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Abstract 
The nonlinear propagation of dust-acoustic (DA) shock waves in three-component unmagnetized 
dusty plasma consisting of nonextensive electrons, Maxwellian ions and arbitrarily charged mo-
bile dust grain has been investigated. It is found that the presence of q-nonextensive electrons and 
ions can change the nonlinear behavior of shock wave. The standard reductive perturbation me-
thod is employed to study the basic features (phase speed, amplitude and width) of DA shock 
waves (DASWs) which are significantly modified by the presence of Maxwellian ions and nonex-
tensive electrons. The present investigation can be very effective for understanding the nonlinear 
characteristics of the DASWs in space and laboratory dusty plasmas. 
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1. Introduction 
The wave propagation in dusty plasmas has received much attention in the recent years because of its vital role 
in understanding different types of collective processes in space plasma environments, namely, lower and upper 
mesossphere, cometary tails, planetary rings, planetary magnetosphere, interplanetary spaces, interstellar media, 
etc. [1] [2]. The presence of charged dust grains in a plasma modifies the existing plasma wave spectra as well 
as introduces a number of novel eigen modes [viz. dust-ion acoustic (DIA) waves [3], dust-acoustic (DA) waves 
[4], dust lattice waves, etc.]. The dust grains acquire a negative charge by the collection of electrons [5] [6] be-
cause the thermal speed of the electrons is much higher than that of the ions. On the other hand, dust grains may 
become positively charged also due to a variety of processes including photo-electron emission by UV photons, 
thermoionic emission induced by radiative heating [5] [7], secondary electron production, etc. However, Shah-
mansouri and Tribeche have considered [8] the effects of arbitrary amplitude DA solitary waves in an unmagne-
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tized, collisionless dusty plasma with electrons and ions featuring Tsallis distribution. Thus, arbitrarily (nega-
tively or positively) charged dust is found to exist in most space and a laboratory dusty plasma system [5].  

Over the last few decades, a great deal of attention has been paid to a nonextensive generalization of the 
Boltzmann-Gibbs-Shannon (BGS) entropy, first proposed by Tsallis [9]. The effects of nonextensivity of plasma 
constituents are quite common in astrophysical and cosmological scenarios like stellar polytropes [10], hadronic 
matter and quark-gluon plasma [11], protoneutron stars [12], collisionless thermal plasma [13] [14], etc. as well 
as its laboratory applications in nanomaterials, microdevices, and microstructures, etc. The nonextensive beha-
vior of electrons and ions [13] (characterized by a parameter q) has been successfully employed in plasma phys-
ics. It is important to note that in case of 1,q < −  the q-distribution is not normalizable [2]. The strength of 
nonextensivity, q  varies as 1 1q− < <  [2]. Furthermore, for 1q ≥  [2] [15], the distribution function exhibits 
Maxwell-Boltzmann velocity distribution. On the other hand, negative ions are found to be an extra component 
(which may occur naturally or may be injected form external sources) in most space [16] or laboratory dusty 
plasmas [3]. The presence of those negative ions significantly modifies the characteristic features of the nonli-
near propagation of waves in a dusty plasma system [17] [18]. 

Recently, Shahmansouri and Tribeche [19] have studied the DA shock waves in a charged varying dusty 
plasma with nonextensive ions as well as electrons. Therefore, in this paper, we have presented a more genera-
lized theoretical investigation on the properties of DA shock waves (DASWs) in a multi-species dusty plasma 
system consisting of arbitrarily charged cold mobile dust fluid, positively charged ions following Maxwellian 
distributions, and nonextensive electrons. We are particularly interested to observe the effect of number density, 
nonextensive electrons, and dust kinematic viscosity on the DASWs in the dusty plasma system under consider-
ation. We have shown here that the variations of relative ion number densities and temperature-ratio (with re-
spect to electrons) are the sources of dissipation and are responsible for the formation of DASWs. 

The manuscript is organized as follows. The governing equations are provided in Section 2. The Burgers equ-
ation is derived in Section 3. The numerical solution of Burgers equation is presented in Section 4. Finally, a 
brief discussion is given in Section 5. 

