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Abstract

Multifractal analysis studies level sets of asymptotically defined quantities in dynamical systems.
In this paper, we consider the u-dimension spectra on such level sets and establish a conditional
variational principle for general asymptotically additive potentials by requiring only existence
and uniqueness of equilibrium states for a dense subspace of potential functions.
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1. Introduction

The theory of multifractal analysis is a subfield of the dimension theory in dynamical systems. A general
framework for multifractal analysis of dynamical systems was laid out in [1] [2]. It studies a global dimensional
quantity that assigns to each level set a “size” or “complexity”, such as its topological entropy or Hausdorff
dimension. Broadly speaking, let f:X — X be a continuous transformation of a compact metric space; let
®=(¢,), ¥Y=(w,) be potential functions defined on X with value in R. Given « R, we consider the

level set:
K, Z{XE X: Iim¢”—()0:a}
ey (X)

The dimension spectrum D:R — R (of potential ®/¥) is defined by D(a) =dim, K, which has been
extensively studied for Holder continuous potentials for C*** conformal repellers in [3]-[5].

In [6], Barreira, Saussol, and Schmeling extended their work to higher-dimensional multifractal spectra,
moreover, for which they consider the more general u-dimension in place of the topological entropy. Precisely,
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they consider functions (D:(gol,(pz,u-,god), \P:(Wl,wz,---,w“)ec(x)d with y' >0 (i=12,---,d) and
examine the level sets

K :{XEX“im (oi(x)+¢i(f(X))+m+¢i(fn(x)) —a, i=12-. d}
- Pyt () (FO)) -yt (F1(x) T

for a=(ay,a;,,ay)eR". We denote by M’ (x) the family of f -invariant Borel probability measures

on X, and define a continuous function P: M" (x)—>R":

[Pdu [o'du [ o'du

P(#):[waldu'fxwﬁdﬂ’ .'Ixu/dduJ

Given a positive function UEC(X we denote by dim,Z the u-dimension of the set Z = X (see
Section 2 for the definition). Let D(X)<C(X) be the family of continuous functions with a unique
equilibrium measure, they obtain the following result:

Theorem 1. Assume that the metric entropy of f is upper semi-continuous, and that

span{¢',y", 4% w2, 0"t uf < D(v).
If aegP(M' (X)), K, =@. Otherwise, if aeintP(M' (X)), K, =@, and the following properties

hold:
()] ]-"u(a) satisfies the variational principle:

h (f
]-"u(a)zmax{ L ):uer(X),P(,u):a}
X
(L) J—“u(a):min{Tu(a,q):qeRd},Where 7, (a,q) is the unique real number satisfying:
P((a,A-r*B)=T, (e, q)U) =0
(1) There exists ergodic measure 4, e M' (X) with P(u,)=a and u,(K,)=1 such that

_h, (f)

@ = Ludy =.7':J(06)

In [7], Barreira and Doutor study the spectrum of the u-dimension for the class of almost additive sequences
with a unique equilibrium measure and establish a conditional variational principle for the dimension spectra in

the context of the nonadditive thermodynamic formalism. We recall that a sequence of functions @& = ((pn )n is

dim,

said to be almost additive (with respect to a transformation f ) if there is a constant C >0 such that for every
n, me N, we have:

—C+@,+¢,°f"<@,,, <C+@, +¢,of"

In [8] Climenhaga proved a generalisation of Theorem 1 provided that there is a dense subspace of C(X)
comprising potentials with unique equilibrium states, i.e., the result applies to all continuous functions, not just
those whose span lies inside the collection of potentials with unique equilibrium states.

This paper is devoted to the study of higher-dimensional multifractal analysis for the class of asymptotically
additive potentials. We consider the multifractal behavior of u-dimension spectrum of level sets and establish
the conditional variational principle under the assumption proposed by Climenhaga.

Section 2 gives definitions and notions, and Section 3 gives precise formulations of the result and proofs.

