are assumed to be independent:

rank J, Y = ¢, rankG=v 3)

We first make use of the v integer relations (1) in order to write the system configuration by means of the
parametrisation X =X(q,t), where q= (ql,---,qé,) €QcR', ¢=3n-u are the local Lagrangian coordi-

nates. The velocity of the system X = (qu)q +% agrees with (1), but it must be consistent also with the

differential constraints (2) which are rewritten, in terms of the Lagrangian coordinates q and of the generalized
velocities ¢, as

a(a,t)a+B(at)=0,, a(qt)=G(X(a,t).t)(IX)eR™, B(qt)= g%ml eR" (4)

and B =0, in case of fixed constraints. The dynamics of the system is summarized in R* by Q-F-® = 0;,
where Q:(mSPl,---,mnPn> represents the momentum of the system, F, ®eR® respectively all active
forces and all constraint reactions (the i-th triplet concerning P ). The virtual displacements of the system at
each time t and at each position X are the vectors in X e R* such that [2]
JxY(va)X 0, )
G(X,1)X =0,
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givingineach X, tthe 3n—(u+v) dimensional linear space
€L
V=(span(VXY1,~~-,VXYy,gl,--~,gv>) cR*,

where G,,---,G, are the rows of G. At the same time, the assumption of smooth constraints @®-X =0
VvV X eV make us write

)% v __
D=4V, f +> 4G, (6)
j=1 j=1
where 2;, ZJ are unknown multipliers.
The projection of the dynamics equation on the subspace generated by the ¢ vectors Z—X i=1---,¢ (the

columns of J X), although such as space strictly includes V', if v >0, is anyhow noteworthy:

A
T, . d — _
(3X) (Q-F-@)=—(Vo£)-VoL=a'2 =0, Z=|- (7)
2‘1/
where we assumed F =V, 2/(X,t) and we defined the Lagrangian function
. 1, . .
L=T+U, T(q,q,t):Eq~A(q,t)q+b(q,t)-q+c(q,t) (8)

with A symmetric and positive definite matrix of size ¢ and U (q,t):u(x(q,t),t). The ¢ Equation (7)
written for the ¢+v unknown quantities q,,---,9,, 4,---,4, have to be considered together with the v
Equations (4).

In order to improve (7), we see from (4) and (5) that V' (virtual displacements) is the set of vectors

> 71

~ ‘ X
X:_Zl:yia—?: suchthat ay=0,, y=| -
) ) Ve

Owing to (3) and recalling (4), itis ranka =v , hence the solution of the come last linear system, which ex-

4
plicitly writes Yy ;(q,t)y; =0, i=1---,v is
-1

o

7i:Zri,j(qlt)77jv =1/ ©)
j=1
with T, appropriate coefficients and 7 =(m,---,n,) arbitrary factors in R”, o =/-v . We conclude that
A oX : L X :
X=>3T 1, Pl equivalently, the o vectors YT, 3 k=1---,0 formabasisfor V.
i-1j-1 d; i1 ;

At this stage, calling T" the matrix of size /xo and elements T, ; and noticing that the columns of
(JqX)F give the basis for V', the projection of the dynamics equation on ) gives, by virtue also of (6):

T, . T, . d
(1)1 (Q-F0) =1 (1x) (@-F) =1 [ 5(7,£)-v. ] o, 1)
where the effect of the nonholonomic constraints (through T') on the ordinary Lagrangian equations for hol-
onomic systems is evident (in the absence of (2), say v =0, both (10) and (7) are %(Vqﬁ)—vqﬁ =0,).

The o differential Equation (10) are for the ¢ unknown quantities g and they have to be combined to-
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gether with the v Equation (4). With respect to (7), they have the advantage of not exhibiting the multipliers
A.

Remark 2.1 Either Equation (7) or (10) can be employed not necessarily for discrete systems of point par-
ticles: once the Lagrangian coordinates have been selected and the Lagrangian function has been written, they
can be the same calculated.

