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Abstract

In this paper, we present a comparative study between the He-Laplace and Adomain decomposi-
tion method. The study outlines the significant features of two methods. We use the two methods
to solve the nonlinear Ordinary and Partial differential equations. Laplace transformation with
the homotopy method is called He-Laplace method. A comparison is made among Adomain de-
composition method and He-Laplace. It is shown that, in He-Laplace method, the nonlinear terms
of differential equation can be easy handled by the use He’s polynomials and provides better re-
sults.
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1. Introduction

This paper outlines a reliable Comparison between two powerful methods that were recently developed. The
first is Adomain decomposition method (ADM) developed by Adomain in [1] [2], and used heavily in the lite-
rature in [3]-[10] and the references therein. The second is He-Laplace method, an elegant combination of the
Laplace transformation, the homotopy perturbation method and He’s polynomials. The use of He’s polynomial
in nonlinear term was first introduced by Ghorbani [11]. The proposed algorithm provides the solution in a rapid
convergent series which may lead to the solution in a closed form. The two methods give rapidly convergent se-
ries with specific significant features for each scheme. Some of the classical analytic methods are lyapunov’s ar-
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tificial small parameter method [12] perturbation techniques [13] [14] and Hiroa bilinear method [15] [16]. In
recent years, many authors have paid attention to study the solution of nonlinear partial differential equation by
using various methods. Variational iteration method, He’s semi inverse method [17] and the differential trans-
form method, etc. are among these. The main objective is to introduce a comparative study to nonlinear ordinary
differential and partial differential equations by using adomain decomposition method and He-Laplace method.
This paper contains basic idea of homotopy pertaturbation method and He-Laplace method in Section 2,
Adomain decomposition method in 3, Application in 4 and conclusion and discussions in 5 respectively.

2. Basic Idea of Homotopy Perturbation Method and He-Laplace Method
2.1. Homotopy Perturbation Method

Consider the following nonlinear differential equation

A(y)-f(r)=0, reQ (@))
with boundary conditions of
B(y,gjzo, rer )
on

where A, B, f(r) and I' are a general differential operator, a boundary operator, a known analytic function
and the boundary of the domain €, respectively.

The operator A can generally be divided into a linear part L and a nonlinear part M. Equation (1) may there-
fore be written as:

L(y)+M(y)-f(r)=0 ©)

By the homotopy technique, we construct a homotopy v(r, p):Qx[0,1]— R which satisfies:
H (v, p)=(1-p)[L(v)-L(¥) ]+ P[A(v)-f(r)]=0 @)
H (v, p)=L(v)=L(¥o)+ PL(Ys)+ P[M (v)-f(r)]=0 (5)

where pe [0,1] is an embedding parameter, while y, is an initial approximation of Equation (1), which sa-
tisfies the boundary conditions. Obviously, from Equatons (4) and (5), we will have:

H(v,0)=L(v)-L(y,)=0 (6)
H(v,1)=L(v)-L(y,)=0 @)

The changing process of P from zero to unity is just that of v(r,p) from y, to y(r). Intopology, this is
called deformation, while L(v)—L(y,) and A(v)-f(r) are called homotopy. If the embedding parameter
pis considered as a small parameter, applying the classical perturbation technique, we can assume that the solu-
tion of Equations (4) and (5) can be written as a power series in p:

V=V, + Py, + P2V, + PV, -+ o (8)
Setting p =1 in Equations (8), we have

y:Ipl_rHv:vo+v1+v2+~~- 9)

The combination of the perturbation method and the homotopy method is called the HPM, which eliminates
the drawbacks of the traditional perturbation methods while keeping all its advantages. The series (9) is conver-
gent for most cases. However, the convergent rate depends on the nonlinear operator A(v). Moreover, He [18]

made the following suggestions:
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1) The second derivative of M (v) with respect to must be small because the parameter may be relatively
large,ie. p—1.

2) The norm of L* (%j must be smaller than one so that the series converges.