2. Preliminaries

We recall in this section some notions and results from the thermodynamic formalism.
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2.1. Nonadditive Topological Pressure

We first introduce the notion of nonadditive topological pressure. We also refer the reader to [2] and [7] for
further references.

Let f:X — X be acontinuous transformation of a compact metric space. We denote by C(X) the space
of continuous functions on X and M’ (X) the set of all f -invariant measures. Given a finite open cover

V of X, we denote by W, (V) the collection of vectors V =(V,,---,V,) with V,,---,V, eV . For each

VeW (V),wewritt m(V)=n,and we consider the open set
X(V):rn]f"‘vk ={xeX|f*(x)eV,,k=01,n}
k=0

Now let @ be a sequence of continuous functions ¢, : X — R. Foreach neN we define:
7, (@,V) :sup{|gon (x)-o, (x)| X, yeX(V)VeW (V)}

We always assume that

O]
Iimsuplimsupuzo )
n

diamV—>0 n-oow

Foreach V eW (V) we write:
supp, X(V)=¢
X(V)
—o X(V)=¢
Givenaset Z < X and « R, we define the function:
M(Z,a,®,V)=liminf > exp(-am(V)+e(V))
Vel

n—ow I

p(V)= )

where the infimum is taken over all finite or countable collections T < J,_ W, (V), such that | J, X (V)>Z.
We also define
P, (®,V)=inf{aeR:M(Z,a,®,V)=0}
It was shown in [9] that the limit

P,(®)= lim P,(®,V)

diamV—0

exists. The number P, (dD) is called the nonadditive topological pressure of @ intheset Z (with respectto
f). Inparticular, if @ =0, we get the topological entropy h,,, ( fl, ) =P, (0). Wealsowrite P(®)=P, (D).

The following proposition was established in [2].
Proposition 1. Forany Z < X , we have

P, (CD)Zsup{hy(f)+!m%jx¢ndy‘yer (x),ﬂ(z)zl}

2.2. u-Dimension

We recall here a notion introduced by Barreira and Schmeling in [10]. Let u: X — R be a strictly positive
continuous function. Likewise, we define

N(Z,a,®,V)=liminf 3" exp(-au(V))

n—oowo I Vel

where u(V) is defined as in (2) and where the infimum is taken over all finite or countable collections
rcJ. M (V) suchthat | J,_ X (V)> Z . Wealso define
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dim,,, Z =inf{a eR:M(Z,a,®,V)=0}
Theorem 2. ([10]) The following limits exist:
def
dim,Z = dialntqfnaodlmu’v z

We call dim,Z the u-dimension of Z.If u=1, then the number dim,Z coincides with the topological
entropy of f on Z . The following result is an easy consequence of the definitions.

Proposition 2. The number dim,Z =« is the unique root of the equation P, (—au) =0, where U= (un)

n

n-1
with u, =>uo f* foreach neN.
k=0
Furthermore, given a probability measure # in X, we set:
dim, e =inf {dim,,,Z : u(2) =1}

We can show that the limit dim, x = limy,.,,_,, dim, 2 exists, and we call it the u-dimension of . .When
peM"(X) isergodic, one can show that (see [10])

h, (f)

dim,u = .[Xud,u

©)

2.3. Asymptotically Additive Sequences

This kind of potential was introduced by Feng and Huang ([11]).
Definition 1. A sequence ® =(g,) of functions on X is said to be asymptotically additive if for any
£>0,thereexists @ € C(X) such that

. 1 =
Ilmsupﬁsup o, (X)—Z(p( fX (x)) <e
n—ow xeX k=0
We denote by AA(X) the family of asymptotically additive sequences of continuous functions (satisfying
(1)). Now we give two propositions whose proof can be found in [11].
Proposition 3. If f:X — X isa continuous transformation of a compact metric space, ® =(g,) € AA(X)
is an asymptotically additive sequence, and e M’ (X ) , then

(1) The limit ¢(x)=|im¢’"T(x) exists for u—ae xe X ;

