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Abstract 

This paper investigates the structure of general affine subspaces of ( )dL2 . For a d × d expansive 
matrix A, it shows that every affine subspace can be decomposed as an orthogonal sum of spaces 
each of which is generated by dilating some shift invariant space in this affine subspace, and every 
non-zero and non-reducing affine subspace is the orthogonal direct sum of a reducing subspace 
and a purely non-reducing subspace, and every affine subspace is the orthogonal direct sum of at 
most three purely non-reducing subspaces when |detA| = 2. 
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1. Introduction 
Let A be a d × d expansive matrix. Define the dilation operator D and the shift operator Tk, dk ∈ , by 

( ) ( ) ( ) ( ) ( )
1

22det and , ,d
kDf A f A T f f k f L⋅ = ⋅ ⋅ = ⋅− ∈   

respectively. It is easy to check that they are both unitary operators on ( )2 dL  . Given a closed subspace X of 
( )2 dL  , X is called a shift invariant subspace if kT X X=  for every dk∈ ; X is called a reducing subspace 

of ( )2 dL   if DX X=  and kT X X=  for every dk∈ ; X is called an affine subspace of ( )2 dL   if there 
exists an at most countable subset Φ  of ( )2 dL   such that 

{ }: , , .j d
kX span D T j kφ φ= ∈Φ ∈ ∈   
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In this case, we say that Φ  generates the affine subspace X. An affine subspace, which does not contain any 
non-zero reducing subspace, is called purely non-reducing. By Theorem 3.1 in [1], a closed subspace X of  

( )2 dL   is an affine subspace if and only if { }: ,jX span D f f M j= ∈ ∈  for some shift invariant subspace  

M. Therefore an affine subspace X of ( )2 dL   is a reducing subspace if and only if it is shift invariant. So far, 
the study of reducing subspaces has achieved fruitful results. The existence and construction of wavelet frames 
for an arbitrary reducing subspace can be seen in [2]-[7]. For one-dimensional case A = 2, Gu and Han investi-
gated the existence of Parseval wavelet frames for singly generated affine subspaces in [8] and the structural 
properties of affine subspaces in [9]. For a given d × d expansive matrix A, Zhou and Li studied the construction 
of wavelet frames in the setting of finitely generated affine subspaces of ( )2 dL   in [10]. For a general d × d 
expansive matrix A, this paper focuses on the structure of affine subspaces of ( )2 dL  , which is a continuation 
of the literature [10] and has not been investigated yet. 

2. Main Results 
Lemma 1. Let X and Y be closed subspaces of a Hilbert space H and 

X
P ⊥  be the orthogonal projection onto 

⊥X . Then 
1) ( ) { }, ;X Y span X Y⊥ ⊥ ⊥=  

2) { }( ), .
X

P Y span X Y X⊥ =   

Proof. 1) Obviously, ( ) { },X Y X Y span X Y⊥ ⊥ ⊥ ⊥ ⊥= ⊂  . For the other direction, note that 

{ } { }, and , ,X span X Y Y span X Y⊥ ⊥ ⊥ ⊥ ⊥ ⊥⊂ ⊂  

then 

{ }( ) { }( ), and , .span X Y X span X Y Y
⊥ ⊥

⊥ ⊥ ⊥ ⊥⊂ ⊂  

So { }( ),span X Y X Y
⊥

⊥ ⊥ ⊂ 
. Therefore, ( ) { },X Y span X Y⊥ ⊥ ⊥⊂ . Thus 1) holds. 

2) For { },
X X

f P Y P span X Y⊥ ⊥∈ ⊂ , there exists some { },g span X Y∈  such that 
X

f P g⊥= . So  

X XX
g P g P g f P g⊥= + = + , or { },Xf g P g span X Y= − ∈ , which shows { },f span X Y X∈   due to the fact 

that f X ⊥∈ . For { },f span X Y X∈  , we have { },f span X Y∈  and f X⊥ . Thus for any 0> , there is 

g with g <   and 1h X∈  and 2h Y∈  such that 1 2f h h g= + + . Consequently, 

( )1 2 2X X X X X
f P f P h h g P g P h P Y⊥ ⊥ ⊥ ⊥ ⊥= = + + = + ∈  

since 
X

P g g⊥ ≤ <  . The proof is completed.   