2.2. He-Laplace Method

Consider the following nonlinear differential equation (IVP):
'+ Y+ Py +psf(y)=1(x) (10)
y(0)=a, y'(0)=4 (12)

where p;, p,, p;,«,f are constant. f(y) is a nonlinear function and f(x) is the source term. Taking
Laplace transformation (denoted throughout this paper by L) on both side of Equation (10), we have

Lly'T+Llpy T+ L Ryl +L R f (v)]= L[ F (x)] (12)
By using linearity of Laplace transformation, the result is
L[y'T+ Leu[yT+ Loa [y]+ Les [ (y) ]= L[ F (¥)] (13)
Applying the formula on Laplace transform, we obtain
s*LLyl-sy(0)—y'(0)+ p,L{sL[y]-y(0)} + p,L[y]+ psL[ f(y)]=L[ f(x)] (14)
Using initial conditions in Equation (14), we have
(s*+ ps)L[y]=as+B+ap, - p,L(y)—-psL[ f(y)]+ L[ F(X)] (15)
Or
as+f+a
L[y]= ( (Szf pls)pl) NG Ezpls) L[y]- G +3|01 y L[ f(y)]+L[f(x)] (16)

Taking inverse Laplace transform, we have

y(x)=F(x)- L‘l(p—L[y]]—L‘l[s +pSL[f ]] (7)

S+pl

where F(x) represents the term arising from the source term and the prescribed initial conditions.
Now, we apply homotopy perturbation method [12],

Y00 =2 'Y, () (19

where the term 'y, are to recursively calculated and the nonlinear term  f (y) can be decomposed as

f(y)= 20", (7) (19

for some He’s polynomial H, (see [11] [19]) that are given by

_|aap”n {f (gpiyi (X)ﬂp_0 N=0123"-

Substituting Equations (18) and (19) in (17), we get

)

Ho (Yo Yar Yoo Yo ) =
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S (0-0-p[ L2 [Sen o en B[ S]] e

which is the coupling of the Laplace transformation and the homotopy perturbation method using He’s polyno-
mials. Comparing the coefficient of like powers of p, the following approximations are obtained:

p° Yo (X) = F(x),
pl:vl(X)=—[Ll{s Y L[ Yo (x J}“l{ﬁL[Ho(y)]}]
p2:y2(x):—[L1{s e L[y, (x) }}+L1{ . Ps L[Hl(y)]H (21)

s°+ps

p3;y3(x)=—[Ll{s ey Ly, (x ]}+Ll{szf—3plsL[Hz(y)]}J

3. A Domain Decomposition Method
A domain decomposition method [3] [4] define the unknown function u(x) by an infinite series
u(x) =2 u, (x), (22)
n=0

where the components u, (x), are usually determined recurrently. The nonlinear operator F(u) can be de-
composed into an infinite series of polynomials given by

Fu)=2A (23)
n=0
where A, are the so-called Adomain polynomial of u,,u,u,,---,u, defined by
1d" i 3
A—n!dln[F(lui)L:O, n=012, (24)
or equivalently
Ay =F(uy),
A =uF'(uy),
1.

A, =u,F'(u )+2u1F (Ug),

’ " 1 3cm (25)
Ay = UsF' (U ) +uu,F (uo)+§U1F (Uo),

A, = u4F'(u0)+(u1u3 +%u§j F”(uo)+%ufu2F”’(u0)+%ufF(”) (Up)-

It is now well known that these polynomials can be generated for all classes of nonlinear according to specific
algorithms defined by (24). Recently, an alternative algorithm for constructing Adomain polynomials has been
developed by Wazwaz [6].

This powerful technique handles both linear and nonlinear equations in unified manner without any need for
the so-called Adomain polynomials. However, Adomin decomposition method provides the component of the
exact solution, where these components should follow the summation given in (22), whereas ADM requires the
evaluation of the Adomain polynomials that mostly require tedious algebraic work.
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4. Applications
4.1. Example 1
Consider the following nonlinear PDE [20]:

2 ou 4
\% —|=2 26
UJ{@yj Y+ X (26)

with the following conditions:

@7)
u(o,y)= u(y, y) y+a
4.1.1. Using He-Laplace Method
Equation (22) can be written as
2 2 2
6—L21+8—L;+ Ll =2y+x* (28)
oxt oyt oy
By applying the Laplace transform to both sides of Equation (24) subject to the initial condition, we have
_ 1 4 1 2
L[u]_g(L[Zy]+ L[x ])—S—ZL(uxeruxx) (29)
The inverse of the Laplace transform implies that
1
u(x,y)=x y+——pL [ L[u ]+—L[ ]J (30)
Now, we apply the homotopy perturbation method, we have
> p"u, (X y) = x? y+—— pL [ { {Zp u }—L{Zp H, (u )}}J (31)
n=0

where H, (u) are He’s polynomials. The first few com-ponents of He’s polynomials are given by
Ho (u)=ys, = x*
Hl(u): 2y0yyly (32)
H, (U) = i, +2Yo, Y,y =0

