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Abstract

The traditional combinatorial designs can be used as basic designs for constructing designs of
computer experiments which have been used successfully till now in various domains such as en-
gineering, pharmaceutical industry, etc. In this paper, a new series of generalized partially ba-
lanced incomplete blocks PBIB designs with m associated classes (m = 4, 5 and 7) based on new
generalized association schemes with number of treatments v arranged in w arrays of n rows and /
columns (w22, n 2 2,1 2 2) is defined. Some construction methods of these new PBIB are given
and their parameters are specified using the Combinatory Method (s). For n or I even and s divisor
of n or I, the obtained PBIB designs are resolvable PBIB designs. So the Fang RBIBD method is ap-

r

plied to obtain a series of particular U-type designs U (wnl;

) (r is the repetition number of

each treatment in our resolvable PBIB design).
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successfully till now in various domains. Among the various construction methods of these designs, the tradi-
tional combinatorial designs can be used as basic designs (example: [1] [2]) and particularly the PBIB designs.
The association schemes of two or three associated classes have been widely studied, while it is not the case of
those over three associated classes. However, some association schemes with five associated classes have been
studied (example: [3]). Besides, a method to obtain new association schemes by crossing or nesting other asso-
ciation schemes was given by Bailey [4] using the character tables and strata of the initial association schemes to
find the parameters of the obtained association schemes.

In this paper, new association schemes with 4, 5 and 7 associated classes are described starting by a geometric
representation. The parameter expressions of these association schemes are given. Moreover, some methods to
construct the PBIB designs based on these association schemes are explained using an accessible construction
method called the Combinatory Method (s) [5], which allows obtaining a series of PBIB designs by only using
these association schemes. The parameters expressions of these new designs are given. In addition, for n or | even

and s divisor of n or I, the obtained PBIB are resolvable PBIB. Then, a series of U-type designs U (wnl;vg—nl j
s

(r is the repetition number of each treatment in the resolvable PBIB design) is obtained by applying the RBIBD
method [6] on these designs.

The paper is organized as follows. In Section 2, we give new definitions of generalized association schemes
with m (= 4, 5 and 7) associated classes, starting by geometric representation and we give their parameters as
properties. Section 3 describes a series of construction method using the Combinatory Method (s) for obtaining
the PBIB designs associated to our generalized association schemes. We give the series of the U-type designs
associated to our constructed PBIB designs in Section 4. We achieve our paper with a Conclusion.

Recall some definitions:

Definition 1. An m-association scheme (m > 2) of v treatments [7] is a relation satisfying the following condi-
tions:

1) Any two treatments are either 1%, 2", -, or m™ associates. The relation of association is symmetric, i.e., if
the treatment o is an i" associate of 4, then f is an i"" associate of a(i =1, 2,---m) .

2) Each treatment « has n; i associates, the number n; being independent of a(i =1, 2,---m) .

3) If any two treatments « and S are i associates, then the number of treatments that are j™ associates of
o and k™ associates of § is p‘jk and is independent of the pair of i associates « and (i, j, k=1, 2,---m).

The numbers v, n; (i =1, 2,~-m) and p‘jk (i, j,K :1,2,---m) are called the parameters of the association
scheme.

Definition 2. A PBIB design [7], based on an m-association scheme (m > 2), with parameters v, b, r, k, 4;
i=12,---m, is a block design with v treatments and b blocks of size k each such that every treatment occurs in
I blocks and any two distinct treatments being i associate occur together in exactly 4; blocks. The number 4 is
independent of the pair of i" associates (i=1,2,---m).

A parallel class of PBIB is a collection of disjoint blocks from the b blocks whose union is V. A partition of
the b blocks into g =b/r parallel classes is called a resolution, and PBIB design is resolvable if it has at least
one resolution and it denoted by RPBIB design.

The Combinatory Method (s) [5]:

Let an array of n rows and | columns as follows:

ain a2 “ee ayj oo a
az axn e ay; oo az
ai1 aiz e ajj oo ail
an1 an2 A anj s anl
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Consider s different elements of the same row i (2 <s< I), and associate with them s other elements of a
row i’ (i’ * i), respecting the correspondence between the elements a;; and &, . Bringing together the 2s ele-
ments in the same block and making all possible combinations, we obtain a partially balanced incomplete block
design of size k=2s.

Definition 3. Let U (v; ql,-‘-,qr) denote a design of v runs and r factors with respective q,,---,q, levels.
This design corresponds to an v x r matrix X =(x*,---,x") such that the i"" column X' takes values from a set of
;i elements, say {1,~-,qi}, equally often. The set of all such designs, called U-type designs in the statistical li-
terature, is denoted by U (v;q;,---,q,). Obviously, v must be a multiple of g; (1<i<r). When all the g;
(13 i< r) are equal to g, we denote it by U (v;q“). Note that the rows and columns of X are identified with
the runs and factors respectively [6].

2. Generalized Rectangular Right Angular Association Schemes (m)
(m =4, 5 and 7 Associated Classes)
2.1. Generalized Rectangular Right Angular Association Scheme (4)

Let V be a set of v = wnl treatments, (w > 2, n> 2, | > 2), to which we associate a geometrical representation in
the following way:
Each treatment of V is associated with a unique triplet of the set A'U---U A U---U A" where:

A ={(xy,2)eN*/i<x<l,1<y<n z=g}, g=1--w

Let o beatreatment of coordinates (Xx,y,z)e A°

(x,y',z") e AY/X' # X, y’=y} corresponds to the treatments 1% associated to ¢

{ (x,y',2")e AS/X =X,y = y} corresponds to the treatments 2™ associated to « .
{ x y, z e Ag/x XY # y} corresponds to the treatments 3" associated to « .

o A= {(x’, y,z')eAY, g = g} corresponds to the treatments 4™ associated to « .

This geometric representation describes a new association scheme, we call it for convenience, generalized
rectangular right angular association scheme (4) with four associated classes, to which we give the following
equivalent definition:

Definition 4. A generalized rectangular right angular association scheme (4) is an arrangement of v = wnl (w >
2,n>2,1>2) treatments in w arrays of n rows and | columns such that, with respect to each treatment « :

1) The first associates of « are the other treatments of the same row in the same array.

2) The second associates of « are the other treatments of the same column in the same array.