Lemma 2. Let { }:nX n∈  be a monotone sequence of subspaces in a Hilbert space  . 
1) If { }:nX n∈  is increasing, then 

{ } ( )1: .n n n n n
nn n

span X n X X X X+
∈∈ ∈

   ∈ = =   
  

⊕ ⊕ 

 
   

2) If { }:nX n∈  is decreasing, then 

{ } ( )1: .n n n n n
nn n

span X n X X X X +
∈∈ ∈

   ∈ = =   
  

⊕ ⊕ 

 
   

Proof. We only prove 1) since 2) can be obtained similarly. Since { }:nX n∈  is increasing, the first equal-
ity is obvious and 

( )1 .n n n n
nn n

X X X X+
∈∈ ∈

    ⊂  
  

⊕ ⊕ 

 
  
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If n
n

f X
∈

∈



, then for any 0> , there exists g ∈ , 0n ∈  and 

0nh X∈  such that g <   and 

f g h= + . For such h, there is a unique sequence { } 0n
n n

h
=−∞

 and a unique h  such that 1n n nh X X −∈   for 

each 0n n≤ , n
n

h X
∈

∈



 and 

0n

n
n

h h h
=−∞

= + ∑ . This means that 

( ) ( )1 1 .n n n n n n
n nn n

f X X X X X X+ +
∈ ∈∈ ∈

      ∈ =            
⊕ ⊕ ⊕ ⊕ 

  
   

The proof is completed.   
Proposition 1. Suppose that X is an affine subspace of ( )2 dL   with M being its generating shift invariant 

subspace. Then there exist a shift invariant subspace M1 in X and a reducing subspace Y of ( )2 dL   contained  

in X such that the length of M1 is no more than that of M and 1
n

X M Y
∈

 =  
 
⊕ ⊕


. 

Proof. For each j∈ , define 

{ }: , .n
jY span D M n n j= ∈ >  

Obviously, 1j jY Y+ ⊂  for j∈  and j
j

X Y
∈

=




. Let j
j

Y Y
∈

=




. Similarly to the proof of Proposition 2.2 in  

[10], we know that Y is a reducing subspace. Now define 1 1 0M Y Y−=  . Then 1
1 1

j
j jY Y D M+

+ =  by Lemma 
2 and 

( ) 1
1 1 1 .j j

j j j j
j j jj j

X Y Y Y Y Y D M Y D M+
+

∈ ∈ ∈∈ ∈

       
= = = =       

      
⊕ ⊕ ⊕ ⊕ ⊕ ⊕

   


 

 

Suppose that for some subset ( )2 dLΨ ⊂   such that 

{ }: , .d
kM span T kψ ψ= ∈ ∈Ψ  

Since 0Y  is a shift invariant subspace, so is 0Y ⊥ . Thus for each dk ∈ , 
0 0

k kY Y
T P P T⊥ ⊥= . Also note that 

{ } { }1 0, : , 0 ,jY span D M M j j span Y M− = ∈ > = . Therefore, by Lemma 1, 

{ }( )
{ }

{ }
0 0

0

1 1 0 0 0,

: ,

: , ,

d
kY Y

d
k Y

M Y Y span M Y Y

P M span P T k

span T P k

ψ ψ

ψ ψ

⊥ ⊥

⊥

−= =

= = ∈ ∈Ψ

= ∈ ∈Ψ





 

 

which shows that M1 is a shift invariant subspace of length no more than the length of M. The proof is com-
pleted.   

Proposition 2. Suppose that X is a non-zero affine subspace of ( )2 dL   and Q is the maximal shift invariant 
subspace contained in X. Then the following hold: 

1) DQ Q⊂  and Q DQ  is a shift invariant subspace contained in X; 
2) ( )

n Z
X D Q DQ

∈
= ⊕   if and only if X is purely non-reducing subspace of ( )2 dL  . 

Proof. 1): Obviously, DQ X⊂  is shift invariant space since Q is shift invariant. So DQ Q⊂  due to the 
fact that Q is the maximal shift invariant subspace contained in X. Thus Q DQ  is a shift invariant subspace 
contained in X. 