The expedience of introducing quasi-velocities (or pseudovelocities) which have to be chosen in a suitable
way in order to disentangle the mathematical problem, is by custom performed in nonholonomic systems.

Following the adopted standpoint, the definition of the quasi-velocities steps in establishing a specific (and
convenient) connection between 7 and ¢

4 (

Ulzzzl,j(qvt)qj'"“//l(q!t): Ty nazzzﬂ,j(q’t)qj+wo(q7t) or 1]=Z(q,t)q+l//(q,t) (11)
j=1 j=1
Z1,1 Z,
- . . Zal Zo’(’ Z .. -
where z;; are required to guarantee that the square matrix of size ¢ ’ B is invertible. In
' Gy a
CZv,l av,f

this way, each set of kinetic variables  is linked to a singular set of quasi-velocities 7, and vice versa. More
precisely, (11) and (4) give

Ze ) o a2 (0 o)

where I is the same as (9) and ©(q,t) isa ¢xv matrix. The first system in (12) shows both the selection
on the coordinates ¢ of the tangent space J,X necessary to fulfill the restrictions on the system’s velocity
(leading to the subspace V) and the kinematic conditions themselves.

In order to express (10) as a function of the variables g, 7 and to eliminate ¢, it suffices to extract from
(12)

q(a.m.t)=T(a.t)(7-w(a.t))-0(a.t) #(a.t) (13)
and to define

L(ant)=L(aa(amnt).t)

(14)
:%[(U_W)'Ar(77—‘//)+ﬂ'A@ﬂ—z(ﬂ—‘//)‘Ar,@ﬂ]+b‘(r(77—'//)—®ﬂ)+c+U,
where
A (9,t)=TTAl, A,(qt)=TTA®, A,(q,t)=0"A0 (15)
By using the formulae (see (11))
VL=2"V,L, qu:qu+(JqT77)Q:r(ﬂ_w_wv,7~ (16)

where JqTry(q,ry,t) isthe ¢(xo matrix whose elements are, foreach i=1,---,¢, j=1---,0
L 07, o v oy,
((JJT]) :z L [Zrk,s (775 _V/s)_z®k,pﬂp]+_]

k=1 p=1

g, \s3 aq,
we can write (10) in terms of the demanded variables (we use ZI'=1_, see (12)):

q:r(’i_'//)_®ﬂ )i,j
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%(vnﬁ)—rTquWT(ZT -34n)V,L=0, (17)

Remark 2.2 Multiplying both sides of (17) by n and performing the customary steps leading to the energy
balance one finds

d s a ., OL . az\' o
E(f]V,]E-[,)-’-E—(@,B-Frl//)|:VqL+[Jq77+Ej Vﬂ£:|
(18)

oz . oy _d
I'n+—-2—(0p+I -V, L=
{at o2 (O V/)} "

In the stationary circumstance B=0, y =0, L= E(q,n) and Z=2Z(q) the Legendre transform
n-vV,L-L of L isconserved.
Our next step is writing (17) explicitly, sorting the terms in a suitable way: we start from the calculation

V,L(ant)=A(n-y)-AB+Ib,

Ve£(am)={-3(5w) A + 331 (A (1-9) -3 (A B (1-v)
(19)

+{%(JJ,3)% +%JJ(%ﬂ)+(JJw)Ar,@}ﬂ
+(330)(C(n-w)-08)+[ 37 (T(n-w)-08)|b+V,c+VU.
so that (17) takes the structure

A @07 +Q(a7.0)+ A@n6Awb) N (@t pwb)-A L on  Lor (VcWU—gt—bj 0, (20)

Provided that M) means the k-th column of any matrix M and defining for any k=1,---,¢/ the opera-
tion

o0, oy

DK(M){ [E—J Z! >Jr+ﬂT (21)

for a matrix M (q) of size¢ Nxo, the terms in (20) are defined by the following expressions, where (v),
means the k -th component of any vector v and A, =A.g:

Qlamt) ={ 3 (), 2 (A) =5 3 (3.47)r) |

A(q,n,t;ﬂ,w,b):‘{i(W)k (A >-—2Wr(“‘r )r) A F}"

k=1

{Ar@(J B)T—(Ao (3.8)T) Zﬁp( o)) +i(®ﬂ)ka(Ar)}n
{2

k=1

(), B (A )53 (1 A)) fw-S(rm), 2 (A0 )

1

o[ (00)-(0) P+ {20, 2 (0)- S (20)r ] fo

k=1 r=1
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(a.t; Bw.b) = {Ar@( B)0—(A(3,8)T) _%gﬁp((% (p))r) +§(®ﬂ)k2>k(%r)}ﬂ
+1A(J (qu)F)T—%éwr((JqAﬁ”)F)T+kZi‘i(Fw)k Dk(AF)}V/

[+
+{Ar
A ()0~ (Ans () 2w, B (A ) 5

k=1

)T (L)) -S4, (3421 E (08, 1y (A )

_rT[J b-(Jb T}(FW+®,B {(r(qu/)r)T+(®(Jqﬂ)r)T}b

S [ S l(007)r] - Erwo), n (0o

oA o ! oA, ! o’ (_oz
1 T o 2] o5
Equation (20) is sorted on the strength of the quasi-velocities 7 : Q is quadratic with respectto 7,,---,7,_,

A is linear with respect to the same variables and Z does not contain 7 .
Since A is a positive-definite square matrix and rankl'=o, even A. =TTAI' is a positive-definitt oxo

symmetric matrix. Hence, system (20) + (13) can be written in the normal form (nj =Y(n,q,t), where Y is
q

a list of /+o functions, whose regularity allows us to apply the standard theorems on existence and unique-
ness of solutions to first-order equations with given initial conditions.

Before commenting Equation (20), we remark that the o x N entries of the matrix D, (M) defined in (21)
are, foreach k=1,---,¢:

(D,(M)), =35, [azfvh_azr*]rh,ﬁ'\"iﬂ, =10, ol N )

h=ir-1 ag,  oqy a9,

We see now that a certain number of significant cases are encompassed by (20):
e merely geometric constraints, corresponding to o=/, v =0, so that (4) are not present and all the terms
containing B, © and the related quantities A, A., must be dropped in (20). Furthermore:
o selecting m=q (quasi-velocities are the generalized velocities) in (11) and (13) means

Z=I=I, A=A w=0,

so that in (20) are written with as
IP T OA
Q=Z{qu( A)-Z 4 (3,A) }q, A:{qu (3,0) +3 }q, N =0
k=1 t

thus the Lagrangian equations for geometric constraints (bearing in mind (22))

da, 1da,) . (b ab, da.)  ac oU b
a 4 + - ' +y | A S i R
Z”“’ rszl[aqs 2 0 jq“qs ;(aqr 20, atjqf oo, g ot

i=1---,¢,are achieved.
o establishing (11) as 7 =V,L=Aq+b (quasi-velocities are the generalized momenta) means

Z=A T=A"' A=T, w=b

In this case (13) together with (20) are the Hamiltonian equations for
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. p 1
H(qnfl:t)ZU'Q(qlﬂ,t)—ﬁ(q,n,t)ZEF(n—b)-(q—b)— -
indeed the firstone is q=I(7-b)=V,H, whereas (20) reduces to

I (0,t)7+Q(q,7.t)+A(g,7,t:b)+N(g,t;b)-T(V,c+V,U)=0, (23)

with

Q(amt)=-3(rn), T(3,A") Fﬂ——an( r) g

k=1 k =1

A(a,7.t8.w,b)=-T(3,b)" Fn—%kﬁmf(JqF(k’ )T b+ i(rb)k r(J,A% )T 'y
=1

k=1

N (a,t;b) =T'(3,b)’ rb+%ﬁbkr(3qr<k>)T r
k=1

(actually from TA=1, one deduces D, (F):—F(J A )) r and F%:—a—FA so that, also considering
K ot ot

b =y , many terms are cancelled).
T T
Since (JqA(k)) - —(qu(“)) AY forany hk=1,--,¢,itis