3) The third associates of « are the remaining treatments in the same array.

4) The fourth associates of « are the other treatments of the other arrays.

Property 1. The parameters of generalized rectangular right angular association schemes (4) are:

v=wnl, n=1-1, n,=n-1, n,=(n-1)(1-1), n, =(w-1)nl

-2 0 0 0
b 0 0 n-1 0
10 n-1 (1-2)(n-1) 0

0 0 0 (w-1)In

0 0 -1 0

0 n-2 0 0
"= 0 (1-n(n-2) o

0 0 0 (w=1)In
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0o 1 -2 0

1 0 n-2 0
"=l n2 1-2)n-2) o

0 0 0 (w-1)In

0 0 0 -1
o |0 0 0 n-1
‘1o o 0 (1-1)(n-1)

-1 n-1 (1-1)

—~

n-1) (w-2)In

Definition 5. A PBIB design based on a generalized rectangular right angular association scheme (4) is
called generalized rectangular right angular GPBIB, design.

2.2. Generalized Rectangular Right Angular Association Scheme (5)

Let V be a set of v = wnl treatments, (w > 2, n> 2, | > 2), to which we associate a geometrical representation in
the following way:

Each treatment of V is associated with a unique triplet (of coordinates) of the set A'U---UA? U---UAY
where:

A ={(xy,2)eN*/i<x<l,1<y<n z=g}, g=1--w

Let o beatreatment of coordinates (X,y,z)e A°

(x,y, 7' eAg/x XY = y} corresponds to the treatments 1% associated to ¢

(x,y',2")e AS/X =X,y = y} corresponds to the treatments 2™ associated to « .

{ X',y ,z € Ag/x XY # y} corresponds to the treatments 3" associated to « .
{ (x,yz")e AY g 2g/y = y} corresponds to the treatments 4" associated to o .

o Ad= {(x’, y,2)eAY, g = g/y = y} corresponds to the treatments 5™ associated to « .

This geometric representation describes a new association scheme, we call it for convenience, generalized
rectangular right angular association scheme (5) with five associated classes, to which we give the following
equivalent definition:

Definition 6. A generalized rectangular right angular association scheme (5) is an arrangement of v = wnl (w
>2,n>2,1>2) treatments in w (n x I) rectangular arrays such that, with respect to each treatment « :

1) The first associates of « are the other treatments of the same row in the same array.

2) The second associates of « are the other treatments of the same column in the same array.

3) The third associates of « are the remaining treatments in the same array.

4) The fourth associates of « are the treatments of same row as « , of the other arrays.

5) The fifth associates of « are the remaining treatments in the other arrays.

Property 2. The parameters of the generalized rectangular right angular association schemes (5) are:

v=wnl, n=1-1, n,=n-1, n,=(n-1)(1-1), n,=(w-1)I, ng=(w-1)(n-1)I

I-2 0 0 0 0

0 0 n-1 0 0
P=| 0 n-1 (I-2)(n-1) 0 0

0 0 0 | 0

0 0 0 0 (w-1)(n-1)I
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0 0 -1 0 0
0 n-2 0 0 0
R=[1-1 0 (I-1)(n-2) 0 0
0 0 0 0 |
0 0 0 I (w-1)(n-2)I
0 1 1-2 0 0
1 0 n-2 0 0
p=|1-2 n-2 (1-2)(n-2) 0 0
0 0 0 0 |
0 0 0 I (w=2)(n-2)I
0 0 0 1-1 0
0 0 0 0 n-1
=l 0 0 0 0 (1-1)(n-1)
I-1 0 0 (w=2)I 0
0 n-1 (I-1)(n-1) 0 (w-2)(1-1)(n-1)
0 0 0 0 -1
0 0 0 1 n-2
R=| 0 O 0 I-1  (I-1)(n-2)
0o 1 -1 0 (w=2)I

-1 n-2 (I-1)(n-2) (w-2)I (w-2)(n-2)I
Definition 7. A PBIB design based on a generalized rectangular right angular association scheme (5) is
called generalized rectangular right angular GPBIB; design.
2.3. Generalized Rectangular Right Angular Association Scheme (7)

Let V be a set of v = wnl treatments, (w > 2, n> 2, | > 2), to which we associate a geometrical representation in
the following way:
Each treatment of V is associated with a unique triplet of the set A'U---U A U---U A" where:

A’ ={(x,y,z)eN3/1£x£I, 1<y<n, z:g}, g=1--,W

Let o beatreatment of coordinates (X,y,z)e A°

o A= {(x y',z )eAg/x XY = y} corresponds to the treatments 1% associated to ¢

o A= {(x y,2')e AY/X =X,y = y} corresponds to the treatments 2™ associated to « .

o A= {(x y,2')e AY/X %X,y # y} corresponds to the treatments 3" associated to « .

o A= {(x’ y,z')e AV, g 2g/X =xY = y} corresponds to the treatments 4™ associated to « .
o A= {(x' y,2)e AV, g'£g/X =Xy = y} corresponds to the treatments 5™ associated to « .
o A= {(x’ y,2)e AV, g £g/X =Xy # y} corresponds to the treatments 6" associated to « .

o A= {(x Y\ 7')e AV, g #g/X =Xy # y} corresponds to the treatments 7™ associated to « .

This geometric representation describes a new association scheme, we call it for convenience, generalized
rectangular right angular association scheme (7) with seven associated classes, to which we give the following
equivalent definition:

Definition 8. A generalized rectangular right angular association scheme (7) is an arrangement of v = wnl
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(w>2,n>2, 1> 2) treatments in w arrays of n rows and | columns such that, with respect to each treatment «:

1) The first associates of « are the other treatments of the same row in the same array.

2) The second associates of « are the other treatments of the same column in the same array.

3) The third associates of « are the remaining treatments in the same array.

4) The fourth associates of « are the treatments in the same row and the same column as « , of the other
arrays.

5) The fifth associates of « are the treatments of the same row as « in the other arrays, that are different
from the fourth associates of « .

6) The sixth associates of « are the treatments of the same column as « in the other arrays, that are dif-
ferent from the fourth associates of « .

7) The seventh associates of « are the remaining treatments in the other arrays.