2): By 1) and Lemma 2, it follows that 

{ } ( ): .n n n

nn n
X span D Q n D Q Q DQ D Q

∈∈ ∈

  = ∈ = =       
⊕ ⊕
 

 
 
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If X is purely non-reducing, then { }0n

n
D Q

∈

=



 since n n

n n
D Q D Q

∈ ∈

=
 

 
 is a reducing subspace. So 

( )
n

X D Q DQ
∈

=⊕


 . Suppose ( )
n

X D Q DQ
∈

=⊕


  and X contains a reducing subspace Y. Next we only need 

to show { }0Y = . Since Y is reducing, we have Y Q⊂  and DY Y DQ= ⊂ , i.e., Y Q DQ⊂  . Also note that  
( ) ( )Q Q DQ Q DQ= ⊕  . Hence ( )Y Q DQ⊥  . Thus for each n∈ , ( )n nY D Y D Q DQ= ⊥  . Therefore 

Y X⊥ , which shows that { }0Y = . The proof is completed.   
Proposition 3. Let X be an affine subspace of ( )2 dL  , and define { }: : d

kL span T X k X= ∈  . The  

{ }( ): d
kX span T L k

⊥
∈   is the maximal shift invariant subspace contained in X. 

Proof. We first show that { }( ): d
kX span T L k

⊥
∈   is shift invariant. For dk ∈  and  

{ }( ): d
lf X span T L l

⊥
∈ ∈  , it follows that 

{ }, : .d
k lf X T f span T L l∈ ⊥ ∈  

Next we will show that kT f X∈  by contradiction. If there exists some 0
dk ∈  such that 

0kT f X∉ , then 

0
for and 0 .kT f X Xη ζ η ζ ⊥= + ∈ ≠ ∈  

So { }0
: d

k lT f span T X l Z X Lζ η= − ∈ ∈ = . Therefore { }0
: d

k lT span T L lζ− ∈ ∈ , which implies that 

0kT fζ− ⊥  since { }( ): d
kf span T L k

⊥
∈ ∈ . Consequently, 

0 0 0

2 , ,k k kf f T T f T fη ζ η η− − −= + = ≤ . This 

leads to a contradiction since f η> . Assume that M is a shift invariant subspace contained in X. Obviously 

{ }: d
lM span T X l X L⊥ ∈ =  . Thus, { }: d

lM span T L l⊥ ∈ . So { }( ): d
lM X span T L l

⊥
⊂ ∈  . The re-

sult follows. The proof is completed.   
Lemma 3. Let X and Y be affine subspaces of ( )2 dL   with X Y⊥ . Let M and N be generating shift inva-

riant subspaces for X and Y respectively. Then X Y⊕  is an affine subspace of ( )2 dL   with M N⊕  as a 
generating shift invariant subspace. 

Proof. Since { }:jX span D M j= ∈  and { }:jY span D N j= ∈ , it follows that 

( ){ } { } { }: : : .j j jspan D M N j span D M j span D N j X Y⊕ ∈ = ∈ ⊕ ∈ = ⊕    

The proof is completed.   
Lemma 4. Assume { }:nX n∈  is a monotone sequence of subspaces in a Hilbert space   and give a 

subspace Y ⊂   satisfying nX Y⊂  for each n∈ . Then 

{ }: .n n n
n n

span Y X n Y X Y X
∈ ∈

 ∈ = =  
 

 

 
    

Proof. Since { }:nX n∈  is a monotone sequence of subspaces and nX Y⊂ , n∈ , we have  

{ }:nY X n∈  is also a monotone sequence. Then the first equality follows by Lemma 2. For n
n

x Y X
∈

∈



 , 

there exists some 0n ∈  such that 
0kx Y X∈  , namely x Y∈  and 

0kx X⊥ . Then n
n

x Y X
∈

 ∈  
 



 . Thus 

n n
n n

Y X Y X
∈ ∈

 ⊂  
 

 

 
  . So n n

n n
Y X Y X

∈ ∈

 ⊂  
 

 

 
  . For the other direction, without loss of generality, 

assume that { }:nX n∈  is increasing. By Lemma 2, 



F. Y. Zhou, X. Y. Xu 
 

 
66 

( )1 ,k n n k n k k
kn n n k n

Y X Y X X X Y X X X−
∈∈ ∈ ∈ ∈ ∈

        = =                
⊕ ⊕ ⊕

    
    
    

 

which shows that ( )k k
n k

Y X Y X
∈ ∈

  ⊂ 
 
 

 
  . The proof is completed.   

Lemma 5. Let X be an affine subspace of ( )2 dL   and Q be the maximal shift invariant subspace contained 

in X. Define ( ){ }: : d
kV span T X Q k= ∈ . Then the following hold: 

1) 1j jD Q D Q−⊂  and 1j jD V D V+⊂  for j∈ ; 
2) Q V⊥ , { }0V =  if and only if X is a reducing subspace of ( )2 dL  ; 
3) j

j
X D V

∈

⊥



, j

j
D V

∈



 is in any reducing subspace of ( )2 dL   containing X. 