X
(11) The limit lmjxwdyzjlx(p(x)dy exists;
(1) If x isergodic, then for p—ae. X,

|imjx‘”"—(x)dy= lim £2(%) @

n—o0 n n—owo n

(IV) The function g lim jx @

Proposition 4. If f:X — X isa continuous transformation of a compact metric space, @ =(g,) € AA(X)

dy is continuous with the weak* topology in M (X).

is an asymptotically additive sequence, then the topological pressure P((D) satisfies the following variational
principle:

P(qn):sup{hﬂ(f)+|iij@dy|yeM' (x)}

n—oo

We call zeM"(X) an equilibrium measure for the potential @ if
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Note that if the function x> h, (f) is upper semicontinuous, then every sequence in AA(X) has an
equilibrium measure.

3. Main Result
Let deN andtake (A B)eAA(X) xAA(X)". Wewrite A=(0"d% @) and B=(¥" ¥ ¥'),
and also (D‘:(;p;)n, \Pi:(l//:‘)n (i=1,2,-,d).
We assume that _
(1) There exists constant o >0 such that y/;(x)>no—>0 (i:1,2,-~~d) forany neN andany xe X .
(2) For every peM'(X), IimL(X):y/‘(x)>0 for u—ae xeX and every i=1---,d, where the

n—oo n
limit exists by proposition 3.
Given a=(ay,a,,,ay)eR?, we define:

K, Zﬁ{XEX:"m % (%) :ai}

- "y, (X)

and function %, :RY >R by F (a)=dimK,.
We also consider the function P: M' (X)—R? defined by:

. 1 1 . 1 2 - 1 d
Pl fim Lendu fim [eidelim [ oydu :”m[f%dﬂ [idu [ oldu
! v S 1 ! 2 v d
|im%jxy/§dy m%jxy/fdy !m%jxy/gdﬂ o\ [yndu [ w2du’ ] pldu

n—o0

Given vectors a =(a,a,,+,ag)€R® and B=(B,pB,, . By)eR® we use the notations:
d
<avﬁ>zzaiﬂi
i=1
a*ﬂ=(0!lﬂl,d2ﬁ2,"',06dﬂd)

and
o =l -+
We also consider the positive sequence of functions ¢/ =(u, )n with u, =>uo f*.
k=0

Our main result is the following theorem.
Theorem 3. Let f be a continuous transformation of a compact metric space X such that the entropy map

ph, () is upper semicontinuous, and assume that there exists a dense subset D — AA(X) such that

every @ e D has a unique equilibrium measure.
If aegP(M' (X)), then K, =@. Otherwise, if aeintP(M" (X)), then K, =@, and the following

properties hold:
(I) % (a) satisfies the variational principle:

]{J(a)zmax{%:,ue/\/lf (x),w(ﬂ)za}

(1) Z (a)=min {Tu (a.0):qe Rd} ,where T, (e,q) is the unique real number satisfying:
P((0,A— BT, (a.q)14) =0

(1) There exists ergodic measure x, e M' (X) with P(u,)=a, p,(K,)=1,and
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which is arbitrarily close to 7, («).
Proof. We first establish several auxiliary results.
Lemmal. For ¥ =(y,) € AA(X) thereexists constant C >0 such that for every meN we have

[l <m(l7], +C) 5)

where |, denotes the supremum norm.
Proof. For any & >0, since the sequence (V/n )n is asymptotically additive, there exists y e C(X) such

that
] 1 n—l_ K
limsup=sup|y, (x) - Y7 (*(x)) <&
now N xex k=0

Therefore, there exists C >0, such that forevery meN and xe X , we have

v (- 37( ()

<mC

and thus
vl <m(li7], +C) o
Lemma2. If « eP(Mf (X)) , then ;n]gd P((0,A—a*B)- 7, (a)U)=0.