Property 3. the parameters of generalized rectangular right angular association schemes (7) are:

v=wnl, n=1-1, n,=n-1, n,=(n-1)(1-1), n,=w-1,

= (w-1)(1-1), 1, =(w-1)(n-1), n, =(w-1)(n-1)(1-1)

1-2 0 0 0 0 0 0
0 0 n-1 0 0 0 0
0 n-1 (I-2)(n-1) 0 0 0 0
P=l 0 0 0 0 w-1 0 0
0 0 0 w-1 (w-1)(1-2) 0 0
0 0 0 0 0 0 (w-1)(n-1)
0 0 0 0 0 (w-1)(n-1) (w-1)(n-1)(1-2)
0 0 -1 0 0 0 0
0 n-2 0 0 0 0 0
I-1 0 (I-1)(n=2) 0 0 0 0
P=l 0 0 0 0 0 w-1 0
0 0 0 0 0 0 (w=1)(1-1)
0 0 0 w-1 0 (w-1)(n-2) 0
0 0 0 0 (w-1)(1-1) 0 (w-1)(1-1)(n-2)
0 1 -2 0 0 0 0
1 0 n-2 0 0 0 0
-2 n-2 (1-2)(n-2) 0 0 0 0
PR=| 0 0 0 0 0 0 w-1
0 0 0 0 0 w-1 (w=1)(1-2)
0 0 0 0 w-1 0 (w—-1)(n-2)
0 0 0 w-1 (w-1)(1-2) (w-1)(n-2) (w-1)(1-2)(n-2)
0 0 0 0 1-1 0 0
0 0 0 0 0 n-1 0
0 0 0 0 0 0 (1-1)(n-1)
P=l 0 0 0 w-—2 0 0 0
-1 0 0 0 (w-2)(1-1) 0 0
0 n-1 0 0 0 (w-2)(n-1) 0
0 0 (I-1)(n-1) © 0 0 (w=2)(1-1)(n-1)
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0 0 0 1 1-2 0 0

0 0 0 0 0 0 n-1

0 0 0 0 0 n-1 (1-2)(n-1)
R=| 1 0 0 0 w-2 0 0

-2 0 0 w-2 (w-2)(1-2) 0 0

0 0 n-1 0 0 0 (w—2)(n-1)

0 n-1 (I-2)(n-1) O 0 (w=2)(n-1) (w-2)(1-2)(n-1)

0 0 0 0 0 0 -1

0 0 0 1 0 n-2 0

0 0 0 0 1-1 0 (1-1)(n-2)
P,=l O 1 0 0 0 w-—2 0

0 0 -1 0 0 0 (w—2)(1-1)

0 n-2 0 w-2 0 (w-2)(n-2) 0

-1 0 (I-1)(n-2) 0 (w-2)(I-1) 0 (w=2)(1-1)(n-2)

0 0 0 0 0 1 1-2

0 0 0 0 1 0 n-2

0 0 0 1 1-2 n-2 (1-2)(n-2)
p=| 0 0 1 0 0 0 w-2

0 1 1-2 0 0 w-2 (w-2)(1-2)

1 0 n—2 0 w-2 0 (w—2)(n—2)

-2 n-2 (1-2)(n-2) w-2 (w-2)(I-2) (w-2)(n-2) (w-2)(n-2)(I-2)

Definition 9. A PBIB design based on a generalized rectangular right angular association scheme (7) is
called generalized rectangular right angular GPBIB; design.

3. Construction Method of GPBIB,, Designs (m = 4, 5 and 7 Associated Classes)

Letv=wnl (w>2,n>2 1> 2) treatments be arranged in w arrays of n rows and | columns AV Al
written as follows Vg =1,---,w:

w)

and

(9) (9) (9) (9)

cYcy ... c? ... ¢
(9) 49) A(9) (9) (9)
R1 an a12 a1| a1|
(9) @) 4l9) (9) (9)
Rz a21 azz azj azl
(9) Hl9)  A(9) (9) (9)
R| a|1 auz au an
(9) 4(0) 7(9) (9) (9)
Rn a, a, - an] s Ay

A(g)

3.1. Construction Method of GPBIB, Designs

3.1.1. First Construction Method of GPBIB, Designs
Applying the Combinatory Method (s) on each of the w arrays, with chosen se {2,---,I —1} , then we obtain w
rectangular PBIB designs. The set of all blocks gives a PBIB design with 4 associated classes.

Theorem 1. The partially balanced incomplete block designs with the parameters:
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v=wnl, b=wn(n-1)C!/2, r=(n-1)C}, k=2s, 4 =(n-1)C5, 4, =Cl}, 4 =Cl5, 4, =0

are generalized rectangular right angular GPBIB, designs.

Proof. For each array of the w arrays, we obtain a rectangular design with parameters vi=nl,
b =n(n-1)C!/2, r=(n-1)C}, k=2s, 4 =(n-1)Cl3, 4,=Cl3, A4 =C}.(see[5]).

For the w arrays we obtain a generalized rectangular right angular GPBIB, deS|gn W|th parameters: v=wnl,
b=wn(n-1)C./2, r=(n-1)C.3, k=2s, 4 =(n-1)CL 5, A, =C2 A, =C2

A, Two treatments a(g) and a’ from the arrays A'®) and AlD) respectlvely (g#g'e{l-w})
they never appear together i |n the same block thus 4,=0. O

Lemma 1. For the special case s = |, the previous method can also be used for the construction of nested
group divisible designs, with parameters:

v=wnl, b=wn(n-1)/2, r=(n-1), k=21, 4 =n-1, 4, =1=4,, 4,=0

Remark 1.
e Forw =1, the GPBIB, design of Theorem 1 is a rectangular design with parameters as in the Theorem 1 of
[5].

e Forw = 2, the GPBIB, design of Theorem 1 is a rectangular right angular PBIB, design with parameters as
in Proposition 1 of [8].
Proposition 2. Let GPBIB, be a design with parameters:
v=wnl, b=wn(n-1)C!/2, r=(n-1)C}, k=2s, 4 =(n-1)C\3, 4,=Cl3, 4=C, 4,=0.
For n or | even and s divisor of | or s, the GPBIB, design is a resolvable PBIB designs (RGPBIB,) with r
parallel classes where each parallel classes contain q = wg—l blocks.
S

Proof.