Proof. 1): Note that we only need to show DQ Q⊂  and 1D V V− ⊂ . While DQ Q⊂  follows by Proposi-
tion 2. So 1Q D Q−⊂ . Thus we have 

( ){ } ( ){ }
( ){ } ( ){ }

1 1 1: :

: : .

d d
k Ak

d d
Ak k

D V span D T X Q k span T X D Q k

span T X Q k span T X Q k V

− − −= ∈ = ∈

⊂ ∈ ⊂ ∈ =

 

 

 

 
 

2): Since Q is shift invariant and ( )Q X Q⊥  , it follows that 

( ){ }: .d
kQ span T X Q k V⊥ ∈ =  

If X is a reducing subspace, then Q X= . By the definition of V, we have { }0V = . If { }0V = , then X Q= , 
which shows that X is shift invariant. Thus X is a reducing subspace. 

3): By 1) and 2), we have j lD Q D V⊥  for all j, l∈  with j l≥ . Thus for each j∈ ,  
j l

l j l
D Q D V V

≤ ∈

⊥ =
 


. Therefore { }:j

l
X span D Q j V

∈

= ∈ ⊥



 . Let M be a reducing subspace containing X. 

Then ( ){ }: d
kV span T X Q k M= ∈ ⊂ . So for each j∈ , j jD V D M M⊂ = . Hence j

j
D V M

∈

⊂



. 

The proof is completed.   
Proposition 4. Let X and Y be affine subspaces of ( )2 dL   satisfying X Y⊂ . Let Q and S be the maximal 

shift invariant subspaces contained in X and Y respectively. Define ( ){ }: : d
kV span T X Q k= ∈ . Then 

( )S V Q⊥
   is the maximal shift invariant subspace contained in Y X . 

Proof. Let M be a shift invariant subspace contained in Y X . By Lemma 3 and the maximality of S as a 
shift invariant subspace in Y, we have M Q S⊕ ⊂ . Note that ( )Q X Q⊥   and M X⊥ . Then  
( ) ( )M Q X Q⊕ ⊥  . So ( ) ( ){ }: d

kM Q span T X Q k V⊕ ⊥ ∈ = . Hence ( ) ( )M Q S V ⊥⊕ ⊂  . Therefore 

( )M S V Q⊥⊂   . The proof is completed.   

Proposition 5. Let X and Y be affine subspaces of ( )2 dL   satisfying X Y⊂ . Let Q and S be the maximal  
shift invariant subspaces contained in X and Y respectively. Define ( ){ }: : d

kV span T X Q k= ∈ . Then 

Y X  is an affine subspace of ( )2 dL   if and only if ( ){ }:lY span D S V l⊥= ∈  . 

Proof. According to Proposition 4, ( )S V Q⊥
   is the maximal shift invariant subspace in Y X . If 

Y X  is an affine subspace, then by Lemma 3, S V ⊥
  is a generating shift invariant subspace for Y , i.e.,  

( ){ }:lY span D S V l Z⊥= ∈ . Now suppose ( ){ }:lY span D S V l⊥= ∈  . Since 1l lD S D S+ ⊂  and  
1l lD V D V+⊂  by Lemma 5 for l∈ , we have ( ) ( )l l lD S V D S V+ ⊥ ⊥⊂   for l∈ . Thus by Lemma 4, 

( ){ } ( ): .l l

l
Y span D S V l D S V⊥ ⊥

∈

= ∈ = 




  
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Write ( ):M S V Q⊥=    and ( ) ( ) ( )( ):M Y X Y X S V ⊥=

    . Then M M⊂ . In fact, 

( ) ( ) ( ) ( )( )
( ) ( )( )
( ) ( )( ) ( )( )

( ) ( ) .

Y X S V Q Y X S V Q

Y X S V Q

Y X S V Y X Q

Y X S V

⊥
⊥ ⊥ ⊥ ⊥

⊥⊥

⊥⊥

⊥⊥

=

=

=

=

    

  

   

 

  



 



 

Hence 

( ) ( ) ( )( ) ( )( )Y X Y X S V S V Q
⊥⊥ ⊥⊂       

due to the fact that ⊂   is equivalent to ⊂   for a given Hilbert space   with its two 
subspaces   and  . Also by Lemma 4, we have 

{ }

( ) ( ) ( )( )

( ) ( ) ( )

( ) ( )( )

:

.

l l

l

l

l

l

l

span D M l D M

Y X Y X D S V

Y X Y X D S V

Y X Y X Y Y X

∈

⊥
⊥

∈

⊥
⊥

∈

⊥

∈ =

 =  
 
  =      

= =

 

 

 

















  

  

   

 

So { } { }: :l lY X span D M l span D M l= ∈ = ∈   . The proof is completed.   