Proof. Using (5), a slight modification of the proof of Lemma 2 in [7] yields this statement, and thus we omit

it. o
Lemma3. If a¢P(M' (X)), then K, =@ . Otherwise, if aeP(M"(X)),then K, =D,
Proof. Take aeR" with K, =@ andlet xeK,.Then lim (D? EX; =a; for i=12,---,d . We consider
n—o wn X

n-1
the sequence (yn)n of probability measures in X defined by ynzlfﬁfi .Let x bea limitpoint of g, ,
nim 'x

clearly xeM'(X). We always assume x is ergodic, or else taking an ergodic decomposition of 4. The

desired statements are thus immediate consequences of (4). o
Now proceed with the proof of (1) in theorem 3. We use analogous arguments to those in the proof of lemma
3in [7]. First show that
h, (f
Fy(a)<sup ﬁp eM'(X),P(u)=a
fds,

Let r>0 be the distance of « to R“\P(Mf(x)).Take geR" and define:
F(q)=P((a0,A-a*B)- 7, (a)U)

Given B=(B, " By)eR’ with ,Bizai+r-sgn;—(‘j for each i, we have:

d d 1
1-al=S16 -] = 3| v sana
i=1 i=1

and hence S e P(Mf (X )) Therefore, there exists xe M (X) such that

r
=—<r
2

1 1
Ilm—jxﬁdy:r!mﬁj'xﬂ*Bndy

n—w N
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where A, =(g},0!, .08 ), B, =(wa.w?, -y ). Moreover,

F(a)zh,(f)+lim= '[[qu a*B)- 7, (a)u, |du

h, ()+1im= <qj A - a*B)d,u> 7, (a) [ udu
Since

([, (8-)Bdu)= Zq [ (B-a)vidu=Y =1

TR sgnqundu——erquwndﬂ
i=1 i=1

we obtain:

lim= <q_|' (A —ax*B )dy>—llm(—ri2|q| j://n L+ <qj -B*B,) >j

n—-w N

1 . i, lal ¥ ||q||
= Er§|q||!mﬁjxlyndﬂ = H!mﬁfxl/ln min lim = I l//nd/u

i n—wo N

Since h, (f)=0, it follows that

||q|| min lim= J'Wd,u F, (@) | udu

i n—-w N

It implies that F(q) takes arbitrarily large values for ||q| sufficiently large, and hence there exists R e R
such that F(q)>F(0) for every qeR" with g >R. The continuity of F implies that it attains a
minimum at some point ¢, with [|g||<R.

Note that D c AA(X) is a dense subset such that every @® < D has a unique equilibrium measure, then for

every >0 and qeB(0,R) thereexists AcD’, BeD® and ¢ D with the following properties:

(1) <q,A—a* I§>—}‘u(a)22 has a unique equilibrium measure ,u(f which depends continuously on q
(for fixed &);

@ (aim ], (A - 8)ou )7 )| 9 < ([ (08, )g )75 )+

@) ﬁ(q)ip(<q,/&_a*é>-ﬁ(a)z))>F(q)_g.

Therefore,
F(a)=h, (f +<qmnj A - a*B)d,uq> Fy(a)] ddug
S
)
<hﬁg(f)+<q !m f A - a*B)d,uq> (a)'[xud,uq+5
and thus

ha (F)+ <q lim = j A, - a*B)dy> F, [ udug > F(q)-o

n—w N

Denote 4, alimit point of {yg} as o —0,then

hﬂq( )+ <q lim= j A - a*B)duq> ﬁjxudyqu(q) (6)

n—w N

For each vector e<R* with [e|=1,let q=g,+ee andlet 4, be taken as in (6). We have
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F ()~ F (@), (1) (a2, (A ~a8,)du, -7 (@)

{hﬂq (f)+<qo,!m%jx(ﬁ —a*Bn)d,uq>—]-"u (a)IXUd,uq:|

:g<e,!m%IX(A1 —a*Bn)d,uq>

If ¢>0,then
1
<e'rI1I_TOHJ'X(A‘ —a*Bn)dyq>20

Now assume that x, —v, when &— 0 for some measure v, . The upper semicontinuity of the entropy

implies that
H .1 + ~ +
F(g,)=limF(q)<h, (f)+<qo,gmﬁjx(/% —a*B,)dv, >—J’E.(Of)fxudve
This shows that v, is an equilibrium measure of
E=(0y, A-a*B)- %, (a)U
satisfying
.1 .
<e,!mﬁfx(Aj —a*B,)dv, >20
Similarly, one can consider ¢ <0 and find an invariant measure v, that is an equilibrium measure of =
satisfying
1 -
<e'!mHIX(A1 —a*Bn)dve >S0