_pjr— wn(n-1)C{ wn(n-1)IC] wnl
A=hr= 2(n-1)Clt  2s(n-1)Clt  2s

norlisevenandsisdivisorof norl,then geN.
Example 1. Let v = 3 x 4 x 4 treatments be arranged in the three following arrays:

1 2 3 4

5 6 7 8

9 10 11 12
13 14 15 16
17 18 19 20
21 22 23 24
25 26 27 28
29 30 31 32
33 34 35 36
37 38 39 40
41 42 43 44
45 46 47 48

The construction method for (s = 2), give the following resolvable generalized rectangular right angular
GPBIB, design, with the parameters:
v=48, b=108, r=9, k=4, q=12
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PC:

14

13

10

16
22
30
24
32
38
40

15
21

12
18
26
20
28
34

11
17
25
19
27
33
35
41

29
23
31

37

39
45

47

36

46

42

48

44

43

PC;

10
14
12
16
26
30
28
32
42

13
11
15
25
29
27
31

18
22
20
24
34

17
21

19
23
33
37

41

46

45
43
47

38
36

44
48

35
39

40

PCs;

14
10
16
12
30
26
32
28
46

13

15
11
29
25
31

18
22
20
24
34

17
21

19
23
33
37

27
45

41

42

38
36

48

47

35
39

44

43

40
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PC,

15

13

11

16

14

12

10

23

21

19

17

31

29

27

25

24
32
39
40

22
30
37

20
28
35

18

26

33

38

45

37

34

47

43

41

48

46

44

42

PCs

11
15

13

12

10

16

14

27

25

19

17

31

29

23

21

28
32
43

26
30
41

20

18

24

22

35

33

47

45

39

36

37

44

42

34

48

46

40

38

PCs

15
11

13

16

14

12

10

31

29

19

17

27

25

23

21

32
28
47

30
26
45

20

18

24

22

35

33

43

41

39

36

37

48

46

34

44

42

40

38
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PC;

16

13

12

15

14

11

10

24

21

20

17

32

29

28

25

23

22
30
37

19

18
26
33

31

27

40

36

39
48

38

45

35

34

44

41

47

46

43

42

PCs

12
16

13

11

10

15

14

28

25

20

17

32

29

24

21

27

26
30
41

19
23
36

18
22
33
37

31

44

48

45

40

43

42

35

34
38

47

46

39

PCy

16
12

13

15

14

11

10

32

29

20

17

28

25

24

21

31

30
26
45

19
23
36

18
22
33
37

27

48

44

41

40

47

46

35

34
38

43

42

39
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3.1.2. Second Construction Method of GPBIB4 Designs with 4, #0

’ " !
’ar(u)) ) ng) :ng) and ng (agj)’a((h-t)-l)J’ “y nj ’aﬂ.j yt :)1)1)1 h:213|“'1n
Applying the Comblnatory Method (s) with chosen se{3,---,1} on each array of the form ng)“ U A
(g #* g) for j=1,---,1, h=%---,n and g=1-- W, by only considering the combinations of s treatments
that always contain a component of the vector C , the set of all the obtained blocks provides a pg|p with 4
associated classes.

Theorem 3. The partially balanced incomplete block designs with the parameters:

v=wnl, b=w(w-1)In*(n-1)C., /2, r=s(w-1)n(n-1)C.,, k=2s, 4 =(w-1)In(n-1)C3,

Let CE (31, ,azj,

% =s(w-1)nCl,, % =(w-1niCt2, 7, =4(n-1)CL
are generalized rectangular right angular GPBIB, designs.

Proof.

e Thevand k values are obvious.
e r: Foreach treatment a( 9 of the array Al9) g=1---,w, we have:

o Onanarray C; (@h A0 (9'#g), applying the procedure with the I other elements of the same row.
There is C!, possrbllltles each one being repeated (n-1) times, with n permutations (h 1, )
then we have n(n 1)CI _, repetitions. Therefore, we have w-1 arrays of the form C; g“uA( )
(9'#g);sowehave (w-1)n(n-1)Cl, repetitions of the treatment a(g)

o Onanarray A9 uCY" (g'#g), j=1--I and h=1.- ,n,applymg the procedure with the 1-1

other elements of the same row. There is C; , possibilities each one being repeated (n—l) times, with

n permutations (h—l, , ) then we have (n 1)Cs'f7l appearances repeated themselves n times.

Therefore, for an array Al uCEg')h we have n(n 1) S; repetitions of &, . Considering all the ar-

rays A(g)ucl(g')h (9'#g) for j=1--,1 and g'=1---,w; so we have (W 1)In(n-1)C. repeti-
tions of & .
Thus: r=(w-1)n (n—l)[ C! +ICS"§]=5(W 1)n(n-1)C.,.

e J,: Consider two treatments a() and a(o) from the array Al9) (g=L---,w and j, # j,). they appear
together (n- 1)CS' > times with’ the other |—2 elements of the same row i of the arrays A'® uC o
(9'#g), with n permutations (h=1,--,n), we obtain n(n 1)C.75 times in which the two treatments
appear together. Considering all the arrays Al huct" (g'#9) for j=1--1 and g'=1--,w; then
we have (w-1)In(n—1)Cl7 times where the two treatments aij0 and a; appear together.

e ,: Consider two treatments a() and aJO) from the array Al ,(9=1- W and i=i"), we have:

o Inan array A9 uC (g # g) the two treatments appear together Cs'é times, with the n permuta-
tions (h 1 n) they appear together nClé times. Considering all the arrays of the form
g)ucgg')“ (g ¢g) for j=L1--1 and g'=1,---,w, they appear together (w—1)InCL% times.

o Inthe array CjO " U A9 both treatments appear together C!, times, with the n permutatlons

(h=1--,n) they appear nC_, times. Considering all the arrays of the form C oAl (9'#9)
for g'=1,---,w;they appear together (w-1)nC,, times.

