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Abstract

In this paper, we present and study a kind of Riemann boundary value problem of non-normal
type for analytic functions on two parallel curves. Making use of the method of complex functions,
we give the method for solving this kind of doubly periodic Riemann boundary value problem of
non-normal type and obtain the explicit expressions of solutions and the solvable conditions for it.
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1. Introduction

Classical Riemann boundary value problems (RBVPs), doubly periodic or quasi-periodic RBVPs and Dirichlet
Problems for analytic functions or for polyanalytic functions, on closed curves or on open arcs, have been wide-
ly investigated in papers [1]-[8]. The main approach is to use the decomposition of polyanalytic functions and
their generalization to transform the given boundary value problems to their corresponding boundary value
problems for analytic functions, and the fundamental and important tool for which is the Plemelj formula. Pro-
fessor L. Xing proposed the Periodic Riemann Boundary Value Inverse Problems in paper [9], and then various
inverse RBVPs for generalized analytic functions or bianalytic functions have been investigated in papers
[10]-[13].

In present paper, we present a kind of doubly periodic RBVP of non-normal type for analytic functions on
two parallel curves. On the basis of the results for normal type in paper [14], we give the method for solving this
kind of doubly periodic RBVP of non-normal type and obtain the explicit expressions of solutions and the solv-
able conditions for it.

How to cite this paper: Cao, L.X. and Zheng, H.J. (2015) Doubly Periodic Riemann Boundary Value Problem of Non-Normal
Type for Analytic Functions on Two Parallel Curves. Advances in Pure Mathematics, 5, 51-58.
http://dx.doi.org/10.4236/apm.2015.51006



http://www.scirp.org/journal/apm
http://dx.doi.org/10.4236/apm.2015.51006
http://dx.doi.org/10.4236/apm.2015.51006
http://www.scirp.org
mailto:caolixia98237@163.com
http://creativecommons.org/licenses/by/4.0/

L. X. Cao, H.]. Zheng

2. Doubly Periodic RBVP of Non-Normal Type on Two Parallel Curves

Suppose that @, ®, are complex constants with Im(@,/w,) =0, and P denotes the fundamental period pa-
rallelogram with vertices *a, =, . The function

{(z):l/ZJr%'[1/(Z—an)+1/(2mn +z/Q§mJ

is called the Weierstrass ¢ -function, where Q. =2maw, +2nw, , and 2. denotes the sum for all
m,n
m, n=0,£1,+2,.-- exceptfor m=n=0.

2
Let L, = ZLOI- be the set of two parallel curves, lying entirely in the fundamental period parallelogram P,
j=1
not passing the origin O, with endpoints being periodic congruent and having the same tangent lines at the pe-
riodic congruent points. Let Dy, D,, D; denote the domains entirely in the fundamental period parallelogram P,
cut by Lo; and Loy, respectively. Without loss of generality, we suppose that O € D, see Figure 1. Let Ly,
L, be the curves periodically extended for Ly, and Lo, with period 2e,, respectively. And L*nj
(1=12;n=0,£1--) be the curves periodically extended for L, with 2na,.
We aim to is to find sectionally holomorphic, doubly periodic functions F(z) and Q(z), satisfying the
following boundary conditions

D, (7)Q (7)+09,(7), 7ely,

F* (z’) =
@

I, (7)

I1,, (7) B
D F ;

i (g 2O ()+8.(0). el

where D;(z), g;(r)eH with D;(z)#0(j=12), and D,(z), g;(r) are doubly periodic with 2,

20,. F* (2') areJthe boundary values of the function F(z), which is analytic in D; and D;, belonging to

the class h(aj) on Lg;, satisfying the boundary conditions (1), and Q° (r) are the boundary values of the func-
tion Q(z), which is analytic in D, , belonging to the class h(aj) on Ly;, satisfying the boundary conditions

Q' (r)=

(1). While
h p "
() =TTu(z-c,)*, Ty(e)=[Tu(z-d)",
s=1 1=1
q w
HZl(r):H#(T_er)ar’ sz(’):Hﬂ(T_tv)nv
r=1 v=1
h p q w
/1:2/15: UZZUI’ 5:Z5r’ nzznv:
s=1 1=1 r=1 v=1
where u(7)= o(t)o(r-a-o) is doubly periodic, where

o(t-o)o(r-w,)

a(,):zu(l_ijexp .,z
k.t th th Zth

-0, + o, o, + o,

-0, -0
() / /a)l—wz

Figure 1. parallel curves in the fundamental pe-
riod parallelogram P.
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With k, tand A4, u,, J,, n, being integers. Without loss of generality, we suppose that c, d, € Ly, with c,
d #a, a+20 (s=1--,hl=1--,p) aswellas e, f, €Ly, and

e, f,2za, a,+20, (r=1--,qv=21--,w),

Since a; plays the same roles as other points on Ly; (j=1,2), it is natural to require that the unknown
functions are bounded at z=a;,, that is, the unknown functions F(z) and Q(z) are both bounded on Ly,
and Lg,. And if we allow the solution Q(z) has poles of order m at z =0, itis actually to solve problem (1)
in DR,