Proposition 6. Let X and Y be two affine subspaces of ( )2 dL   with X Y⊂ . Then the following holds. 
1) Y X  is affine if X is reducing; 
2) { }0n

n
D V

∈

=



 if Y is reducing and Y X  is affine, where ( ){ }: d

kV span T X Q k= ∈  and Q is the 

maximal shift invariant subspace in X. 
Proof. 1): By Lemma 5, { }0V =  with X being a reducing subspace. Then S Q  is the maximal shift 

invariant subspace for Y X  by Proposition 4. Now we only need to show that  
( ){ }:jY X span D S Q j= ∈  . Note that 

( ) ( ){ },S Q X span S Q Q X⊕ = ⊕   

due to the facts that ( )S Q X⊥  and Q X⊂ . So by Lemma 1, 

{ } ( ){ } ( ), , .
X

P S span S X X span S Q Q X X S Q X X S Q⊥ = = ⊕ = ⊕ =       

Observe that l l
X X

P D D P⊥ ⊥=  since X ⊥  is invariant under lD  for l∈ . Therefore, 

( ){ }
{ } { } { }

{ } { }

:

: : :

: , .

j

j j j
X X X

j
X X

span D S Q j

span D P S j span D P S j span P D S j

P span D S j P Y span X Y X Y X

⊥ ⊥ ⊥

⊥ ⊥

∈

= ∈ = ∈ = ∈

= ∈ = = =



  





 

 

2): According to Proposition 5, it follows that ( )l

l
Y D Y V ⊥

∈

= 




. By Lemma 4, 
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( ) ( )( ) ( )

( ) ( ) ,

l l l

l l l

l l

l l

Y D Y V Y D V Y D V

Y D V Y D V

⊥ ⊥ ⊥

∈ ∈ ∈

⊥
⊥

∈ ∈

 = = =  
 

 ⊂ =  
 

  

 

  

 

  

 

 

which shows that ( )l

l
Y D V

⊥

∈

 ⊂  
 



, i.e., ( )l

l
D V Y ⊥

∈

⊂



. Since ( )l

l
D V

∈



 is contained in any reducing space 

containing X by Lemma 4, ( )l

l
D V Y

∈

⊂



. Consequently ( ) { }0l

l
D V

∈

=



. The proof is completed.   

Theorem 7. Let X be an affine subspace of ( )2 dL  . Then the following holds. 
1) There exist a shift invariant subspace M in X such that n mD M D M⊥  for ,n m∈  with n m≠ , and 

n

n
X D M

∈
=⊕


; 

2) If X is a non-zero reducing subspace and det 2A = , then there exist two purely non-reducing affine sub-
spaces X1 and X2 such that 1 2X X X= ⊕ ; 

3) If X is non-zero and not reducing, then there exists a unique decomposition 1 2X X X= ⊕  with X1 be re-
ducing and X2 being purely non-reducing; 

4) If X is non-zero and det 2A = , then X is the orthogonal direct sum of at most three purely non-reducing 
affine subspace. 

Proof. 1): By Proposition 1, it follows that 1
n

n
X D M Y

∈

 = ⊕ 
 
⊕


, where M1 is some shift invariant subspace 

in X and Y is a reducing subspace. If { }0Y = , then the result follows. Otherwise, there is a ( )2 dLψ ∈   such 

that { }: ,n d
kD T n kψ ∈ ∈   is an orthonormal basis for Y. Let { }2 : d

kM span T kψ= ∈  and define  

1 2M M M= ⊕ . Note that by the definition of M1 in the proof of Proposition 1, it follows that 1 1
n mD M D M⊥  

for ,n m∈  with n m≠ . So n

n
X D M

∈
=⊕


 with n mD M D M⊥  when ,n m∈  and n m≠ . 