Intotal 4, =(w—-1)n[IC{5+Cl, |=sn(w-1)CL,.
e J,: Consider two treatments a(o) and a() from the array A (g Le,w, i=i" and j,# j;), they

appear together CS'§ times for each array of the form Al uC " (g #* g) wrth the n permutations
(h=1:--,n) they appear together nC times. Considering all the arrays A uC(g)h (9'#g) for

j=1---I and g¢g'=1---,w, then the two treatments a(Jg) and a(g) appeartogether (W 1)InCI 2 times.
o Consrdertwo treatments a( and a ) from the arrays Al and AlY) respectively (g, g'=1,---,w):
o If i=i", for the array A uC(g)h g ¢g) and h = 1 the two treatments appear together (n—l)CS'j

times. For the array C oAl (g # g) and h = 1 they also appear together (n 1)CS"§ time, so we

have 2(n- l)C;‘é times. On the other hand, for h=2,---,n, the two treatments appear together C!
times for the array A®) UC!¥"" and Clé times for the array C\%" U A, sowe have 2C.7 for one
value of h. Taking all the values of h=2,---,n, we obtain 2(n— 1)0;2 tlmes where the two treatments

appear together.



I. Rezgui et al.

Intotal 2, =2(n-1)C;+2(n-1)C5 =4(n-1)C.5.

o If i=i', then the two treatments appear together C times for the array of the form Al C
(g' ;tg) and appear together C! times for the array “of the form CO"UAY (g'#qg) for h=1,
so we have 2C!% times. For h= 2, n among the (n-1) permutatlons of the vector C , and
for a given value of h, the treatment a i ) takes the same row as a( 9 then the two treatments appear
together (n 1)Cs' 5 times, for the remaining values the two treatments appear together C; > times.
For h=2,---,n, among the (n 1) permutatlons of the vector C and for a given value of h, the
treatment a() takes the same row as a )" then the two treatments appear together (n 1)Cs'§ times,
for the remalnmg values the two treatments appear together C"1 times.

Intotal 2, =2C!7, +(n-1)C; +(n-1)C.5 +(n-1)C; +(n-1)C.7} —4(n 1)c o
e b: Using the above constructlon method on each array of the form: A% uC (g g), we obtain
n(n-1)C,_ l/2 blocks. So for the I arrays of the form AuC] 9" we have In(n 1)C. 1/2 blocks, with
the n permutatlons (h 1, ) we obtain In? (n 1 c! 1/2 blocks. Considering aIIthe arrays
9ol for g'=1---,w, then in total we have (w 1)In*(n- 1)C; ./2 blocks. Considering all the
arrays A®) uC" for g=1---,w, then in total we have w(w-1)In®(n-1)CL,/2 blocks. O
Remark 2. For w = 2, the GPBIB, design of Theorem 3 is a rectangular right angular PBIB, design with
parameters as in Proposition 2 of [8].
Proposition 4 Let GPBIB, be a design with parameters:

v=wnl, b=w(w-1)In*(n-1)C.,/2, r=s(w-1)n(n-1)C.,, k=2s, 4 =(w-1)In(n-1)C3,
% =s(w-1)nCl,, % =(w-1niCt2, 7, =4(n-1)CL
For n or | even and s divisor of | or s, the GPBIB, design is a resolvable PBIB designs (RGPBIB,) with r

. nl
parallel classes where each parallel classes contain q = w2— blocks.
S

3.2. Construction Method of GPBIBs Designs

a(.g)) be the j™ column of the g™ array g e{ -+, w} . Applying the Combinatory Me-

’nj

Let Ci*) =(al?,afy),-

thod (s) with s chosen se{3,---,1}, on each array in the form C A9 (g=g') for j=1-- and
j=1---,w by only considering the combinations of s treatments that contam a component of the vector C
then the set of all the blocks obtained, gives a PBIB design with 5 associated classes.

Theorem 5. The incomplete block designs with parameters:

v=wnl, b=w(w-1)In(n-1)C., /2, r=s(w-1)(n-1)Cl,, k=2s, 4 =(w-1)I(n-1)C3,
fo =(W=1)sCyyy & =(W-1)ICT, 4, =2(n-1)C5, 4 =2C.%

are generalized rectangular right angular GPBIBs designs.

Remark 3. For w = 2, the GPBIB; design of Theorem 5 is a rectangular right angular PBIBs design with
parameters as in Proposition 3 of [8].

Proposition 6. Let GPBIBs be a design with parameters:

v=wnl, b=w(w-1)In(n-1)C., /2, r=s(w-1)(n-1)Cl,, k=2s, 4 =(w-1)I(n-1)C.73,
2o =(W=1)sC{y, A =(w-1)IC3, 4, =2(n-1)C5, 4 =2C
For n or | even and s divisor of | or s, the GPBIBs design is a resolvable PBIB designs (RGPBIBs) with r

. nl
parallel classes where each parallel classes contain g = w2— blocks.
S

Example 2. Let v = 3 x 2 x 3 treatments be arranged in the two following arrays:
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1 2 3
4 5 6
7 8 9
10 11 12
13 14 15
16 17 18

The construction method for (s = 3), give the following generalized rectangular right angular GPBIBs design,

with parameters:

v=18, b=54, r=18, k=6, q=6

PC,

1 7 8 4 10 1

9 13 14 12 16 17

15 2 3 18 5 6
PC,

1 7 9 4 10 12

8 13 15 1 16 18

14 2 3 17 5 6
PCs

1 8 9 4 1 12

7 14 15 10 17 18

13 2 3 16 5 6
PC,

2 7 8 5 10 1

9 13 15 12 16 18

14 1 3 17 4 6
PCs

2 7 9 5 10 12

13 1 3 16 4 6

8 14 15 1 17 18
PCs

2 8 9 5 1 12

7 13 14 10 16 17

15 1 3 18 4 6
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PC;

3 7 8 6 10 11

9 14 15 12 17 18

13 1 2 16 4 5
PCsg

3 7 9 6 10 12

8 13 14 11 16 17

15 1 2 18 4 5
PCq

3 8 9 6 11 12

7 13 15 10 16 18

14 1 2 17 4 5
PC1o

13 7 8 16 10 11

9 1 2 12 4 5

3 14 15 6 17 18
PCu

13 7 9 16 10 12

8 1 3 11 4 6

2 14 15 5 17 18
PCi2

13 8 9 16 11 12

7 2 3 10 5 6

1 14 15 4 17 18
PCi3

14 7 8 17 10 11

9 2 3 12 5 6

1 13 15 4 16 18
PCi4

14 7 9 17 10 12

8 1 2 11 4 5

3 13 15 6 16 18
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PCus

14 8 9 17 11 12

7 1 3 10 4 6

2 13 15 5 16 18
PCus

15 7 8 18 10 11

9 1 3 12 4 6

2 13 14 5 16 17
PCyr

15 7 9 18 10 12

8 2 3 11 5 6

1 13 14 4 16 17
PCus

15 8 9 18 11 12

7 1 2 10 4 5

3 13 14 6 16 17

3.3. Construction Method of GPBIB; Designs

3.3.1. First Construction Method of GPBIB; Designs
Applying the Combinatory Method (s) on each of the w arrays, with chosen and fixed se {2,--~,I —1} , then we
obtain w rectangular PBIB designs. The juxtaposition of the blocks of the w rectangular PBIB designs, such that
the blocks containing treatment a(® and a{®) (g=g'e{l,--,w}) are put side by side, gives a PBIB design
with 7 associated classes.