2. Governing Equations 
We consider the nonlinear propagation of the DA waves in an unmagnetized dusty plasma system consisting of 
arbitrarily charged mobile dust, nonextensive distributed electrons, and Maxwellian distributed ions. Thus, at 
equilibrium we have 10 0 0i e d dn n jz n= − , where 10in  is the density of ions at equilibrium, dz

 
is the number of 

electrons residing onto the dust grain surface, 0en  ( )0dn  is the density of the electrons (dust particles) at equi-
librium, and 1j = ±  (+ for positively and-for negatively charged dust). The nonlinear dynamics of these low- 
frequency electrostatic DA waves in such a dusty plasma system, whose phase speed is much smaller than the 
electron and ion thermal speeds but greater than the dust thermal speed, is governed by 
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where dn  is the dust particle number density normalized by its equilibrium value 0dn , du  is the dust fluid 

speed normalized by ( )1 2
1d d B i dC z k T m= , η  is the co-efficient of viscosity normalized by ( )2

0d d pd Dmm n ω λ ,  

φ  is the electrostatic wave potential normalized by 1 eiT , ρ  is the normalized surface charge density, 1 1i eT Tσ = , 
1 10 0i i d dn z nµ = , and 0 0 1e d d in z n jµ µ= = +  It is also noted that Bk  is the Boltzmann constant, and e  is  

the magnitude of the electron charge. The time variable t is normalized by ( )1 21 2 2
04π epd d d dm n zω− =  and the 

space variable x  is normalized by ( )1 22
1 04π eDm i d dT n zλ = . Consequently, the number densities of Maxwel- 

lian ions in 1  and nonextensive electrons ne [14], are given, respectively as 
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3. Derivation of Burgers Equation 
To derive the Burgers equation (BE), we introduce the stretched coordinates [20] [21] as 

( )px V tς ε= −                                                   (6) 

2tτ ε=                                                       (7) 
where pV  is the phase speed of the DA waves, and ε  is a smallness parameter measuring the weakness of the 
dispersion ( )0 1ε< < . We then expand dn , du , and φ  in power series of ε : 

( ) ( ) ( )1 2 32 31d d d dn n n nε ε ε= + + + +                                (8) 

( ) ( ) ( )1 2 32 31d d d du u u uε ε ε= + + + +                                (9) 

( ) ( ) ( )1 2 32 3φ εφ ε φ ε φ= + + +                                 (10) 

and develop equations in various powers of ε . To the lowest order in ε , Equations (8)-(10) give  
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Equation (13) describes the phase speed of DA waves regarding the dusty plasma under consideration. To the 
next higher order of ε , we obtain a set of equations, which, after using Equations (11)-(13), can be simplified as 
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Now combining Equations (14)-(16), we obtain an equation of the form:  
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Equation (17) is known as Burger’s equation. The stationary localized solution of the BE is given by 

1 tanhm
ςψ ψ
δ

  = −     
                                       (20) 

where ψ φ= , 02C Uδ =  is the width, and 0m U Aψ =  is the amplitude of the shock profile. 

4. Numerical Analysis 
It is obvious from Equation (20), for ( )0A > < , the dusty plasma supports rarefactive (compressive) DASWs 
which are associated with a positive (negative) potential, and no shock waves exist at 0A =  and ~ 0A . We 
note that the nonlinearity coefficient A  is a function of 1iµ , 1σ  and q  for the model under consideration in 
this manuscript. So, to find the parametric regimes correspond to 0A = , we consider a certain ranges of the 
dusty plasma parameters 1 0.1 ~ 0.3σ =  [2], for 1j =  and 0.3 ~ 0.7q = −  [2] [15] are used in this numerical 
analysis. It is clear that ψ = ∞  at ( )1i p nµ µ µ=  for positive dust (for negative dust). This means that the ex-
istence of the small amplitude DASWs with a positive potential for ( )1 1i p i nµ µ µ µ> > , and with a negative 
potential for ( )1 1i p i nµ µ µ µ< < . However, this Burgers equation is not valid when 1 ~i pµ µ  (or 1 ~i nµ µ ). 
This is because the 1 ~i pµ µ  (for 1j = ) and 1 ~i nµ µ  (for 1j = − ) give rise to infinitely large amplitude 
structures which break down the validity of the reductive perturbation method applied for deriving the Burgers 
equation. This implies that DASWs are formed for the values far above or below the critical values. 