Q+A+N =r{%é(nk —bk)(qu(k))T _(qu)T r}(n—b) =TV, (%F(n—b).(n—b)j

therefore (23) is T'p=-T'V H , as stated.
e Stationary case, where the different contributions producing the dependence on t must be dropped. If one
is dealing with a scleronomic system (covering many of common instances), the constraints (1), (2) reduce to

Y(X)=0 (24)

"

G(X)X =0, (25)

Conditions (24) entail X =X(q) and £(q,q) =%q -A(q)g+U(q) (if even the forces are independent of

time), on the other hand (25) implies g =0.
Equation (11), if one reasonably chooses w =0 and Z independent of t (otherwise, changes will be ob-
vious),is n=27Z(q)q.Since A =N =0_, system (20) + (13) drastically simplifies to

A-(a)n+Q(a,7)-T"V,U =0, (26)
q=r(a)m,
or, index by index, calling b, ; the entries of the matrix A., i, j=1---,0 and having in mind (22)
ouU . ]
Zbll"]r-’_zgr nns — Z |8_:01 |:1,---,O',
r,s=1 h=1 h (27)
quzrp,j(qll.”lqﬁ)njl pzli...if'
j=1

where QU is, for each index i, the square matrix of order o

) ‘ o 0z, 0z, ob, . ob,
Qr(ls) (qlv“':Qn ) = Z [rk,irh,s b, ; (_J'k — J+rh,s — _lrh,i — j
1 i1

hok= aq, g, aq, 2 aq,
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Equations (27) are identified with the Boltzmann-Hamel Equations (17) for the Lagrangian function
Z(q,n):%n-AﬂHU (see [3] [4]). In this case the Legendre transform %nArn—U is a first integral of

motion, see Remark 1.2.

e Reduced Lagrangian function for geometric constraints: in case of v cyclic variables q -0, o=L-V,

o+l

(4) can play the role of the v relations derived from the first integral of motion p; =Z—_£, i=o+1--,¢,

4
that is >'a 4, +b —p; =0, i=c+L--, (. Assuming that det(a, )#0, r,s=oc+1-,7, it s possible
=

ij? ij

to acquire, according to (13), g, :Zajr”qj -0,;(b;—p;), i=o+1--,¢, where T,;, © and b depend
=

onlyon (qy,---,q,,t). At this point, setting 7 =d,, ---, 7, =g, we have, with respect to (11) and (12),
Z=(0 I,) and T’ =6,, (Kronecker’s delta), r,s=1--,0. Equation (20), which writes simply

%(Vﬂﬁ) = FTVqZ , are the equations of motion for the reduced Lagrangian

oxV

£(dmt)=£(a”) 16, (@ mit) 0 (0 ) ),

o

with 7= (m,--,12, ) q(”)z(ql,-..,qﬂ); on the other hand, g (q("),n,t)= Fi,jﬂj—®i,j(bj—pj) for
=1

i
i=oc+1,---, ¢, are the so called reconstruction equations.

3. Some Applications

We adopt now Equation (20) in order to formulate a couple of remarkable mechanical systems, each of them in
a double form, as scleronomous and rheonomous model.

3.1. Pendulum on a Skate

Consider a system of four points {P.,P;,P;,P,}, P- and P, equidistant and lying on a horizontal plane,
P, equidistant from P. and P,, P, oscillating around O,, equidistant from P. and P, and coplanar to
the latter pointsand P, (see Figure 1).

The system represents a simple model for the motion of a bicycle, as exhibited in [5]: the mass in P is
added on order to sketch the rigid structure of the bicycle (justas P. and P, represent the front and the back
wheels), as well as the pendulum P, simulates the movement of a driver.