6
Comparing the coefficient of like powers of p, we have p°:u0(x, y):x2y+;(—0, but we consider

6
Up (X, y)= x2y+;(—0+ax

o )= [ D T O |-
P 1u, (xy) =L L%{L[ylyy} L[Hl(yﬂ}} =0 (33)
p3 u, (X, y) -t I:SLZ{L[yZW]—F L':H2 (y)]}} =0
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So that the solution u(x,y) is given by
6 6

X
u(X,y)=u,+u, +u, +u3+--~:x2y+§+ax—%+0+0+--~:x2y+ax
which is the exact solution of the problem.

4.1.2. Adomain Decomposition Method
We first rewrite Equation (26) in an operator L is

2 2 2
ou, 0 L21+(8_uj =2y+x*

_+_

ox* oy
Lo u+L,u +(Lyu)2 =2y+x*
Lxxu=2y+x“—Lyyu—(Lyu)2
u(x,0)=ax, u(x1)=x(x+a)
u(0,y)=0, u(l,y)=y+a
L, &L, are

where the differential operators L,,,L,,

L0220 0= 220 & LO-50

The inverse L. are assumed as an integral operator given by

L ()=

O ey <

i(.)dxdx,

Appling the inverse operator L,- on both sides of (35) and using initial condition we find
IR (L u+(Lu)
u(x y)=yx gLy Hu+(Lu)

Substituting (22) into the function Equation (38) gives

iun (x,y)=yx’ +3—10x6 +ax— L;{Lyyiun(x, y)+(LynZ_oun (x,y)J ]

n=0

This can be rewrite at the form
Up +U; +U,y +--
1 2
:x2y+—x6+ax—L;§(Lyy(u0+u1+u2+-~-)+(Ly (U +Uy +U, +---)) )

In view of (39), the following recursive relation
U, = x2y+ix6 +ax
° 30

Ug (X, ) =—L5 (Lyyuk (x, y)+(Lyuk (x, y))z), k>0

follows immediately. Consequently, we obtain

(34)

(3%)

(36)

@37)

(38)

(39)

(40)

(41)
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Uy = x2y+3—10x6 +ax
_ 2
u =-L, l(Lyyuo(x, y)+(Lyu0(x, y)) ) 42)

u, = _Lxxil(LyyUZ (X' y)+(LyU2 (X’ y))z)

According to Adomain [19], and approximate solution can be obtained [12].
1 X' oy+1) X s
y) = = “) e+ = 2 (X1 43
u(x,y) x(xy+a)+(2j{y(y )(2 + 3 j+30(x )} (43)
the exact solution is given by u(x,y)=x(xy+a).

4.2. Example 2

Consider the following non-homogeneous nonlinear PDE [20]:
2
s (s
ot 4 )\ ox

u(x,0)=0 (45)

with the following condition:

4.2.1. Using He-Laplace Method
By applying the Laplace transform method subject to the initial condition, we have

L] 1 r
y(X,S):T—EL[UX] (46)
The inverse of the Laplace transform implies that
2 -1 1 2
U(X,t)ZXt—L |:4—SL|:UX:|:| (47)

Now, we apply the homotopy perturbation method, we have

gp”un (xt)=xt- P{Ll &{L[Z{)pu (U)HJ (48)

where H, (u) are He’s polynomials. The first few components of He’s polynomials are given by
Ho (u) =ug, = 4x%t?

244
H, (u) = 2uy,u;, = - 8X3t (49)
2x°t° 16x°t°
H, (u) = U, +2u,u,, =5+t
Comparing the coefficient of like powers of p we have
P’ Uy (x,t) = X%t
_ 41 xt?
ptiu (xt)=-L 1[4_S{L[Ho(u)]}}= 3 (50)
X

st~ ) -2
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Proceeding in a similar manner, we have

17x%t
3
Uy (X, 1) =—
So that the solution u(x,t) is given by
X2t3 2x%t 17X
U(X,t)=Ug +U +U, + Uy +--- = Xt ———+ - oo 51
(x8) =y +ty +u; +1, 3 15 315 D
4.2.2. Adomain Decomposition Method
We first rewrite Equation (44) in an operator L is
, 1 2
Lu=x —Z(Lxu) (52)
u(x,0)=0
where the differential operators are define as;
0 0