5. Discussion 
We have studied that the nonlinear propagation of DASWs in an unmagnetized dusty plasma consisting of arbi-
trarily charged mobile dust fluid, positive ions following Maxwellian distributions, and electrons following q- 
distribution. The propagation of the small amplitude nonlinear DASWs in dusty plasmas has been considered for 
analyzing the solution of the Burgers’ equation. The Burgers’ equation has been derived by using the reductive 
perturbation technique. The basic properties (i.e. polarity, amplitude, width, etc.) of the DASWs in dusty plas-
mas are found to be significantly modified by the number densities of ions (viz. 1in ), nonextensive parameter q, 
and temperatures of electrons and ions ( eT , and 1iT ), respectively. The important findings of our current analy-
sis can be summarized as follows: 
1. The dusty plasmas under consideration support finite-amplitude shock structures whose basic features (po-

larity, amplitude, width, speed, etc.) strongly depend on different plasma parameters, particularly, 1iT , 1in , 
and q. 

2. The widths of the DASWs in dusty plasmas with positively charged dust increase with increasing η  as 
shown in Figure 1. In addition, it can also be said that with the increase of dissipation, the DASWs become 
smoother and weaker. We have also observed the effect of speed on the propagation of DASWs in Figure 1; 
the amplitudes (widths) of the shock structures increase (decrease) with the increasing of 0U . 

 

 
Figure 1. Showing the variation of width ( )∆  of shock structure with 0U  and η  for 

1 0.2σ = , 0.3q =  and 1j = . 
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3. For positively charged dust ( )1j = , the DASWs with positive potential are formed at 1i pµ µ>  as shown 
in Figure 2. Again, for negatively charged dust ( )1j = − , the DASWs with negative potential are formed at 

1i nµ µ>  as presented in Figure 3.  
4. For 1j = , the magnitude of the amplitude of positive potential DASWs decreases with the increasing of 

temperature-ratio of light ions, 1σ  as shown in Figure 4. For 1j = −  also, the magnitude of the amplitude 
of negative potential DASWs decreases with the increasing of 1σ  as presented in Figure 5.  

5. The effects of nonextensive parameter ( )q  on the DASWs in the considered dusty plasma model are pre-
sented in Figure 6 for 1j =  and Figure 7 for 1j = − .  

 

 
Figure 2. Positive shock structure is shown with the variation of 1σ  (where 1i pµ µ>  
for 1j = ) on DASWs for 0.3q = , and 0.5η = . 

 

 
Figure 3. Negative shock structure is shown with the variation of 1σ  (where 1i nµ µ>  
for 1j = − ) on DASWs for 0.3q = , and 0.5η = . 
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Figure 4. The variation of amplitude mψ  with pµ  and 1σ of DASWs in the dusty plasma 

system (where 1i pµ µ>  for 1j = ) where 0.3q = , and 0.5η = . 

 

 
Figure 5. The variation of amplitude mψ  with nµ  and 1σ  of DASWs in the dusty plasma 
system (where 1i nµ µ>  for 1j = ) where 0.3q = , and 0.5η = . 

 

 
Figure 6. The variation of the solution ψ  of the Berger’s Equation with η  (where 1i nµ µ<  
for 1j = ) for 1 0.2σ = , 0.3q = −  (solid curve), 0.1q =  (dotted curve), 0.7q =  (long 
dashed curve). 
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Figure 7. The variation of the solution ψ  of the Berger’s Equation with η  (where 

1i nµ µ<  for 1j = − ) for 1 0.2σ = , 0.3q = −  (solid curve), 0.1q =  (dotted curve), 
0.7q =  (long dashed curve). 

 
It can be noted here that the effects of the external magnetic field, nonplanar solitary [5] and shock structures, 

and their instabilities [3] are also problems of great importance, but are beyond the scope of our present investi-
gation. Further, we stress that our present investigation should be very useful and effective in understanding the 
salient features of localized DASWs in space plasmas [3] [17]. 
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