Theorem 7. The incomplete block designs with parameters:

n(n-1)C|

v=wnl, b=
2

. A =r=(n-1)Cl31=1,, k=2sw

A=(n-1)Cl=4, 4,=Cli=4, K=C5=4

are generalized rectangular right angular GPBIB- designs.
Proof. The design parameters are deduced from the construction method. O
Remark 4.
e Forw =1, the GPBIB; design of Theorem 7 is a rectangular design with parameters as in Theorem 1 of [5].
e For w = 2, the GPBIB; design of Theorem 7 is a rectangular right angular PBIB- design with parameters as
in Proposition 4 of [8].
Proposition 8. Let GPBIB- be a design with parameters:

n(n-1)C|

v=wnl, b=
2

. A =r=(n-1Cl5=4,, k=2sw,

Ah=(n-1)Cl=4, 4=Cli=4, K=C5=4

For n or | even and s divisor of | or s, the GPBIB; design is a resolvable PBIB designs (RGPBIB;) with r

()
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. nl
parallel classes where each parallel classes contain ¢ = PN blocks.
s

Example 3. Let v = 3 x 4 x 4 treatments be arranged in the three following arrays:

1 2 3 4
5 6 7 8
9 10 11 12
13 14 15 16
17 18 19 20
21 22 23 24
25 26 27 28
29 30 31 32
33 34 35 36
37 38 39 40
41 42 43 44
45 46 47 48

The construction method for (s = 2), give the following resolvable generalized rectangular right angular
GPBIB; design, with the parameters:

v=48, b=36, r=9, k=12, q=4

PC,
1 2 5 6 17 18 21 22 33 34 37 38
9 10 13 14 25 26 29 30 41 42 45 46
3 4 7 8 19 20 23 24 35 36 39 40
11 12 15 16 27 28 31 32 43 44 47 48
PC,
1 2 9 10 17 18 25 26 33 34 41 42
5 6 13 14 21 22 29 30 37 38 45 46
3 4 11 12 19 20 27 28 35 36 43 44
7 8 15 16 23 24 31 32 39 40 47 48
PCs;
1 2 13 14 17 18 29 30 33 34 45 46
5 6 9 10 21 22 25 26 37 38 41 42
3 4 15 16 19 20 31 32 35 36 47 48
7 8 11 12 23 24 27 28 39 40 43 44
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PC,
1 3 5 7 17 19 21 23 33 35 37 39
9 11 13 15 25 27 29 31 34 37 38 40
2 4 6 8 18 20 22 24 41 43 45 47
10 12 14 16 26 28 30 32 42 44 46 48
PCs
1 3 9 11 17 19 25 27 33 35 41 43
5 7 13 15 21 23 29 31 37 39 45 47
2 4 10 12 18 20 26 28 34 36 42 44
6 8 14 16 22 24 30 32 38 40 46 48
PCs
1 3 13 15 17 19 29 31 33 35 45 47
5 7 9 11 21 23 25 27 37 39 41 43
2 4 14 16 18 20 30 32 34 36 46 48
6 8 10 12 22 24 26 28 38 40 42 44
PC;
1 4 5 8 17 20 21 24 33 36 37 40
9 12 13 16 25 28 29 32 34 35 38 39
2 3 6 7 18 19 22 23 41 44 45 48
10 11 14 15 26 27 30 31 42 43 46 47
PCs
1 4 9 12 17 20 25 28 33 36 41 44
5 8 13 16 21 24 29 32 37 40 45 48
2 3 10 11 18 19 26 27 34 35 42 43
6 7 14 15 22 23 30 31 38 39 46 47
PCy
1 4 13 16 17 20 29 32 33 36 45 48
5 8 9 12 21 24 25 28 37 40 41 44
2 3 14 15 18 19 30 31 34 35 46 47
6 7 10 11 22 23 26 27 38 39 42 43

3.3.2. Second Construction Method of GPBIB; Designs with 4, #4,, (i=0,-,4)
(9) _(5(9) o)
Let C; —(a1j - PHEEE

of the g™ array (g € {1W}) . Then applying the Combinatory Method (s) with chosen se {ZI} on each

a(g)), be the ™ column of the g™ array and let R = (ai(f),ai(f),---,ai(,g)) be the i"" row

El nj
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array of the form CEQ)U[A(Q/)\CEQV)] (g'#9) for j=L--1 andg, g'=1---,w (respectively
¢ U[A(g')\Ri(g')J (9'#9g) for i=1---,n andg, g’=1,--- w), by only considering the combinations of s

treatments that always contain a component of the column C " (respectively the row R ) the set of all the
obtained blocks provides a PBIP with 7 associated classes.
Theorem 9. The partially balanced incomplete block designs with the parameters:

v=wnl, b=w(w-1)n(n-1)(s+2)C./2, 4, =r=(w-1)(n-1)C\3(s+2), k=2s,
A=s(n-D(W-1C 2 £ =s(w-1)CE, 4 =(w-1)(1-2)c 3, 4, =0,

s =2(n-1)Cl2, 2 =2CLt, 2, =4C!?

are generalized rectangular right angular GPBIB- designs.

Proof. The design parameters are deduced from the construction method. O

Remark 5. For w = 2, the GPBIB; design of Theorem 9 is a rectangular right angular PBIB; design with
parameters as in Proposition 5 of [8].