Let O be a fixed point on the horizontal plane containing P and P,, k the ascending vertical versor,
C the midpoint of the segment P,P- and O,C perpendicular to the same segment: the geometrical con-

straints (1) are written by means of the constant assigned values p, x, «x, as
P.-P,=2p, RC=x,, OP,=x, (P.-0)k=0, (P,-0)-k=0, 28)
(R, -C)-(P--P,)=0, (P,-C):(P--P,)=0

Since the constraints are independent and n=4, we have u=7, ¢=5. Setting a fixed reference system
{O,(i,j,k)} and the angle ¢ between P.-P, and i, the angle ¢ between P, -C and k, the angle 6,
between P, -0, and -k, one defines the orthonormal versors

e, = Cosgi +singj, e, =-singsingi+sindcosgj+cosok , e, =-singsingi+sing,cosgj—cosgk

so that P. P, =2pe,, P,-C=xe,, O,-C=(x+x,)e,, P,—O =xe, and choose the five parameters
q=(%.Yc. 40,6, aslagrangian coordinates, where X.i+y.j=C-0.

Opting for considering the segment P,P- as a rigid bar of mass M (instead of a discrete point system, although
not significant), the Lagrangian function (8) is written with b=0, c¢=0, U =-u,gcoséd+xm,gcosé, and
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Figure 1. A simple model for the motion of a bicycle.

M; 0 —F,(6,6,)cosg —vcososing  —myxcos6sing
0 M, —F,(60,6,)sing  v,cosfcosp  myKCOSH,COSP
A=|-F,(6,6)cos¢p -F(6,6)sing  F,(6,6) 0 0
—u,c0sfsing v,C0sOCOS P 0 v, ,c08(0+6,)
—MykCOSHSING  M,KCOSH,COSPH 0 ,c08(0+6,) myx”

where M; =M +mg +m, is the total mass and

v =Mk, +My (i +K,), 0, =Mk +my (i +/<2)2 Uy =Mk (K +5,),
F.(0,6,) = vsind +myxsing,,
F,(6,6,) =1 +myx’sin®g, + v,5in’6 + 2my & (x; + K, ) sinBsing,.

(29)

The only one kinetic constraint concerns with the velocity of the back “wheel” P, to be aligned with the

segment:
PB ne, =0
— . R, . . R
or szm¢—yCcos¢+E¢:O,that is (4) for v =1, a:(sm¢,—cos¢,?0,0], p=0.

Hence o =4 and the four quasi-velocities (11) are selected by setting

lcos¢ isin(/ﬁ 000
Yy P

Z= —isin¢ icos¢ 0 0 0| and y=0.
P P

0 0 010
0 0 0 01

(30)
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Furthermore, (12) gives

pcosg —psing 0 O
psing  pcosg 0 O
= 0 1 00
0 0 10
0 0 01
so that
M, p? -pF 0 0
A - -pF,  F,+p°M; pUCOSO  pMyKCOSH,
0 p,C0S6 v, ,c08(6+6,)
0  pmyxcos, v,cos(0+6;) my &

By computing the first line in (26) one finds the four equations of motion
. . oF, oF,
Py = PPty =(F, + p°My )12k + pFomm, —p(010059+a—91j772773 —p(mDKCOS@ +a_(glJ772774 =0,
1

_pF1771 +(F2 +p2MT )772 +P01ﬁ30059+PmDKﬁ400391 + ,DF17712 - 2,0F17722 _pU177§Sin9_meK77§Sin91

oF, oF
+(:02MT - F2)771’72 _98_91(771773 +771’74)+a_92(772773 +772’74) =0,

PUTI,C080 + U175 + My k(i + K, ) 17,608 (0 + 6, ) + (pulcose —%%}75 —vgmisin(0+6,)+ p%mnz

+ (Uz —gulsin 0)772773 +0y1,17,08 (6 + 6, ) —v,0sin 6 =0,

M &pCOS A1}, + Ly,5iN (6 +6,) + My, +[meKCOSH—%%jﬂZZ —vyisin(6+ 01)+p%771772
1 1

+Uy17,17,€08 (0 + 6, ) + My 1,1, + KM gsing, = 0.

joined with the conservation of the quantity 7-V,£-L.