3. Preliminary Notes
Since D;(r)eH with D;(z)=0(j=12), by taking logarithm of logD, (7) for some branch on L;, we
may obtain a continuous single-valued function such as
1 . .
~—1ogD, (aj)=a,, +iB,,, (=12,
1 . .
z—mlong(aj+2wj)=—aaj—|ﬁaj, i=12.

with 0< a, <1. Now we call the integer x =x; +x, the index of problem (1), where &; is the integer sa-
tisfying
0<-a, —K; <1 j=12
]

Since «; canonlybeOand —1,theindex x canonlytake 0, -1 —-2.
Set

1 1
D, =D, +D, =ﬁij|ong(r)+ﬁij logD, (7)dz )

;/J.(z)=2i7ti LO_Iong(r)f(r—z)dr, z¢ly, j=12 (3)

]

We can easily see that 1/e71'(z) will have singularities at most less than one order near the endpoints a; and
a;+2w, (j=1,2). Let

e”(2) _ gn(?gra(?) (@)
then we have

ey(z+2wj) e i), j=12,
where 7, =g’(wj) (i=12) and 2w,y —2wn, =mi. Thus ¢ is not doubly periodic generally. In fact,
() is doubly periodic if and only if

n;D, =kmi, k;

i ; Is positive integer for j=1,2. (5)

Lemma 1. Formula (5) is valid if and only if
m/n, =k /K, , D.=2kao,-2ka0,.

And if both D, =2l,@ +2l,0, and 7;D, =k;ni are true, then we have |, =-k, and I, =k , where I,
k; are all integers.

4. Solution for Problem (1)

Problem (1) can be transferred as
I1 IT IT I1 IT I1
= (T) & (T) F+(T) - (T) 2? ET) Q (T)+ = (+T) . 5‘[) 9 (T)’

(6)
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Case 1. If formula (5) holds, that is, ¢’(?) is doubly periodic, then by Lemma 1 we have
D, =0(mod 2w, 2w, ). (7)

The function 1/e“(z) always has singularities less than one order near the endpoints a; and a; +2,
(j=12) whatever x=0,-1,-2.And then both

I, (7)1, (7) I, ()M, (7)
ingan % (7) and — o o)
must belong to class H or class H™ on Ly, and Lg,, respectively.
Set

I, (z)I1, (7
¥, (2)= ZMJ‘ %gl(r)[g(r—zﬁ;(z)]dr, z¢ly, (8)

1 I, (z)IL, (7
LPZ( ):2_71:i'['-oz zez71((r?e7z+l(lrg ) 9, (T)[é’(r—z)+§(2)j|dr, 2¢ L02 ! (9)

I1 I1 I1
e vy v =R o o), cen,,
e T e 17 e72 (T) (10)
IT IT, IT
,(()) 22(7) (T)_WI_TEZMF‘(T)_WI—W;, 7€ Ly,
3(0) g7 () e72(F)gri (7)

where ¥, and W; (or ¥, and ‘¥;) denote the boundary values of the functions ¥,(z) and ¥,(z).B
the definitions of ¥;(z) and ¥,(z), we see that

(i) Wi (z) hasno zerosindomain D;;

(i) The part of W, (z) which has zeros in domain D, UD; is Tl (2);

(iii) The part of ¥, (z) which has zeros in domain D,UD, is I1,,(z);

(iv) @,(z) hasno zerosin domain D;.

Write
I, ()11, (Z) ., + +
HalOfe e (1) v: (2)-v:(a), 20,
o,(2)= {1282 o) v 2)-v: (2), 2D,

%F(z)—\{fl(z)—‘l’z(z), 7eD,.

When we solve problem (1) in DR, the unknown function @,(z) is n-orderat z=0.And now we will
meet three kinds of situations in solving problem (1) in DR, , according to the value of m—A1-n.