J==(), L (- .
LO=50): LO=50)
And the inverse operator L;*, provided that it exists, is defined as:
L ()= [t (53)

Appling the inverse operator on both the sides of (52) and using the initial condition, yields:

T

L (L) = L ()~ 1 (L)

u(x,t)zxzt—%Lﬁ(LXu)2 (54)

Now, we decompose the unknown function u(x,t) asasum of components defined by the series (22):

u(x,t) iun (x.t) (55)

n=0

where u, isidentified as u(x;0). The components u, (x,t) are obtained by the recursive formula:

Zu (xt)= xzt—%u{tx[gun (x,t)j]z (56)

Or
Uy (x,t) = x’t (57)
i 2
um(x,t):—ZL[ (Lx(uk(x,t))) , k>0 (58)
We note that the recursive relationship is constructed on the basis that the component u, (x,t) is defined by
all terms that arise from the initial condition and from integrating the source term. The remaining components

u, (x,t), can be completely determined recursively.
Accordingly, considering the first few terms, Equations (14) and (15) give:
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2
Up = X°t

=70 (L (e (0)) =31 (L () =

2t7

63

u, = —% LH(L (g, (x,t)))2 =—

Finally, using (55) we obtain the solution in series form:

U(Xt)=Ug+U +Uy+Ug+--

That is:
243 247
u(x,t):xzt—i—Xt
3 63

4.3. Example 3
Consider the following first order nonlinear differential equation [19]
y+y>=0, y>0
With the following condition:
y(0)=1

4.3.1. Using He-Laplace Method

By applying the aforesaid method subject to the initial condition, we have

Ly(9)=3-3L[¥"]

The inverse of Laplace transform implies that

y(x)=1- L‘{%L[yzﬂ

Now we apply the homotopy perturbation method, we have

©

n=0

gp”yn (x)=1- p(EEL[Zp”Hn(y)

Ho(Y)= yg =1
Hl(y)= 2y,y, =—-2x

H,(y)=y +2y,y, = 3%’

Comparing the coefficient of like powers of p, we have

P’ 1y, (x)=1

sontn)=- [HL 0]
)= L]
- L, 0

|

where H, (y) are He’s polynomials. The first few components of He’s polynomials are given by

(59)

(60)

(61)

(62)

(63)

(64)

(65)

(66)

(67)
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So that the solution y(x) is given by

Y(X)= Yo+ Yi+ Y, + Y+
y(X)=1-x+x"=x*+--

which is converging to (%} i.e. exact solution.
+X

4.3.2. Adomain Decomposition Method
We first rewrite Equation (61) in an operator L is

where the differential operators are define as;

And the inverse operator L™ provided that it exists, is defined as
N t
L ()=, ()dt
Appling the inverse operator on both the sides of (69) and using the initial condition yields:
Lfl ( Ly) — Lfl (_yZ )

y(x)=1- L’l(yz)

Now, we decompose the unknown function y(t) as a sum of components defined by the series (22):

where y, isidentified as y(0). The components y, (t) are obtained by the recursive formula:

e )

Or
Yo =1

Vi (1) = _L_l(YIf)

(68)

(69)

(70)

(71)

(72)

(73)

(74)

(75)

We note that the recursive relationship is constructed on the basis that the component 'y, (t) is defined by
all terms that arise from the initial condition and from integrating the source term. The remaining components

y, (t) . can be completely determined recursively.
Accordingly, considering the first few terms, Equations (72) and (73) give:

Yo =1
Y () =-L"(y5)=-L" (1) =

T R
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Finally, using (55) we obtain the solution in series form:

y(x)=y0+Y1+y2+y3+"' (76)
That is:
t* t
X)=1-t—————
y() 3 63

5. Discussions

The main goal of this work is to conduct a comparative study between Adomain decomposition method and the
He-Laplace method. The two methods are powerful and efficient methods that both give approximations of
higher accuracy and closed form solutions if existing.

An important conclusion can be made here. Adomain decomposition method for solving nonlinear ordinary
and partial differential equations, the same problems are solved by He-Laplace method. Adomain decomposition
method provides the components of exact solution, where these components should follow the summation given
in (22). However, He-Laplace is an elegant combination of the Laplace transformation, the homotopy perturba-
tion method and He’s polynomials. Moreover, the ADM requires the evaluation of the Adomain polynomial that
mostly require tedious algebraic calculations. The ADM provides the solution in successive components that
will be added to get the series solution.
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