3.2. Assignment of the Front Motion

We modify the previous model by forcing the velocity of the front “wheel” to be a known function of time (a
simpler version was considered in [6] for the motion of a bike): P (t)-O =x. (t)i+ yg (t)j. With respect to
(28), time t enters explicitly the geometrical constraints and the fourth one has to be removed. Hence, in this
example we have n=3, u=6, (=3 and we choose q=(¢,6,6,). The midpoint C is located by
C -0 =(x. (t)— pcosg)i+(y. (t)— psing) j and the Lagrangian function (8) is written with

1 0,
= 2 _pMTﬂ - Fl_ﬂ
, +p My —puCosed  —pmykCOSH, 2 o0¢ L
A=| —puvcosb, v, v,cos(0+6,) |, b=| —vBcosd |, c=5M; (%2 (1) + 92 (1))
—pMpxCosl, v,cos(0+6;) mpx° —m,xBC0s b,

whereas U is the same function. .
The constraint (30) is now X (t)sing— Yy (t)cosg+2pp=0, that is (4) for v=1, a=(2p,0,0)
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B =% (t)sing -y (t)cosg . Choosing 7,0, n, =6, we have simply

00 2
010 Y(2p) v, v,Cos(0+6,)
z= , T=[1 0|, 6= 0 | A= )
0 01 0 1 0 ;c08(6+6,) MpK

Equation (20) are written with

oK
: 1 |1 | o6 +%( 0,C080 ]

. m,
=—0,5In(0+ 6, , A=0, N=——f|—
Q=essin J[an 157257 | o, | " op\ morcose,

00,

and correspond to

V.17, + Uy17,€08 (6 + 6, ) — v,sin (9+91)7722 —#(XF (t)sing— . (t)cos¢)2 oF,

00
_i(XF (t)sing — ¥, (t)cosg) (X (t)cosg+ Y (t)sing)uv,cos0 —v,gsing =0,
0,77,008 (0 + 6,) + My %1, —visin (6+6,) 17 (% (t)sing — . (t)cosg)” (2%
1

—%()’(F (t)sing— ye (t)cosg)(X: (t)cosg+ Ve (t)sing) myxcoss, +myxgsing, =0.
0

The energy balance (18) writes %(n-vﬂﬁ—i):@)ﬂvqi—% and the function in the right side of the

latter equality is

2
F F,
E‘P[lﬂ(MT __sz_j%_nlulcose_UZmDKcosel]_iFlﬂ[a_\lj-i_i(%j J"' M, (XFXF +Ye yF)

2 (2 2p o¢ o 2p\o¢
with \y:(%-ﬁﬁj.
ot 2p og

3.3. Rolling Disk with Pendulum

A different version of the model 3.1 lies in replacing the bar with a disk and obtaining the unicycle with rider
model presented in [7] (see Figure 1 again, replacing the bar with the disk). The system we consider here is a
disk of diameter 2R and mass M , in addition to the same points P, (with mass mg)and P, (with mass
P, ). We directly choose the coordinates (see Remark 2.1) q= (xc,yc,¢,¢1,9,491) where the new parameter
¢, is the angle of rotation of the disk around the axis perpendicular to the disk and passing through the centre.
The Lagrangian function is written with U = —0,gcosé@ + m,gxcosé, and

M, 0 —Iflcosqﬁ 0 —-p,cos@sing  —myxcosésing
0 M- —Iflsinqﬁ 0 0,0S0C0S¢  —MyKCOSH,COS¢
—Iflcos¢ —Iflsinqﬁ If2 —lpsing 0 0
A= 0 0 “lpsing 1, 0 0
—0,c0s6sing 0,€0s6cos ¢ 0 0 0, +% I v,c08(0+6,)
—MpkCOSHSiNg  —MykCOSH,COSP 0 0 v,c08(0+6,) myx*
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where 1, :%MR2 and (see (29))

0, =v, + MR, 0, =0, + MR?,

E(6.6)=F,(6.6,)+MRsing, F,(6,6)=F,(6.6)-1, +(MR2 +%IDjsin29+%lD.