2): Let ψ  be an orthonormal wavelet for X. Choose k, l N∈  such that 12lk −=  and 0 \d dn A∈  . Let 
{ }1 0 1 1: , , , kE ε ε ε −=   be a set of representatives of distinct cosets in 1/d l dA −  . Then  
{ }1 1 1

0 0 0 1 0 1 1: , , ,l l l
kF A n A n A n Eε ε ε− − −
−= + + +



 is a set of representatives of distinct cosets in /d l dA  .  

Indeed, for 0 , 1i j k≤ ≤ − , clearly 1 1
0 0

l l l d
i jA n A n Aε ε− −+ − = ∉   if i j= . Now we consider the case i j≠ . 

Observe that 1
0

l l d
i jA n Aε ε− + − ∉   equals to ( ) ( )1

0
l d

i jn A Aε ε− −+ − ∉  . Note that 1l d
i j Aε ε −− ∉  . So 

( )1l d
i jA ε ε− − ∉ . Define two subsets Ψ  and Φ  of X and two shift invariant subspaces P and M as follows: 

{ }0 1 1
, , , ,

k

l l lD T D T D Tε ε εψ ψ ψ
−

Ψ =   

{ }1 1
0 0 0 1

, , ,l l
k

l l
A n A n

D T D T
ε ε
ψ ψ− −

−+ +
Φ = 

 

{ }: , ,d
nP span T f f n= ∈Ψ ∈  

{ }: , .d
nM span T g g n= ∈Φ ∈  

Then { }: , d
nT f f n∈Ψ ∈  forms an orthonormal basis for P due to the fact that ψ  is an orthonormal 

wavelet for X. The same to M. Define 

1 2and .j j

j j
X D P X D M

∈ ∈
= =⊕ ⊕

 
 

Then 1 2X X X= ⊕ . Next, we will show X1 is a purely non-reducing affine subspace. Write 

0
: .j

j
Q D P

∞

=
=⊕  
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Obviously Q is a shift invariant subspace contained in X1 and P Q DQ=  . According to Proposition 2, it 
suffices to show that Q is the maximal shift invariant subspace contained in X1. Also by Proposition 3, it is  

enough to show { }( )1 1 : d
nX span T L n Q

⊥
∈ ⊂  , where { }1 1 1: d

nL span T X n X= ∈  . Observe that for each 

j∈ , 

{ }
{ }

1 1 1 10 1 10 0 0 0

1 1 1
0 0 0 1 0 1

, , ,

, , ,

.

j j j j k

l l l
k

j l j l j l j
A n A n A n A n

l j l j l j
A n A n A n

j

T D T D T T D T T D T

D T D T D T

D M

ε ε ε

ε ε ε

ψ ψ ψ

ψ ψ ψ

− − − − −

− − −
−

− − − −

− − −
+ + +

−

Ψ =

=

⊂



  

Then for each j∈ , 

{ }1
0

1 1 1:j
j d

nA n
T D span T X n X L−

− Ψ ⊂ ∈ =   

since 1
mD M X⊥  for all m∈ . Therefore, for each j∈ , 

{ }1 : .j d
nD span T L n− Ψ ⊂ ∈  

Hence 

{ }

{ }
{ }
{ }

0 1 1

0 1 1

0 1 1

, , , : ,

, , , : ,

, , , : ,

: , ,

k

j j j k

k

j j l j l j l d
n n n

j

j l j l j l d
A n A n A n

l j l j l j d
n n n

j d
n

D P span D T D T D T D T D T D T j n

span D T D T D T D T D T D T j n

span T D T T D T T D T j n

span T h h D j n sp

ε ε ε

ε ε ε

ε ε ε

ψ ψ ψ

ψ ψ ψ

ψ ψ ψ

−

− − − −

−

− − − −

∈

− − −

− − −

−

= ∈ ∈

= ∈ ∈

= ∈ ∈

= ∈ Ψ ∈ ∈ ⊂

⊕ 






 

 

 

  { }1 : .d
nan T L n∈

 

Thus { }( )1 1
0

: d j
n

j
X span T L n D P Q

∞⊥

=
∈ ⊂ =⊕  . So X1 is a purely non-reducing affine subspace. Similarly to 

X2. 
3): Let X be a non-reducing affine subspace of ( )2 dL   and X1 be the maximal reducing subspace contained 

in X. Write 2 1X X X=  . Then X2 is affine by Proposition 6 and X2 is purely non-reducing since X1 is the 
maximal reducing subspace in X. Also note that the orthogonal complement of a reducing space within another 
reducing space is always reducing. Then the uniqueness follows. 

4): 4) follows after 2) and 3). The proof is completed.   
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