Proposition 10. Let GPBIB; be a design with parameters:

v=wnl, b=w(w-1)n(n-1)(s+2)C./2, 4 =r=(w-1)(n-1)C\3(s+2), k=2s,
h=s(n-1)(W-1)C2, % =s(w-1)C, & =(w-1)(1-2)Ct3, 4 =0,
I =2(n-1)Cl%, 4 =2CE, 4y =4C)

For n or | even and s divisor of | or s, the GPBIB; design is a resolvable PBIB designs (RGPBIB;) with r

. nl
parallel classes where each parallel classes contain ¢ = w2— blocks.
S

Example 4. Let v = 3 x 3 x 3 treatments be arranged in the three following arrays:

1 2 3
4 5 6
7 8 9
10 11 12
13 14 15
16 17 18
19 20 21
22 23 24
25 2 27

The construction method for (s = 3), give a generalized rectangular right angular GPBIB; design with para-
meters:

v=27, b=90, r=20, k=6, 4 =12, 1,=6,
do=4 2,=0, Js=4, A;=2, 1, =4

To illustrate the method, we applying the construction method for the columns and rows of the first array,

where each column represents a block:
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by b, bs bs bs be by bs bg b1o
1 1 4 2 2 5 3 3 6 1
11 11 14 10 10 13 10 10 13 20
12 12 15 12 12 15 11 11 14 21
4 7 7 5 8 8 6 9 9 4
14 17 17 13 16 16 13 16 16 23
15 18 18 15 18 18 14 17 17 24
b1 b1 b1z D14 b1s b1s b1z b1s b1g D20
1 4 2 2 5 3 3 6 1 1
20 23 19 19 22 19 19 22 2 2
21 24 21 21 24 20 20 23 3 3
7 7 5 8 8 6 9 9 13 16
26 26 22 25 25 22 25 25 14 17
27 27 24 27 27 23 26 26 15 18
b2y b2, D23 D24 bas bas b7 bas b2o b3o
4 4 7 7 1 1 4 4 7 7
5 5 8 8 2 2 5 5 8 8
6 6 9 9 3 3 6 6 9 9
10 16 10 13 22 25 19 25 19 22
11 17 11 14 23 26 20 26 20 23
12 18 12 15 24 27 21 27 21 24

4. Construction of the U-Type Designs Based on Resolvable GPBIB;, Designs
(m=4,5and 7)

In this section we apply the RBIBD method (see [6]) on our resolvable rectangular right angular RGPBIB,,
designs (m =4, 5 and 7) to obtain a series of U-type designs U (v;q" ).

Let a resolvable GPBIB,, designs (m = 4, 5 and 7) with r parallel classes PC,,---,PC, where each j-th class
contains q=b/r blocks (1 <j<r). Then we can construct a U-type design U (v;q“) from resolvable GPBIB,,
designs (m =4, 5 and 7) as follows:

Algorithm RGPBIB,, - UD

Step 1. Give a natural order 1,---,q to the g blocks in each parallel class PC;, j=1,---,r.
Step 2. For each PC;, construct a g-level column x =(xaj) as follows: Set x,; =u, if treatment « is
contained in the u-th block of PC;, u=12,---,q
Step 3. The r g-level columns constructed from PC;, j=1---,r forma U (v;q').
Proposition 11. For v =wnl runs (w>2, n> 2, | > 2), a series of U-type U (v; q') designs exist:

wnl (e
U WnI;2— ,norlevenand s divisor of nor l.
S

s(w—l)n(n—l)Cé_l
U | wnl : Wnl—

,norlevenandsdivisor of nor .

2s
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wnl s(w-1)(n-1)Cl 4
e U Wnl;2— ,norlevenandsdivisor of nor .
S
nl(nil)céj
. — v ivi .
U | wnl 5 nor | even and s divisor of n or |
S
wnl (s+2)(w-1)(n-1)cl3
e U | wnl; > ,norlevenand s divisor of nor .
S

Proof. applying the RGPBIB,, — UD Algorithm on each resolvable rectangular right angular GPBIB,, (m =4, 5
and 7) of the Proposition 1, 5. 0O

Example 5. Applying the RGPBIB,, — UD Algorithm on the resolvable rectangular right angular GPBIB; of
Example 1, we obtain the following U-type U (48, 4°) with 48 runs and nine 4-level factors.

Runs Factor; Factor, Factors Factor, Factors Factore Factor; Factorg Factorg
1 1 1 1 1 1 1 1 1 1
2 1 1 1 3 3 3 3 3 3
3 3 3 3 1 1 1 3 3 3
4 3 3 3 3 3 3 1 1 1
5 1 2 2 1 2 2 1 2 2
6 1 2 2 3 4 4 3 4 4
7 3 4 4 1 2 2 3 4 4
8 3 4 4 3 4 4 1 2 2
9 2 1 2 2 1 2 2 1 2

10 2 1 2 4 3 4 4 3 4
11 4 3 4 2 3 4 4 3 4
12 4 3 4 4 3 4 2 1 2
13 2 2 1 2 2 1 2 2 1
14 2 2 1 4 4 3 4 4 3
15 4 4 3 2 2 1 4 4 3
16 4 4 3 4 4 3 2 2 1
17 1 1 1 1 1 1 1 1 1
18 1 1 1 3 3 3 3 3 3
19 3 3 3 1 1 1 3 3 3
20 3 3 3 3 3 3 1 1 1
21 1 2 2 1 2 2 1 2 2
22 1 2 2 3 4 4 3 4 4
23 3 4 4 1 2 2 3 4 4
24 3 4 4 3 4 4 1 2 2
25 2 1 2 2 1 2 2 1 2
26 2 1 2 4 3 4 4 3 4
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Continued
27 4 3 4 2 3 4 4 3 4
28 4 3 4 4 3 4 2 1 2
29 2 2 1 2 2 1 2 2 1
30 2 2 1 4 4 3 4 4 3
31 4 4 3 2 2 1 4 4 3
32 4 4 3 4 4 3 2 2 1
33 1 1 1 1 1 1 1 1 1
34 1 1 1 3 3 3 3 3 3
35 3 3 3 1 1 1 3 3 3
36 3 3 3 3 3 3 1 1 1
37 1 2 2 1 2 2 1 2 2
38 1 2 2 3 4 4 3 4 4
39 3 4 4 1 2 2 3 4 4
40 3 4 4 3 4 4 1 2 2
41 2 1 2 2 1 2 2 1 2
42 2 1 2 4 3 4 4 3 4
43 4 3 4 2 3 4 4 3 4
44 4 3 4 4 3 4 2 1 2
45 2 2 1 2 2 1 2 2 1
46 2 2 1 4 4 3 4 4 3
47 4 4 3 2 2 1 4 4 3
48 4 4 3 4 4 3 2 2 1

5. Conclusions

New association schemes with m = 4, 5 and 7 associated classes called generalized rectangular right angular as-
sociation schemes for v = wnl treatments arranged in w > 2 (n x [) arrays were described and their parameters
expressions were given exactly and directly. Some construction methods of PBIB designs based on these associ-
ation schemes accommodated by accessible method called the Combinatory Method (s) which facilitates the

r
construction application were explained. Moreover, a series of U-type designs U (Wnl;v;_nl J by applying the
s

Fang RBIBD method on resolvable generalized rectangular right angular GPBIB,, designs (m = 4, 5 and 7) was
constructed.