The kinematic constraint of rolling without sliding entails the zero velocity of the contact point C :

%. = §Rcosp, Y. = @Rsing (31)
1 0 0 —Rcosg 0 0
which is (4) with v=2, o= cosg and B=0.
01 0 —Rsing 0 O

Thistime o =4 and the choice

oL oL

™ :6_¢: ﬁz(é_ o dhsing - lel(xocos¢+XYCC05¢)' 7, :%: lodh —lodsing, n,=6, n,=6
leads to
—Iflcos¢ —Alsin¢ If2 —l,sind 0 0O
S| 0 0 —lsing 1, 00
0 0 0 0 10
0 0 0 0 01
I, Rsindcos¢ lezcosqﬁ 0 0
I Rsingsing ~ RFsing 0 0
r.1 I I,sin@+RF, 0 0
S| 1.sing F, 00
0 0 o 0
0 0 0 ¢
where §(6,6,) = IDIf2 - IDsinH(IDsinGJr lel)>0. Moreover
b, by, 0 0
b, b,, 0 0

A=l0 0 52+%|D v,C0s (0 +6,)

0 0 wvcos(0+6,) &2+%ID

with

o
s

I,siné ) -
[1+ 5 (MTRsmH—RFl)j,

'Dsme[ug[MTRlﬁz ~(1sin6+ RF, 'ﬂ}’

bl,l(g!‘gl) =

b,(6.6,)=b,,(6.6,)=

b,,(0.6,) :%(H;[MTR@ ~(15in0 + RF,) Ile.

and the corresponding equations of motion (20) are
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b11771+b12772+771773(b1 G, —b,,G, +abl J+771774(b1 G, +8b1
00 00,

b ab,, ~
+10577, 2,1G2+% =0,

1

0, 171 + b, 571, — 171 (qus +b,,Gg — 20

b, .G ot =0
+ 10,7, | —0,4 4+¥ =Y,
1

1 .
(Uz 2' Jﬂs U3774COS(‘9+‘91)_7712[bL1 1

ﬂiﬂz[qu blG bzzG blG

ob, ab,, ob,
_2) +17, [b1,1G4 - J YPUE (bz 1G, b, ,Gq - 22 j

ob, ,
+1,75| 0,6, =D, ,G5 +— 20

1

06, 00

1b,
G +§ HJH]Z (bZlG +b, ,Gs -

1 ab, ,
2 00

ob, A
6? = |~ pyn2sin (0 +6,) - 0,gsind =0,

2 00,

0 b
—U17,€08 (0 + 6, ) + Mp k1, —Ulz(bl,le += 1b, j+7722 (b G, _lij

ob,,
+mm, | b,,G, —b,G, + 20

1

where

I, [ oF
Gl (9, 01): D [8—62—

5
|
62(0,91)23

06,
1
G,(6,6,) g[('o+
1
G,(0,6)=
0a)-3
|2
65(9,91)=FD0059,
G (0.6, ——D
(0.0)=
3.4. Assigned Rotational Velocity of the

We finally consider the same system with the

= szchfzcosel —(IDsin9+ Rﬁl)%j,
1

2 00,

' ]—u37732sin (0+6,)+myxsing, =0.

(1, + Rﬁl)cosesinHJ,

(ﬁ— myxRcosgjsin 6’]

RO, ) Ifzcose—(lein9+ Rﬁl)%}

( pSinég + lel)cosa.