1 When m-A-n>0, problem (1) is solvable without any restrictive conditions and the general solution is
given by

7(2)
F*(z):[c0+clg'(z)+-~+cmln1§(m’l'”'1)(z)+‘}’l*(z)+‘P§(z)]m, 2eD,
(m-2-n-1) ey(z)
Q(2)=[ ¢ +6¢" (2)++++Cp sl (z)w;(z)w;(z)]m, zeD,,  (11)
(m=A-n-1 e;/(z)
F’(Z):[CO+Cl§'(2)+---+cm%7n71§ )(Z)+TI(Z)+T£(Z)JW' ZEDal

where Cy,C,-*-,C_,_,4 are arbitrary constants.
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2° When m—-A1-n=0, problem (1) is solvable if and only if the restrictive conditions

I1 IT
LJ‘ 12(7) ZZ(T)g( )dz’=0,
27 G 7)e72(7) (12)
Il
—( ) f(r) ,(7)dz =0,
211:| o7 (7)gr2(v)
are satisfied, and now the solution is given by
F(0)= O [er ¥ ()4 Wi (2)], 2<D
(2)=——— | c+ ¥ (z2)+¥!(z)|, zeD,
I, (7)1, (7) ' 2 '
Q(2)=— = [er¥; () ¥ (1)), zeD
Z)=—|c+¥, (2)+¥,(2)|, zeD,, (13)
I, (7)1, (7) ! 2 2
F(0)= oW (0¥ (1)), zeD
(2)=—————|Cc+Y¥Y(2)+Y¥Y,(2)|, ze€D,,
Hn(z’)Hn(z’) ! 2 ’

where ¢ is arbitrary constant.

3 When m-A-n<0, z=0 is the zero point of order m—A—n of the function @1(2), and due to
this the solution for problem (1) has —m order at the point z =0. Now the solution for problem (1) can still
be given by (13), but the following two restrictive conditions are necessary:

L e O g, 1 Tl ) (ygem0, oy

2mi e/l ()g72(7) 2mi ot 72 (7)gn (7)
1 I, (7)1, (7
L Dela() g ()0 ()ge =0,
miot g (T)er ()
LT (2T (1) k=12,,—(m-4-n)-1. (15)
L 1u\7) (k) _
2mi e @) (o) 9 (T)g (Z')dT 0

(when m-A-n=-1, the condition (15) is unnecessary).
Case 2. If formula (5) fails to hold, then by Lemma 1 we see that D, #0. Let

z2)/o(z-D,),
then the function e’(z)h*(z) become doubly periodic, and function ]/[e’(z)h*(z)} has singularities at most
less than one order near the endpoints @; and @; +2a, (j =1,2). Thus now, we can transform (6) to

Dol Ma0) () Ta(Male) ), Ta(MTal0) g

- Tely,
h.(z et h, 7) e e (z) (16)
M + _ ( )Hl (T) H11 (T)sz (Z') . e
gt (g (e h* (T) ¢ ( ) e72(0)gn (D) ! (Z’) F ( ) e’ r)eh_(r)h* (T) 9, ( )’ Loz

When x=0,-1-2, the two functions yfl(zr) ;

orclass H* on Ly and L, respectively. Write

1 I, (7)1, (T)
lPI(Z) 27.“ Loy e}/z( )e;/l( )h*(z) [é’ T— Z +é/ ]dT, L& L01, (17)
IT I1
‘Pz(z):zini[ M ()¢ (z-2)+¢(2)]dr, z¢Ly,. (18)

Loz 73 (%) g7 (T)h* (Z)

©,



L. X. Cao, H.]. Zheng

By (17) and (18), we can rewrite (16) as

Sl (eyz 22((?)F+() V(00 ST (), vl
" (19)
MM, (7)1 (7) Q (r)-¥ 1(T)—‘PZ(T):MF_(T)_\PI(T)_‘PE(T)’ Tely,.

em e h, (¢)

Now we will meet two kinds of situations in solving problem (1) in DR, .
(@) When D, =0mod (2,20, ), the function h,(z) is an entire function. And we can write it without
counting nonzero constant as

h, (Z) = exp{2(|1771 + I2772 )} '

where 1, 1, are determined by the identity D, =2l @, +2l,, .
1 When m—-A1-n>0, problem (1) is solvable without any restrictive conditions and the general solution is