We note that all the construction methods described in this article were programmed with the R-package
“CombinS” [9] (the ameliorated version).

References

[1] Fang, K.T., Ge, G.N., Liu, M. and Qin, H. (2004) Construction of Uniform Designs via Super-Simple Resolvable
t-Designs. Utilitas Mathematica, 66, 15-32.

[2] Fang, K.T., Tang, Y. and Yin, J.X. (2005) Resolvable Partially Pairwise Balanced Designs and Their Applications in
Computer Experiments. Utilitas Mathematica, 70, 141-157.

[3] Benmatti, A. (1983) Un schéma d’association partiellement équilibré appliqué aux croisements dialléles. Magister



L. Rezgui et al.

(4]
(5]
(6]
[7]
(8]

(9]

Thesis. http://biblio.cca-paris.com/index.php?lvi=author_see&id=1181

Bailey, R.A. (2004) Association Schemes: Designed Experiments, Algebra and Combinatorics. Cambridge University
Press, Cambridge. www.cambridge.org/9780521824460

Rezgui, 1. and Gheribi-Aoulmi, Z. (2014) New Construction Method of Rectangular PBIB Designs and Singular Group
Divisible Designs. Journal of Mathematics and Statistics, 10, 45-48. http://dx.doi.org/10.3844/jmssp.2014.45.48

Fang, K.T., Li, R. and Sudjianto, A. (2006) Design and Modeling for Computer Experiments. Taylor & Francis Group,
LLC, London.

Bose, R.C. and Nair, K.R. (1939) Partially Balanced Incomplete Block Designs. Sankhya, 4, 337-372.

Rezgui, 1., Gheribi-Aoulmi, Z. and Monod, H. (2013) New Association Schemes with 4, 5 and 7 Associate Classes and
Their Associated Partially Balanced Incomplete Block Designs. Advances and Applications in Discrete Mathematics,
12, 207-215.

Laib, M., Rezgui, I., Gheribi-Aoulmi, Z. and Monod, H. (2013) Package “CombinS™: Constructions Method of Rec-
tangular PBIB and Rectangular Right Angular PBIB(m) (m = 4, 5 and 7) Designs. Version 1.0.
http://cran.r-project.org/web/packages/CombinS/CombinS.pdf



http://biblio.cca-paris.com/index.php?lvl=author_see&id=1181
http://www.cambridge.org/9780521824460
http://dx.doi.org/10.3844/jmssp.2014.45.48
http://cran.r-project.org/web/packages/CombinS/CombinS.pdf

Scientific www.scirp.org

Research
Publishing

Scientific Research Publishing (SCIRP) is one of the largest Open Access journal publishers. It is
currently publishing more than 200 open access, online, peer-reviewed journals covering a wide
range of academic disciplines. SCIRP serves the worldwide academic communities and

contributes to the progress and application of science with its publication.

Other selected journals from SCIRP are listed as below. Submit your manuscript to us via either

submit@scirp.org or Online Submission Portal.

Advances in n American Journal of
Biosgience and Biotechnology 0 Plant sciences

Agricultural Sciences

Spacial Issue on Ressarch on Rice

Journal of Computer
and Communications

Ay

| TR '}:‘t o e —— @ [reer]

Journal of
Modern Physics [EULCULRIIIEIL et
\ \ Science

e, :N*’. \.ﬂi ’/.MM\"
\ -
'L‘__‘i \-y

\ »4;. - k':"wk ‘4:'\



http://www.scirp.org/
mailto:submit@scirp.org
http://papersubmission.scirp.org/paper/showAddPaper?journalID=478&utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/ABB/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/AJAC/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/AJPS/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/AM/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/AS/
http://www.scirp.org/journal/CE/
http://www.scirp.org/journal/ENG/
http://www.scirp.org/journal/FNS/
http://www.scirp.org/journal/Health/
http://www.scirp.org/journal/JCC/
http://www.scirp.org/journal/JCT/
http://www.scirp.org/journal/JEP/
http://www.scirp.org/journal/JMP/
http://www.scirp.org/journal/ME/
http://www.scirp.org/journal/NS/
http://www.scirp.org/journal/PSYCH/

	U-Type Designs via New Generalized Partially Balanced Incomplete Block Designs with m = 4, 5 and 7 Associated Classes
	Abstract
	Keywords
	1. Introduction
	2. Generalized Rectangular Right Angular Association Schemes (m) (m = 4, 5 and 7 Associated Classes)
	2.1. Generalized Rectangular Right Angular Association Scheme (4)
	2.2. Generalized Rectangular Right Angular Association Scheme (5) 
	2.3. Generalized Rectangular Right Angular Association Scheme (7) 

	3. Construction Method of GPBIBm Designs (m = 4, 5 and 7 Associated Classes) 
	3.1. Construction Method of GPBIB4 Designs
	3.1.1. First Construction Method of GPBIB4 Designs 
	3.1.2. Second Construction Method of GPBIB4 Designs with  

	3.2. Construction Method of GPBIB5 Designs
	3.3. Construction Method of GPBIB7 Designs
	3.3.1. First Construction Method of GPBIB7 Designs
	3.3.2. Second Construction Method of GPBIB7 Designs with  


	4. Construction of the U-Type Designs Based on Resolvable GPBIBm Designs (m = 4, 5 and 7) 
	Algorithm RGPBIBm − UD

	5. Conclusions
	References