Disk
differential constraint (31), but ¢ = ¢ (t) assigned (we may

think about an engine-driven motor bike or electric bike): in that case q :(xc,yc,¢, 9,91) and (4) is setted

1
with v=2 and «= 000 O,ﬂ:
01 000

—4, (t)Reosg
~gRsing |

The Lagrangian fucntion (8) is written with A the same as in the previous Example 3.1, except for removing

the fourth row and the fourth column, and b =

0
0
~1,sind |, ¢ :%Iinf (1)) In the matter of (11), which has to
0
0
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be written for o =3, if one defines the quasi-velocities 7, =

m,=6, n,=6, onegets =0 and
—Iflcos¢ Ifs ng

0 0

Z= 0 0

1 0

0 1

Calculating the products in (15) gives

Ar,@ =

A, =

2—¢ =F¢-F . (%.COS¢ + Xy COSP) —
“ 0 0O 1
r 00 0 0O 0 1
0 1 0 1 ~ “
0 0 1|, '=s|= 0 0|, ©=|=cos¢g —=sing
F, F F
0 00 2 2
0 0 O 0 1 0 0
0 1 0 0
i 0 0
FZ
0

D +%ID ,c08(0+6,)

0 wv,c0s(0+6;) my &
0 0
—0,c0s6sing v,cosfcosg |,

—Mp&C0SH;Sing M,k COSH,COSP

F2 F2
M, ——1-cos’¢ ——1-singcosg
FZ 2
£ £
——Lsingcosp M, ——-sin’g
F2 FZ

and the computation of (20) gives the three equations of motion

1.
=T
2 2 2

1((~ 1 . .
?((Uz +E|Dj772 +U3COS(9+91)773]—
2

00
+::TD¢1(t)771cosH+¢5f (t)(% Rzi(%J+ lo ((ZID + Rﬁl)sinecosﬁ—zi% Rsing — F,Rcos® J
2

00

2

—0,05in0 =0,

+% Io, (t)m,c080 + 4 (1) R%(Olnzcose+ My &77,C086; ) —

2

oF, @ () sin@ + Re (t )Fl

12
F2 060 ]

[

2

1 1 1 oF,
ﬁ—(uacos(9+9)772+m K 773)+F¢1(t)(mo’<R00391—< bSing + RF) 86’1]771

2

2 06

R0

4. Conclusions

2

F} o —2sin@| myxcosd, — 2R—ai +mpxgsing, =0.
I\ R, F2 F, 06,

17,0,0056 — R} (t )—

I (t)sing,

::TDq}l (t)nzcos6’+% 1,4 (t)Rcosd =0,
2

oF,

The paper aims at formulating a general scheme of equations for rheonomic mechanical systems exposed to ei-
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ther geometrical (1) and differential (2) constraints. We pay special attention to tell apart the different contribu-
tions due to the explicit dependence on time, deriving from the holonomous constrictions (via b and ¢ of (8)),
the nonholonomous constrictions (via B of (4)) and the definition of quasi-velocities (via ) of (11)).

Since the equations of motion are projected in the subspace of the velocities allowed by the constraints (both
holonomous and nonholonomous), the Lagrange multipliers are absent from the equations.

The procedure proposed by (20) requires only calculation of the Jacobian matrix of vectors and the algebraic
multiplication of matrices and vectors.

Making use of quasi-velocities renders the equations versatile to more than one formalism and, as it is known,
the appropriate choice of them meets the target of facilitating the mathematical resolution of the problem.

The last point is part of the matters listed below and which will be dealt with in the future:

-Find an appropriate choice of the quasi-velocities in order to disentangle (20) from (13) as much as possible,

-Make use of the structure of the equations and of the properties of the various matrices involved in order to
study the stability of the system,

-Take advantage of some peculiarity of the system in order to refine the set of equations and achieve informa-
tion.

The latter subject is faced in [8] [9] for the stationary case by means of a robust and complex theory in con-
nection with symmetries in nonholonomic systems.
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