given by
" (2)
EF+ — ' (m-2-n-1) N pt € e ’ D ’
(2)=[Co+e (2)+++Cpynaf (2)+¥; (2)+ Z(Z)]le(z)nzz(z) zeD,
h.(2)
Q — ' (m-2-n-1) N Wt e , D,,
(Z) |:C0+Clé/ (Z)+ +Cm—l—n—1§ (Z)+ 1(Z)+ Z(Z)JHM(Z)HZZ(Z) Ze 2 (20)
" (2)
E- - ' (m-2-n-1) Wy P e * ’ D.,
(2)=[Co+ed (2)++Cosnal (2)+¥; (2)+ z(z)]nn(z)nn(z) zeD,
where ¢,,C,++,C,_,_,4 are arbitrary constants.
2° When m—-A1-n=0, problem (1) is solvable if and only if the restrictive conditions
I1 I1
L DOl g oy g
27 eVl e72 (T)
(21)
i'[ ( ) 22 (T) gZ(T)dTZO,
27 2 72 (T)e X (T)
are satisfied, and the general solution is given by
e’ (Z)
F'(z)=——————|c+¥](2)+¥;(z)|, zeD,
( ) le(z)nzz(z)[ l( ) 2( ):| 1
e’Vh, (2)
Q(z)=——————|c+¥;(2)+¥;(2)|, zeD,, 22
( ) Hll(Z)HZZ(Z)[ l( ) 2( )] 2 ( )
e’ (2)
F(z)=—————2—|c+¥Y;(2)+¥Y,(2)|, zeD,,
( ) Hll(z)nﬂ(z)[ 1( ) 2( ):| 3
where ¢ is arbitrary constant.
3°When m—-4-n<0, problem (1) is solvable if and only if the restrictive conditions
L Dl ()6 (0) o g, g,
27l Cop e/t (T)en (T)h* (T)
k=12-,—(m=4-n)-1. (23)

ij‘ Hll (T)HZZ (T) gZ (Z')

2mi Loz eri'(f)en'(f)h* (T)

é'(k)(z')dz'zo,

are satisfied, and the general solution can still be given by (22) but with
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Cc=

&(r)dr—

1 3 I, (7)1, (7) 9, (7) £(r)dz (24)

_+ LJ‘ I, (7)1, (7) 9, (7)
27 eyf(f)eyi(f)h* (T) Loz

27 er%(f)eyf(f)h* (T)

(b) When D, =0(mod2a,,2w,) fails to hold, the function has singularity of one order at z = 0,

1
e’ (2)
and has singularities at most less than one order near the endpoints @; and a; +2a,(j=12), has a zero of
orderoneat z=D,.

1 When m—-A-n+1>0, problem (1) is solvable and the general solution is given by

e’Dh (7
F*(z):ﬁl’il(y)(z)[co+cl§’(z)+---+cmAng(’"""”)(z)+q’{(z)+‘{’§(z)] 2eD,
Q(Z):%[Co+qg'(2)+~-+cmlné'(m)"n)(z)+‘1-’1(z)+‘l’;(z)], zeD,, (25)
B ey(z)h*(z) , m_Aon _ _
! Z):HM(Z)H21(Z)|:CO+01§(Z)+---+Cm%7n§( )(Z)+‘Pl(z)+qu(z):|’ zeDhs,

with the restrictive condition that

Co :_Cléw(D*)_"'_Cm-z-né:’(miﬂin)(D*)_\Pl(D*)_\Pz(D*)zo'

which is to ensure that the solution be finite at z =D, , where ¢,,C,,-*,C,_,_, are arbitrary constants.
2° When m—-A-n+1=-1, problem (2.1) is solvable if and only if the restrictive conditions

1 J‘LO M 1(r)d‘r:0,

2mi Mor 1 (g7 () (7
IT Hh*( ) (26)
L M) g
27 Lo eyz(f)en (7) *(T)
are satisfied, and now the solution is given by
e”(h (z)
F (2)=————2—| ¥, ¥, (z)-¥,(D,)-¥,(D,)]|, D,,
() le(Z)sz(Z)[ 1 (2)+¥;(2)=¥,(D.) -, ( )J zeb,
Q(2) e (2) [ (2)+¥;(2)-%,(D.)-%,(D.)], zeD 27
= - - , eb,,
Hll(Z)HZZ(Z) 1 2 1 * 2 * 2 ( )
e’h (z)
- =— 7 |y Y, (z)-¥,(D,)-Y¥,(D,) ]|, D,,
D, (OB B e
which is finite at z= D, owing to its structure.
3° When m-A-n+1<-1,ifand only if both conditions (26) and the following conditions
1 I, (7)M,, (7)
_— = - —-D,)|dz =0,
2niI%1e7f(r)eVz(r)h*(T) gl(T)[g(T) é/(T *):| 4
A NGING )
ul\?) (7 _ B _
zril gitigrog & (VS ()= (D) Joe =0,
I1 I1
ZL }Z(T, 2(7) gl(r)g’(k)(r)dr=0,
T '—01eyl(f)en(f) (T)
k=12--,-m+1+n-2 (29)
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(when m—-4A-n+1=-2,(29) is unnecessary) are satisfied, problem (1) is solvable and the solution is given by

() e[ (1) ) (0 0], 2,
e’Dh (7

(O [ (D ¥ ()00, zeD, @
e’@h (2

F(z):#{:{(ﬂ)(z)[‘l’l(z)+‘P2(z)—‘P1(O)—‘I’2(O)] ,eD,
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