Foreach ae[0,1], let v,(a)=av, (1-a)v, . Then the function
pla)= (e m 2, (A, ~a+8,)ov, (o)
ve

is continuous. Moreover, p(0)<0 and p(1)>0. Hence, there exists a, such that p(a,)=0. Since

and v, are equilibrium measures of =, this implies that ve(a) is also an equilibrium measure of
Therefore, for each unit vector e e R* there exists an equilibrium measure v,(a) of = such that
-1
<e,|!l_rl1oﬁfx(A1 —a*B,)dy, (a)> =0 )

(®)

We claim that there exists an equilibrium measure v of = such that
1
!E?OHIX(AW —a*B)dv=0
Let us assume that such a measure does not exist. We denote by I(a) the set of all equilibrium measures of

=.Then
1
= flim L, (A -+, o 7(a)

is a compact convex subset of R“\{0}. Hence, there exist a unit vector veR* and c¢>0 such that

(v,b)<—c for bek.
Forevery ueZ(a),we have

<v,(lm%jx(ﬁ —a*Bn)dy]><—c<o
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which contradicts (7). This completes the proof of claim. Observe that this claim implies P(v) =a.
By lemma 2, for the measure v satisfying (8), we have

h,(f)-F (a)f udv=F(q,)>

and hence

fu(a)<“V“)ssup{'}ﬁfdf)lﬂew(x>.7><y>:a}

We now to prove the reverse inequality. We need the following lemma.
Lemma 4. ([8]) Under the assumptions of theorem 3, for « € intP(/\/lf (X )) and teR, we have:
P, (tu)=sup{h, (f)+t udulue M (X),u(K,) =1} = inf P({q, A-a*B)+tU)
“ geR
In fact, thisisa particular case of Theorem C in [8].

h,
For any t<sup{[ |,ue/\/l (X ),P(,u)za}, there exists e M'(X) with P(u)=a such that

h, (1)

o

X a

t> . Therefore

R, (-t0)= inf P((q. A~ +B) =) 2, (1) ~t],udu >0

and hence by proposition 2 we have t < F, (a) . The arbitrariness of t implies that

(@ )>su|o{Ju ﬂJﬂeM (X )-7’(#)=a}
and thus
fu(a)=sup{?:;—§f3|uew(X),Pw):a} ©)
h,, (1)

Furthermore, since the map u — —“———= is upper semicontinuous on the compact set { ueM' (X),P(u) = a} ,

I du

then the supremum of (9) can be obtained, i.e.

]{J(a):max{?”a—(gﬂf”ye/\/lf (X),P(,u)za}

This completes (1) of theorem 3.
We now proceed with the proof of (I1) and (I11). By lemma 2 we have

F(q)=P((0,A-a*B)- 7, (a)U)=0
for every qeR" . Therefore,
]i(a)sinf{ﬂ(a,q):qeRd}
On the other hand, for any t<inf{’Tu (a,0):q eRd} we have
P (—tu)chggd P((q,A—a*B)-F, (a)U)>0

and hence t <%, (). So we conclude that
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J_‘

()= mf{ L (a q)qeRd}

By ergodic decomposition we obtain

,U:z )|

F, (a) = max e M"(X) is ergdic, P(u) =

J

Forany & >0, there exists ergodic u; with P(u;)=a such that
h (f
MZE(Q)_(S
.[XUd’u‘s
Note that 1, (K, )=1, then by (3)
h, (f
A(a)-0 <2 _gim, 4, < 7 (a)
J.XUd’u‘;

It follows that statement (111) in theorem 3 holds. o
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